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Preface  

The advanced summer school "The Universe at High-z, Large-Scale Structure 
and the Cosmic Microwave Background" was held in Laredo (Cantabria, Spain), 
September 4 - 8 1995, at the XI Cursos de Verano de Laredo. The aim was to 
review and discuss, in a pedagogical way, the most recent developments in the 
field and the future perspectives. The topics covered in the 26 one-hour lectures 
included: QSO absorption systems, identification of objects at high redshift, ra- 
diogalaxies, galaxy formation and evolution, galaxy number counts, clustering, 
theories of structure formation, large-scale structure and streaming motions, 
gravitational lensing, and spectrum and anisotropies of the cosmic microwave 
background radiation. During the school, observational developments, data anal- 
ysis, and theoretical aspects were covered. The lectures were delivered by the fol- 
lowing speakers: T. Broadhurst (Univ. of California, Berkeley), L. Cay6n (LBL 

Univ. of California, Berkeley), S. Charlot (IAP, Paris), R. Giovanelli (Cot- 
nell Univ., Ithaca), W. Hu (Princeton Univ., Princeton), E. Martlnez-Gonzs 
(IFCA, Santander), S. Matarrese (Univ. of Padova, Padova), G. Miley (Leiden 
Univ., Leiden), R. Rebolo (IAC, Tenerife), P. Schneider (MPIfA, Munich), J. L. 
Sanz (IFCA, Santander), J. Silk (Univ. of California, Berkeley), M. Dickinson 
(STScI, Baltimore), and D. Tytler (Univ. of California, San Diego). 

Cosmology has dramatically evolved during the last decade. On the one hand, 
data coming from 4-m telescopes and more recently the 8-m Keck telescope and 
the Hubble Space Telescope (HST), have changed our ideas about the universe 
considerably (e.g. the large-scale structure and, more recently, imaging and spec- 
troscopy of galaxies up to redshift z ~ 1). On the other hand, there has been 
a certain theoretical development (e.g., theories of galaxy formation in connec- 
tion with the early universe, gravitational lensing) dealing with different topics. 
These new developments motivated us to promote a school covering all of these 
new ideas and observations in a pedagogical way, with the lectures given by 
seniors and young researchers, to account for different views. 

These proceedings contain the review talks given in the advanced summer 
school. The organizers express their cordial thanks to all participants and spe- 
cially to our speakers who kindly accepted our invitation. We are also indebted 
to the sponsoring institutions: Universidad de Cantabria, XI Cursos de Verano 
de Laredo, and also M.E.C. and Facultad de Ciencias (Univ. de Cantabria). 

Santander, March 1996 

E. Martinez-Gonzs 
J.L. Sanz 
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The  Universe  at High-z 



Galaxy Evolution from Cluster 
and Absorption-Selected Samples 

Mark Dickinson 

Space Telescope Science Institute, 3700 San Martin Dr., Baltimore MD 21218 USA 

Abst rac t .  Rich clusters of galaxies and QSO absorption line systems provide two 
alternative venues for studying the evolution of galaxies at high redshift. Here I review 

some recent observational results in both areas of investigation, and consider their 
implications for the history of galaxy evolution since z .~ 1. 

1 I n t r o d u c t i o n :  A p p r o a c h e s  t o  D i s t a n t  G a l a x i e s  

The past few years have seen an explosion of observational data  on the prop- 
erties of ordinary galaxies at large redshifts. Regimes of cosmic lookback time 
previously known only through active objects like radio galaxies and QSOs are 

now being rapidly populated with ordinary galaxies selected by a variety of 
techniques. 

The most general approach to the study of distant field galaxies is via deep 
magnitude-limited redshift surveys. The largest such surveys (e.g. the Canada-  
France Redshift Survey of Lilly et al. 1995 and the Autofib survey described by 
Ellis et al. 1996) are now sufficient to provide a reasonable characterization of 
the galaxy luminosity function and its evolution out to redshifts -~ 1. 

Magnitude-limited field galaxy surveys have the advantage of conceptual 
simplicity - one simply selects galaxies down to some brightness limit and then 
goes out and measures redshifts. Two aspects complicate the interpretation of 
such data. Firstly, with a fixed apparent magnitude limit, any survey will sam- 
ple different ranges of absolute magnitudes at different redshifts. Therefore some 
care must be taken when inter-comparing galaxy samples across a wide red- 
shift range - at the most distant redshift limits probed by a magnitude limited 
survey, only the very brightest galaxies will be represented. Secondly, galaxies 
are typically selected in a single photometric passband. As redshift increases, 
the selection passband is in fact measuring rest-frame emission from shorter 
and shorter wavelengths. Because star formation produces hot blue stars while 
old stellar populations are red, magnitude limited surveys may be increasingly 
subject to redshift dependent biases toward more actively star forming objects. 
Recent surveys have tried to minimize this by selecting galaxies at longer wave- 
lengths such as the I or K-bands.  

Here I will consider other means of selecting high redshift galaxies: through 
the study of rich clusters of galaxies, and from QSO absorption line systems. 
Each has its own advantages and disadvantages when compared to blind field 
surveys, and provides complementary information. 



2 Galaxy Evolut ion in Dis tant  Clusters  

Before the advent of efficient multiplexing spectrographs made large field galaxy 
surveys possible, rich galaxy clusters provided the best-studied samples of high 
redshift galaxies. Initially, this was largely because they provided an easier ob- 
servational target. Very rich clusters can be recognized in deep images out to 
z -,~ 1. Once redshifts have been measured for a few galaxies in the cluster, 
one can (optimistically) assume that many other galaxies visible in the image 
are also located at the same distance. This is only a statistical assumption - 
one must still correct for the projected foreground/background population when 
quantifying properties (colors, luminosity functions, etc.) of cluster galaxies from 
imaging data alone. A cluster then presents a volume-limited sample of galaxies 
collected together in one convenient place for investigation. 

However, rich clusters do not offer not typical samples of galaxies. In the 
local universe there is a strong morphology-density relation: the core regions 
of clusters are heavily dominated by early-type galaxies (ellipticals and SOs), 
and exhibit a morphological mix quite different from that of the field. As rare 
and highly over-dense regions of space, rich clusters are far from representative 
of the general galaxy population, and it would be risky to draw conclusions 
too broadly from studying the evolution of cluster galaxies. The processes at 
work in rich clusters which led to todays morphology-density relation may be 
quite different from those which drive galaxy evolution in the field. On the other 
hand, elliptical galaxies probably represent the oldest galactic stellar populations 
at any epoch and are therefore interesting in their own right. Any measure of 
spectral evolution in the elliptical population may thus point back to the earliest 
epoch of galaxy formation. 

Here I will briefly consider two aspects of galaxy evolution in distant clusters 
of galaxies: the fate of the disappearing "Butcher-Oemler" blue galaxy popula- 
tion, and the history of the red cluster ellipticals. 

2.1 The  B u t c h e r - O e m l e r  Effect 

It was in galaxy clusters that the first direct evidence for galaxy evolution was 
observed by Butcher and Oemler (1978, 1984 and subsequent papers), who found 
an increasingly numerous population of blue cluster galaxies at higher redshifts. 
This "Butcher-Oemler effect" was initially established through imaging pho- 
tometry alone (using clusters whose redshifts had been measured with only a 
few galaxies each), but was later confirmed by more extensive multiobject spec- 
troscopy. The blue cluster galaxies were shown to exhibit a range of spectral 
properties, ranging from emission line spectra characteristic of ongoing star for- 
mation, to galaxies dominated by strong Bahner absorption lines. These latter 
have been termed "post-starburst" or "E+A" galaxies, and their spectra suggest 
that they are being observed some time after the termination of a strong burst 
of star fomnation. 



Most recently, H S T  imaging of clusters at z ~ 0.4 has shed new light on the 
nature of the blue galaxies in high redshift clusters by revealing their kpc-scale 
morphologies (Dressier el al. 1994a, b; Couch et al. 1994). In general, the blue 
galaxies are disk systems - many are readily classifiable as Hubble Sequence spi- 
rals. However, Oemler el al. (1996) have noted that  the star formation patterns 
seen in the spiral arms of these spirals often follows unusual patterns (e.g. rings) 
which are uncommon in nearby field spirals, as if they are suffering some sort of 
disturbance. Spatially, the blue galaxies are widely distributed throughout the 
cluster, while the red E/S0s are more strongly concentrated toward the cluster 
center. In this regard, the high-z clusters are similar to those nearby - there is a 
morphology-density relation, or perhaps a morphology-radius relation, at work 
which segregates galaxy types according to the nature of their local environment. 
However, Oemler el al. describe the difference between low- and high-z clusters 
as being an offset in the "normalization" of that  relation, such that there are 
simply more blue, disk galaxies present in high-redshift clusters at all radii. 

At present, the physical processes which removed disk galaxies from rich 
clusters by the present day, or which transformed them morphologically, are un- 
known. A tempting suggestion (e.g. Lavery & Henry 1988) is that galaxy-galaxy 
interactions and mergers n'iay have transformed the spirals into the SOs and ellip- 
tieals which dominate today. While indications of interactions are indeed found 
in the t I S T i m a g e s ,  Oemler et al. argue that  this is unlikely to be solely respon- 
sible for driving the observed evolution. The majori ty of the disk galaxies do 
not show direct morphological evidence for interaction. There is no clear indi- 
cation that  blue cluster galaxies are any more likely to have close companions 
than do red ones. Moreover, on theoretical grounds, ordinary interactions and 
mergers should be inefficient in tlle high-velocity environment of a rich cluster. 
Finally, the remarkable homogeneity observed for the spectrophotometric prop- 
erties of cluster ellipticals (see below) seems to allow little room for them to be 
the end-product  of whatever evolution eliminates the star-forming disk galaxies. 

Recently, Moore et al. (1996) have proposed that  cluster spirals are elimi- 
nated through a process which they refer to as "galaxy harassment." Although 
genuine mergers may be uncommon in the high-velocity environment of rich 
clusters, repeated impulsive encounters with other galaxies can cause serious 
damage to galaxy disks. The global tidal field of a cluster can drive bar insta- 
bilities in spirals, and high speed interactions with other galaxies strip away 
substantial fractions of the dark matter  halos. Moore et al. simulate this pro- 
cess with numerical N-body  + hydrodynamic models, and find that during the 
process of harassment, angular momentum in the stellar and gaseous content 
of disk galaxies is lost to the dark matter  halo and to other cluster galaxies. 
The spirals cease to be strongly rotationally supported, the stars in the galaxy 
are dynamically heated, and gas is driven to the center of the galaxy where it 
may fuel starburst activity. The end-product  is something which resembles a 
dwarf spheroidal, a galaxy type which dominates the faint end of the luminosity 
function in rich clusters today. 



The harassment scenario must face further tests, both observational and the- 
oretical. The models have only been tested with static cluster potentials, whereas 
the actual environment of clusters may have been considerably less dynamically 
relaxed in their high-redshift youth. The faint end of the cluster galaxy popula- 
tion at high redshift has yet to be characterized - under this scenario, one would 
expect to see a decrease in the population of dwarf spheroidal galaxies at higher 
redshift. Moreover, the stellar populations of cluster dwarf spheroidals today 
should reflect their relatively recent origins (although the stars in these remnants 
should be comprised of both an older population left over from the progenitor 
plus younger stars created during any starburst phase which may accompany 
the disruption process). Overall, however, harassment provides an attractive al- 
ternative to traditional merging or stripping scenarios, and one which has the 
virtue (see below) of leaving the bright E/S0 galaxies relatively unscathed. 

2.2 D i s t a n t  Clus te r  Ellipticals 

The traditional view of giant elliptical (gE) galaxies has them forming at high 
redshift with a single, major episode of star formation, followed thereafter by a 
long period of simple, passive evolution. Ellipticals obey a tidy color-magnitude 
(c-m) sequence, with smaller, fainter galaxies exhibiting bluer colors. This is 
generally interpreted as a mass-metallicity relation. The small dispersion in gE 
colors around the mean c-m relation has been cited as evidence that the galaxies 
formed quickly and within a time interval that is short relative to their present 
ages. Bower e$ al. (1992) have compared the color-magnitude sequences of E/S0 
galaxies in the Coma and Virgo clusters, concluding that the galaxies in those two 
clusters at least are uniformly old and coeval, with little residual star formation 
at later times. 

This simple, traditional picture of ellipticals has been challenged. Detailed 
spectral analyses of age and metallicity indicators suggest that ellipticals may 
have formed over a broad interval of cosmic time, with many galaxies displaying 
signs of substantial star formation as recently as a few Gyr ago (cf. Worthey et 
al. 1995). In addition, careful scrutiny of ellipticals often reveals shells and other 
non-uniformities in their light profiles which probably result from the ingestion 
of other galaxies. This has led to the extreme alternative viewpoint that many 
ellipticals formed at late times as the byproducts of major mergers between 
disk galaxies. Numerical simulations show that the products of such mergers 
resemble elliptical galaxies, with spheroidal stellar distributions and rl/4-1aw 
light profiles. 

We may hope to make progress in understanding the evolutionary history of 
elliptical galaxies by identifying and studying them at higher redshifts, and thus 
at younger cosmic times. Distant clusters of galaxies provide a natural labora- 
tory for doing so. Just as with field galaxy surveys, however, it is advantageous 
to select cluster galaxies at long rest frame wavelengths in order to minimize 
redshift-dependent biases toward recently star-forming objects. At redshifts ap- 
proaching or exceeding unity, optical photometry and colors, even in the / -band,  
may result in an apparent proportional enhancement of bluer, star forming galax- 



ies, and conversely may select against galaxies exhibiting the reddest, quiescent 
stellar populations. Infrared (e.g. K-band)  selection is a natural means of avoid- 
ing such selection effects. The long-wavelength spectra (,~ ~> 7000/~) of mature  
galaxies are dominated by light from old, evolved stars, primarily red giants, 
and are minimally subject to perturbation by recent star formation - nearly 
all normal galaxies have similar near-infrared spectra unless their stellar mass 
is completely dominated by a very young population. Therefore near- IR selec- 
tion should choose comparable mixtures of galaxies out to quite large redshifts 
(z -.~ 2), and long wavelength galaxy colors will best probe the condition of the 
dominant old stellar populations with minimum perturbation from small traces 
of recent star formation. 

Infrared imaging of galaxy clusters has become possible thanks to the advent 
of new, large-format infrared arrays, and there is an increasing literature which 
studies the properties of cluster galaxies selected in this manner. It should be 
noted, however, that there is not as yet an unbiased sample of cluslers selected 
from a purely infrared-based survey - the clusters which have been studied thus 
far have generally been selected optically or from flux-limited x-ray samples. 
The radio galaxy clusters discussed below were identified from infrared images, 
but may not represent an unbiased sample because of their radio selection. Truly 
unbiased infrared surveys to faint limits must await an order of magnitude in- 
crease in array size before they become feasible. 

2.2.1 I n f r a r e d  s t u d i e s  o f  d i s t a n t  c lus te r s .  The first studies of distant clus- 
ters using IR arrays were presented by Arag6n-Salamanca et al. (1991,1993), 
who observed a sample of distant, optically-selected clusters. They found that  
the V - I~" and I -  I~" colors of cluster galaxies exhibit a prominent red sequence 
(presumably the E/S0s), and that at high redshifts this sequence shifts toward 
bluer colors. At z ~ 0.9 they rneasured few, if any, galaxies as red as present-day 
ellipticals. 

Adam Stanford, Peter Eisenhardt and I have been carrying out an extensive 
infrared/optical survey of galaxy clusters spanning a very wide range of redshifts. 
We obtain data at J ,  H and K,  as well as in two optical bands chosen to 
bracket A04000~ at the cluster redshift. The images typically cover a field of 
view ,-~2 Mpc on a side at the cluster redshift, and reach 2 mag below present- 
day L* with S I N  > 5. To date, we have observed more than 40 clusters, ranging 
from nearby Coma out to z = 0.9, the redshift limit of existing cluster catalogs. 

In order to extend this work to still higher redshifts and earlier lookback 
times, Eisenhardt and I have undertaken a systematic survey for galaxy clusters 
around radio sources in the redshift range 0.8 < z < 1.4. It has been known for 
some time that radio galaxies and radio loud quasars at z ~ 0.5 often inhabit 
rich enviromnents (cf. Yee & Green 1984; Ellingson, Yce and Green 1991; Yates 
et al. 1989; Hill & Lilly 1991; Dickinson 1994). We may hope that  this holds true 
at higher redshifts still, and if so then take advantage of the large number of 
radio galaxies presently known at z > 1 to provide targets for a cluster hunt. The 



radio galaxy also provides an a priori  likely redshift for any cluster candidate 
which is found. 

We have found a number of excellent cluster candidates from this survey. 
One of the most dramatic examples is z = 1.206 radio galaxy 3C 324. Many 
extremely red ( R -  K ,~ 6) galaxies surround 3C 324, representing a substantial 
excess over the number expected from the general field. I consider their colors 
in greater detail below; here, I simply note that they have roughly the colors ex- 
pected for weakly evolved elliptical galaxies at z ~ 1.2. In 1994 we obtained an 
extremely deep HST image of the 3C 324 field which showed that  these objects 
are, for the most part, morphologically early-type galaxies with conventional 
rl/4-1aw surface brightness profiles. We have subsequently carried out an ex- 
tensive program of spectroscopy from the Keck telescope and have confirmed 
that  many of the surrounding galaxies do indeed share the redshift of the radio 
galaxy. 

2.2.2 E v o l u t i o n  in  t h e  c o l o r - m a g n i t u d e  p l ane .  Figures 1-3 present optical-  
infrared color-magnitude (c-m) diagrams for clusters at z = 0.4, 0.9 and 1.2. 
For all of these clusters, l I S T  images allow elliptical galaxies to be selected on 
the basis of their morphologies; their colors can then be studied apart from the 
remainder of the cluster population. 

In all cases, a narrow sequence of red early- type galaxies is observed in the 
color-magnitude plane. The scatter in the c-m diagrams remains remarkably 
tight at all redshifts. For E/S0 galaxies in the Coma and Virgo clusters, Bower 
el al. measured an intrinsic 6(V - H) color scatter of only 0.05 mag around 
the mean c-m regression line. For the z ~ 0.4 clusters, where our observed 
bandpasses very nearly match rest-frame V and H, we find an intrinsic scatter 
of only 0.06 mag (for galaxies brighter than L*, where photometric errors are 
small). For the higher redshift clusters, the bandpasses used here sample some- 
what bluer rest-frame wavelengths where star formation might have a greater 
effect. Nevertheless, when excluding a few unusually red outliers (which are very 
likely background objects, or perhaps heavily reddened galaxies), the scatter re- 
mains small: 0.07 mag in I - K at z = 0.9, and 0.07 mag in R - K for z = 1.2. 
This color homogeneity at all redshifts suggests a remarkable degree of coevality 
among cluster ellipticals. Neglecting extinction, galaxy colors reflect a combi- 
nation of age and metallicity. Therefore, followiug the arguments of Bower el 
al. , a measured color dispersion at a given luminosity sets an upper limit to the 
fractional dispersion in galaxy ages 6t / t .  The consistently small color dispersion 
measured in distant clusters implies that 6 t / t  changes very little with increasing 
lookback time, despite the fact that the age of the universe (an upper limit to 
t) becomes smaller. Variations in metallicity or extinction would only increase 
the range of observed colors, requiring still tighter limits on the true dispersion 
in ages. 

As noted by Arag6n-Salalnanca el al. , the colors of the E/S0 galaxies do 
become bluer with increasing redshift. At z ~ 0.4, this change is small - Stan- 
ford et al. compare the colors shown in Figure 1 to observed (V - H)  colors 
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Fig.  1. Left: Optical-IR color-magnitude diagram for galaxies in Abell 370 (z = 0.375) 
and Abell 851 (z = 0.407), adapted from Stanford, Eisenhardt & Dickinson 1995. Here, 
only galaxies with E/S0 morphologies (classified by A. Oemler from l IST images) have 
been plotted. Tile A851 photometry has been adjusted slightly to match the redshift of 
A370. Representative -t-la error bars are shown. The solid line traces the mean ( V - H )  
vs. H c-m relation for E/S0s in Coma as it would appear if redshifted to z = 0.375. 

Fig .  2. Right: Color-magnitude diagram for CI 1603-1-4313, a cluster at z = 0.895 
observed with HST by Westphal. E/S0 galaxies are marked as filled circles. The dashed 
line is a fit to the E/S0 c-m relation (see text). 
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Fig .  3. C-m diagram for the 3C 324 field, showing the narrow red sequence at 
R - K ..~ 5.9. Most of the galaxies in this red "finger" have simple E/S0 morphologies. 
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of Coma  cluster galaxies and find a blueward shift of only -0.13 mag for A370 
and -0.18 mag for A851 - a small shift significant at only the 2 to 3a level 
when possible systematic errors are carefully taken into account. Therefore for 
a lookback time of -,~ 5h501 Gyr, cluster ellipticals were nearly as red as they 
are today, suggesting that  their formation must  have taken place far earlier. At 
z = 0.9, the observed ( I  - K)  c-in relation is ,,~0.5 mag bluer than the observed 
colors (approximately res t - f rame B - J )  for Coma galaxies. Unfortunately we 
cannot directly compare the R - K measurements  for 3C 324 to C o m a  because 
the bandpasses do not match wavelengths where Coma photomet ry  is presently 
available. However, comparison to spectral models (which do match  IUE ultravi- 
olet spectrophotometry of local ellipticals reasonably well) suggests a color shift 
of approximately  -0.6 mag. 

Taken together, these results are reasonably consistent with simple passive 
evolution of a simple, "single-burst" stellar population. The fact that  E/S0 colors 
remain as red as they do, out to z = 1.2, strongly suggests tha t  cluster ellipticals 
were already mature at those large look-back times. As Stephane Charlot  has 
pointed out in his lectures at this school, age-dat ing a galaxy from integrated 
colors alone is indefinite, since color necessarily reflects a variety of parameters  
including age, metallicity, the star formation history, and the form of the stellar 
initial mass function. Therefore we cannot assign a definite age to the z = 1.2 
galaxies we observe. However, we can reasonably assume that  the fastest way 
to make a stellar population redden (again, barring extinction) is to let it age 
passively with no further star formation. Figure 4 plots predicted the R - K 
color of a galaxy as observed at z = 1.2 as a function of age for solar metallicity 
models (computed using the Bruzual & Charlot  1993 code). The single-burst  
model reddens the most rapidly, and reaches the observed color ( ( R -  K)  = 
5.9) approximately 3.3 Gyr after the termination of star formation.  Models with 
higher metallicity would yield younger ages, but it is unlikely (for galaxies with 
metallicities in the range found locally) that  the 3C 324 galaxies can be less than 
a few Gyr  old. Evidently, the bulk of star formation in the 3C 324 ellipticals 
ceased several Gyr before z --- 1.2. Whether this is true for all clusters remains 
an open question at this time. 

This  is conclusion is cosmologically interesting, since some world models sim- 
ply do not allow enough t ime for such galaxies to age to reach the colors we 
observe. At z = 1.206, the Universe must presumably have been old enough to 
accommodate  as its oldest galaxies. Figure 5 shows the age of the universe at 
this redshift for various combinations of H0 and q0. If an age of 3.3 Gyr age 
is adopted, then closed cosmologies require low values of the Hubble parame- 
ter, while H0 = 8 0 k m s  -1 universes must be open (or dominated by a cosmo- 
logical constant). This is a familiar situation: the same conclusions have been 
reached from considering the oldest stars in our own galaxy and its globular 
clusters. Globular cluster ages are presumably more reliable (or at least better  
constrained) than are those of faint galaxies est imated from a single color. What  
is striking here is not the actual values of H0 and q0 which are allowable (since 
these require considerable faith in the choice of population synthesis models), 
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A g e  vs, c o s m o l o g y  for z = 1 , 2 0 6  

] .... !.-..--~- .-!-----+-..-i-.---+-..-.i..--..i ............. i......~... ; ,o s; ,, 
"i ...]..~.~ii~.~.~i.....~i~i!!!~.!~i~.~:.~.~.i......~.~....i~Ci~i~ io, , , . i ~ ~ ~  ~ 

o s lo ~ ao 8o loo 12o 
a.~ ,,t *.1 ~ (~ . )  ~ C, aa / , /Upe)  

F i g .  4 .  ( left)  R - I (  colors (as observed at z = 1.206) for synthetic galaxies with various 
star formation histories, generated with the population synthesis models of Bruzual and 
Chariot (1993). Models with exponentially declining declining star formation rates are 
labeled by their e-folding time r in Gyr. The single burst models redden most quickly, 
and reach R - K = 5.9 after -,~3.3 Gyr. 

Fig. 5. (right) Loci of constant universal age at z = 1.206 vs. the fundamental cosmo- 
logical parameters in a A = 0 universe. Tracks mark acceptable combinations of q0 and 
H0 which produce the labeled age. The fiducial 3.3 Gyr is marked by a dashed line. 

but rather the persistence of the age problem from nearby stellar clusters out to 
galaxies at z = 1.2. It  seems that  we are faced either with a genuine cosmolog- 
ical constraint, or with the need to adjust stellar evolutionary models in order 
to rescale ages at all redshifts. 

2.2.3 S t r u c t u r a l  p a r a m e t e r s  a n d  l u m i n o s i t y  e v o l u t i o n .  HSTimages now 
allow us to make quanti tat ive structural comparisons between high-z  ellipticals 
and their present-day counterparts. Ideally, one would like to measure the funda- 
mental  plane at high redshift. This must  await high s ignal- to-noise spectroscopy 
for measuring velocity dispersions: several such efforts are now underway (cf. 
Franx 1993). In the meanwhile, we can consider projections of the fundamental  
plane which depend only on morphological /photometr ic  parameters.  One exam- 
ple is the observed anti-correlation between galaxy size and surface brightness 
(Kormendy 1977). Figure 6 plots effective radii re and surface brightnesses (/~)e 
in the B-band  for a sample of nearby elliptical galaxies compiled by Sandage & 
Perelmuter (1990). Data. for high-z cluster ellipticals measured from HSTimages 
are superimposed. 

The k-corrections needed to transform the photometry  for the z = 0.4 and 
z = 0.9 clusters to B are small, since the filters through which the HST data  
were taken provide a conveniently close match  to the res t - f rame B-band .  The 
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Fig. 6. Sizes and rest-frame B surface brightnesses of elliptical galaxies in high redshift 
clusters. The small dots are a local sample, while the dashes show the high-z galaxies, 
with each dash connecting Re values for q0 = 0.5 and 0. Cosmological dimming is 
illustrated in the lower right panel, which intercompares raw surface brightnesses from 
the three data sets (normalized to unity at z = 0). 

uncertaintly is substantially larger for 3C 324 - there, the F702W filter which was 
used samples the galaxy spectral energy distributions at -~3200,~. Correction to 
the B - b a n d  was made using a single-burst Bruzual & Charlot model spectrum 
which matches the R - K  colors of the galaxy. This, however, allay be all incorrect 
assumption. A more protracted star formation history would lead to a flatter 
UV SED, requiring a smaller correction to the B-band .  Therefore the surface 
brightnesses for the z = 1.2 ellipticals in figure 6 may have been somewhat  
overestimated. 

At z = 0.4 and 0.9, the cluster galaxies fall neatly onto the locus of present-  
day ellipticals. By z = 1.2 some deviation is seen toward higher surface bright- 
nesses (or larger sizes). In all three panels, the expected (1 + z) 4 cosmological 
dimming (Tolman 1930) has been accounted for. It is educational, however, to 
see this dimming displayed directly ill the data.  The lower right hand panel of 
figure 6 compares median surface brightness offsets from the normal Kormendy 
relation to the expected cosmological dimming. Reassuringly, the Tolman signal 
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is strongly evident. The distant galaxies appear to lift above the expected curve, 
however, with the biggest departure (~ 1 mag) found at the highest redshift. 
This is presumably the signature of luminosity evolution. Indeed, about 1 mag 
of brightening is expected given the observed colors of the galaxies around 3C 324 
(see w The greatest uncertainty comes from the k-correction for the 3C 324 
galaxies, as discussed above. The deviation plotted may therefore represent an 
upper limit to the allowed degree of luminosity evolution rather than a direct 
measurement. 

This indirect means of measuring luminosity evolution in cluster ellipticals 
agrees, broadly, with the conclusions reached by Arag6n-Salamanca (1995) from 
a direct determination of cluster galaxy luminosity functions out to z = 0.9. 
From infrared imaging observations, he finds no significant evolution of M~c 
out to this redshift if q0 is assumed to be 0.5. This is easily reconciled with 
the mild luminosity evolution at rest-frame B implied by the deviation from 
Tohnan dimming seen in figure 6; cluster ellipticals at high redshift, as we have 
seen (figures 1-3), are slightly bluer than their present-day counterparts, and 
thus (for a given/ICK) must be brighter at B. What is not yet clear is whether 
the apparent lack of K-band luminosity evolution, and the extreme mildness of 
the B-band evolution, can be squared with standard passive evolution models. 
Better data, and ultimately, proper determinations of the fundamental plane at 
high-z, are needed. 

3 G a l a x y  E v o l u t i o n  f r o m  Q S O  

A b s o r p t i o n - S e l e c t e d  S a m p l e s  

Although a connection between certain classes of QSO absorption line systems 
and gas associated with galaxies was hypothesized long ago, the first systematic 
evidence supporting this was provided by Bergeron & Boiss6 (1991). Observing 
QSOs with known MglI absorption lines at Zab s "~ ZQSO, they identified galax- 
ies near the QSO sightline and spectroscopically confirmed that their redshifts 
matched those of the MgII absorption doublet. 

3 .1  MgII - se l ec t ed  galaxies, 0 . 2  < z < 1 

Since that time, we have been carrying out surveys aimed at (1) characterizing 
the nature of the galaxies selected by this method, and (2) using these galaxies 
to study the evolution of the field galaxy population at high redshift. We refer to 
our sample as one "selected by gas cross-section," since a MgII rest-frame equiv- 
alent width W0 > 0.3A is essentially equivalent to a neutral hydrogen column 
density N(HI) ~> 1017 cm -2. For the purposes of studying field galaxy evolution, 
this is useful primarily because the selection depends only on a robust and easily 
measured rest frame property (W0(MglI)), and not on any observed frame char- 
acteristic such as apparent magnitude, color, surface brightness, etc. The method 
is thus free of many potential biases which affect deep magnitude-limited red- 
shift surveys (although it may be subject to its own!). Moreover, once the gas 
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halo cross-sections are understood (see below), the resulting sample is volume- 
limited, which is greatly advantageous when studying luminosity functions and 
the like. If the nature of absorption-selected galaxies can be firmly established, 
then comparison between our samples and those from tile deep redshift surveys 
may lead to new insights about galaxy evolution. 

Our first survey studied MgII absorption systems at 0.2 < z < 1.0, and 
is essentially finished, with nearly complete imaging identification of candidate 
absorbers and spectroscopic redshift confirmation for --,80% of these candidates. 
We are presently pushing for 100% redshift completeness using the W.M. Keck 
10m telescope. The second survey covers the range 1 < z < 2 and is now 
underway using infrared and optical imaging from KPNO, Palomar and Keck, 
as well as selected spectroscopic follow-up from Keck. For details concerning the 
observations and data analysis, the reader is directed to previously published 
descriptions, including Steidel & Dickinson 1992, Steidel, Dickinson & Persson 
1994, Steidel & Dickinson 1995, and Steidel 1995. 
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Fig. 7. Impact parameter from QSO sightline vs. infrared luminosity. The solid trian- 
gles are galaxies responsible for producing MgII absorption, while the open triangles are 
confirmed non-absorbers, i.e. galaxies which are found not to produce MgII absorption 
with W0 > 0.3/~. The dashed lille shows tile best fit scaling relationship D ~ L~ }5. 
The dotted line traces the more conventional Holmberg scaling (D cr L ~ which is 
strongly excluded for the MgII sample. 

For the range 0.2 < z < 1.0, we find that  all galaxies with luminosities 
LK ~ 0.05L~f are potentially MgII absorbers, provided that they fall within a 
particular impact parameter of the QSO sightline (see Figure 7). This impact 
parameter (effectively, the gaseous halo radius) scales weakly with luminosity as 



15 

Rh~,,o = 3 8 h - 1 ( L K / L * K )  ~ kpc (where h = H0/100 km s-1 Mpc -1).  Conversely, 
we find no cases of bright intervening galaxies within this impact parameter 
limit which do noL produce absorption. The only interlopers have turned out to 
be dwarfs, mostly very blue. Apparently, the MgII systems are dominated by 
"big" galaxies (within a few magnitudes of L*). The "faint blue galaxies" which 
dominate deep number counts do not contribute appreciably to the gas cross- 
section of the Universe at N(HI) > 1017 cm -2. The K - b a n d  luminosity function 
of the absorbing galaxies follows a Schechter-like distribution (see Figure 8), 
with L* (at (z) ~ 0.65) indistinguishable from the present-day value, but with 
a high normalization consistent with values measured from the deep field galaxy 
surveys (e.g. the CFRS) at similar redshifts. 
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Fig. 8. (Left:) K-band luminosity function for MglI-selected galaxies, 0.2 < z < 1.0. 
The solid line shows a Schechter-function representation of the local K-band luminos- 
ity function (from Mobasher et al. 1993), but normalization rescaled to match that of 
the MglI sample. 

Fig. 9. (Right:) Rest-frame ( B -  K) color vs. redshift for galaxies from the 
MglI-selected sample�9 The dashed lines mark colors of present-day E, Sb and irregular 
galaxies; the horizontal bars mark average colors (with errors shown) for galaxies in 
three redshift intervals. No significant color evolution is evident in the Mgll sample. 

Interestingly, the halo radius vs. luminosity scaling is better behaved when 
computed with K - b a n d  magnitudes (instead of optical photometry) .  Moreover, 
we see no relation between a galaxy's color and its nature as an absorber. The 
absorbers span the range of normal galaxy colors from flat-spectrum "Magellenic 
irregulars" to red ellipticals. There is no evidence for color evolution in the 
absorber population out to z = 1 (figure 9). Evidently, to first order, the presence 
of an extended gaseous halo does not depend on the current star formation rate 
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in a galaxy, but rather on the luminosity of its older stellar population. Because 
LK,  for evolved galaxies, roughly traces the total stellar mass, we might therefore 
suppose that  the halo diameter primarily reflects the mass of the galaxy. 

Our extension of this survey to the redshift regime 1 < z < 2 has only begun, 
but  the preliminary indications are that nothing is dramatically different from 
the situation at z < 1 - the galaxy luminosities, colors, impact parameters,  
and space densities are roughly the same. Overall, this suggests that  the "big" 
(massive?) galaxy population has been, for the most part, remarkably stable over 
a very long span of cosmic time. The apparent absence of luminosity evolution 
might seem to contradict expectations for simple passive evolution of stellar 
populations. However, this may be interpreted as implying a roughly constant 
star formation rate with redshift when averaged across the absorber population. 

3.2 M g I I  A b s o r b e r  M o r p h o l o g i e s  

Recently, we have begun obtaining H S T  WFPC2 images of MgII absorbers in 
order to evaluate their morphologies and to measure their orientations and incli- 
nation angles relative to the quasar line of sight. In Cycle 4 we imaged 3C 336, 
a z = 0.92 quasar with the largest number of foreground absorbers (5!) along 
any single lille of sight in our survey. In Cycle 5, we are imaging 12 additional 
fields. All images are takeu through the F702W filter (Aefr ~ 7000/~). 

Figure 10 shows a montage of the absorbers imaged to date. Most are fairly 
ordinary galaxies spanning the range of normal Hubble Types, from bulge- 
dominated systems (e.g. the z = 0.318 and 0.660 absorbers) to la te- type  disks 
(e.g. the z = 0.442 and 0.723 galaxies). A few exotic objects are also found - the 
z = 0.525 absorber looks like the highly elongated, peculiar galaxies seen in many 
deep H S T i m a g e s  and emphasized by Cowie et al. 1995. This galaxy, however, is 
extremely red, suggesting that it is a highly reddened, edge-on disk - extinction 
may account for its odd morphology. Several absorbers are highly inclined (e.g. 
the z = 0.891 galaxy), reinforcing other evidence that MgII absorption arises 
from halo material rather than from gas in the disk. The few z > 1 galaxies we 
have imaged look somewhat peculiar, but this may only reflect the fact that  the 
R-band  WFPC2 images sample their emit ted-frame ultraviolet continuum. 

4 D i s c u s s i o n  

Considered together, the preceding sections seem to imply that there has been lit- 
tle evolution in the galaxy population out to z --. 1. Cluster ellipticals have under- 
gone little change beyond that expected from simple passive spectral evolution 
- perhaps even less evolution than passive population synthesis models would 
predict. Similarly, the colors and luminosity distribution of MgII absorption- 
selected galaxies are also virtually unchanged compared to the properties of 
bright galaxies (L > 0.05L*) in the local universe. 

Despite these measurements, one can hardly conclude that the universe of 
galaxies has not evolved since z ~ 1. The evidence from magnitude-l imited field 
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Fig. 10. Montage of H S T  WFPC2 images of MglI absorbing galaxies, arranged by 
redshift. Each panel is 4" on a side. Cases where the galaxy redshifts have not been 
confirmed spectroscopically are indicated with a question mark. 

galaxy redshift surveys strongly contradicts this. In their determination of the 
redshift-dependent field galaxy luminosity function from the Canada-France 
Redshift Survey, Lilly et al. (1995) find unambiguous evidence for evolution. 
Considering the CFRS luminosity function as a whole, they find that  there is 
either substantial steepening of the faint-end slope, or an increase in the normal- 
ization r or both. Moreover, in summing the total comoving volume emissivity 
of galaxies in their sample, Lilly et al. 1996 find a dramatic increase in the lumi- 
nosity density L of the universe with increasing redshift, with/Z or (1 + z) 27+~ 
at rest-frame B. 
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Where does the discrepancy lie between the field redshiff surveys and the 
cluster and absorption-selected samples? There are several clues. First, Lilly 
el al. find that when they divide their CFRS sample by color, selecting only 
galaxies redder or bluer than the color of a present-day Sbc galaxy, the evolution 
which they observe may be described as being entirely localized within the blue 
population. Like the cluster ellipticals discussed in w the red field galaxies of 
the CFR.S show no significant change in space density of luminosity with redshift. 
In this regard, the field population seems similar to that in rich clusters: galaxy 
evolution in the latter seems to be largely confined to the blue "Butcher-Oemler" 
galaxies, leaving the red E/S0s relatively untouched. 

This does not explain the discrepancy between the CFRS field population 
and the MgH absorbers discussed in w however. The absorber galaxies span a 
wide range in color, and yet show no sign of color or luminosity evolution when 
considered as a whole. We argue, however, that selection by gas cross-section 
picks out essentially all field galaxies with luminosities greater than -.~ 0.05L~r 
therefore all galaxies in the CFRS brighter than this threshold would, potentially, 
be MglI absorbers were there a QSO close enough to their sightlines to serve 
as a source of background ilhnnination. While some of the overall evolution in 
the field galaxy population might be attributed to low luminosity galaxies (i.e. 
fainter than .-~ 0.05L~.), there is no question that many or most of the high 
redshift CFRS galaxies which participate in the evolution which they observe 
are substantially more luminous than this "dwarf-like" threshold. 

There are two possible explanations. First, Lilly el al. argue that there is no 
formal discrepancy. By dividing our MglI sample by color and fitting regres- 
sion lines of absolute B magnitude vs. redshift, they find that the bluest MglI 
absorbers may indeed be brighter at high redshift, while the red absorbers are 
stable, just as is seen in the CFRS. The relatively small size of the MglI absorber 
sample (58 objects) makes the formal significance of this conclusion marginal, 
but it is nevertheless suggestive. The second explanation depends on selection 
effects. Despite the fact that the CFRS is selected at relatively red wavelengths 
(in the / -band) ,  it is nonetheless invariably sensitive to some degree of bias to- 
ward bluer galaxies at higher redshifts, compared to the MglI-selected sample 
which has no photometric selection criteria. It is highly unlikely that this would 
account for all of the observed evolution in the CFRS luminosity function, and 
the overall change in the cosmic luminosity density cannot be explained by such 
a bias. However, together, it may be that these two explanations, taken together, 
together can bring the data sets into full reconciliation: the small size of the MgII 
sample may mask some trends with redshift, while selection biases may amplify 
some of the trends in the CFRS. 

The H S T  Medium Deep Survey also provides evidence for differential evo- 
lution within the galaxy population. Dividing galaxies by morphological type 
and counting them as a function of magnitude, Driver et al. and Glazebrook et 
al. find that "normal" Hubble sequence galaxies follow N ( m )  relations similar 
to those predicted by "no-evolution" models where the local luminosity func- 
tion of galaxies is simply replicated out to high redshift. Irregular or amorphous 
galaxies, however, have much steeper N(m). Qualitatively, this fits with the 
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trends seen in tile MglI absorber sample, where the majority of galaxies are 
readily recognizable members of the Hubble sequence population. Evidently, the 
rapidly evolving irregular population contributes little to the gas cross-section 
of the universe at N(HI) > 1017 cm -~, and thus is largely excluded from samples 
of QSO metal line absorbers. Conversely, one would predict that the irregular 
galaxies from the MDS must, in general, be relatively low-mass systems, with 
blue colors and small K-band luminosities. Confirmation of this prediction must 
await infrared photometry and redshift measurements for a large enough sample 
to permit the construction of proper luminosity functions for the members of 
this population. 

Overall, I would conclude at the moment that the balance of evidence weighs 
in favor of strong differential evolution in the galaxy population in all environ- 
ments. In both clusters and the field, "red" galaxies seem to be weakly evolving, 
while "blue" galaxies have faded dramatically with time. Similarly, the most lu- 
minous galaxies (particularly, those with large K-band luminosities, i.e. those 
with the greatest mass bound up in their old stellar populations) seem to have 
been quite stable with time out to z ~ 1. Some larger future census of faint 
galaxy properties is still needed to confirm these evolutionary trends. At the 
same time, we are just beginning to probe the nature of the galaxy population 
at z > 1 through clusters, metal-line absorbers, deep field redshift surveys, and 
ultra-deep l IST  imaging. What we find there will be important for establishing 
the origins of the galaxy population we find around us today. 
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Abs t rac t :  The Lya clouds are a useful tool for Cosmology because they sample the 
history of the universe to high redshift (z _ 5). Their physical properties at any time 
(column densities, velocity dispersions, chemical abundances) and their statistical ones 
(number density, spatial correlation) give relevant information about the intergalactic 
medium. On the other hand, the relative lack of clouds near QSOs can be used to 
constrain the UV-background at high-z. It is now claimed that the origin of the clouds 
is tightly related to the process of structure formation in the universe and maybe a 
high proportion are in fact related to galaxies. 

1 I n t r o d u c t i o n  

One of the most interesting, relevant and unsolved problem in Cosmology is 
related to the origin, formation and evolution of galaxies. The history of the 
universe at intermediate redshift (0 < z < 1) can be sampled through normal 
galaxies and new relevant information is coming up from HST and the Keck 
telescopes (see the review by Mark Dickinson in these Proceedings). At high 
redshift (1 < z < 5), apart  from powerful radiogalaxies , QSOs and a few Lya 
emitters, the only information comes from the absorbers that  are in the line-of- 
sight of QSOs. At very high redshift (z ~_ 103), the cosmic microwave background 
decoupled from the mat ter  and show us now a picture of the universe (through 
its spectrum and anisotropies as detected by the COBE satellite) at that time. 
At the big-bang (z _~ 101~ indirect information about that epoch is obtained 
through the nucleosynthesis of light elements. 

To be published in The Universe at High-z, Large-Scale Structure and the Cos- 
mic Microwave Background, ed. E. Martinez-Gonzalez and J. L. Sanz (Springer 
Verlag, Heidelberg) 
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From the observational point of view, we are now seeing in imaging (HST) 
and spectroscopy (Keck) how the galaxies were up to z -~ l(Casertano el al. 
1995). Moreover, at higher-z (z > 1), one finds serendipitiously a few Lya - 
emitters near some QSOs (Lowenthal el al. 1991; Francis et al. 1996; Hu et al. 
1996) that could be protogalaxies in their first burst of star formation. Defin- 
ing the protogalaxies at high-z is complicated because either the star formation 
process is so slow that we are not able to detect such weak emission with the 
present technology or dust shrouds the light which comes out from these emerg- 
ing protogalaxies. 

The absorbers in the l.o.s, of QSOs play a fundamental role defining the 
progenitors through absorption processes. They show many absorption lines, 
most of which are identified with H-Lya absorption and the rest of the lines are 
identified as metal transitions (MglI, CIV,...). It is customary to differenciate 
between Lya clouds (with column density 12 < logNH1 < 17 and no traces of 
metals), metal line absorbers (MglI-systems and CIV-systems with logNHz > 
17) and damped Lya systems ( logNHt  > 20). The Lya clouds were historically 
associated to intergalactic clouds of primordial origin (Lynds 1971; Sargent et 
al. 1980), although CIV is associated with strong lines (see section 4) whereas 
the MglI, CIV-absorbers and damped Lya systems are associated to a different 
population: normal galaxies or proto-galaxies. 

Regarding the Lya clouds at low-z, we emphasize that some of them have 
been identified with galaxies very recently (Lanzetta el al. 1995) but other clouds 
are not (Le Brun el al. 1995). In the first case maybe the correct interpretation 
is that then the 1.o.s. to the QSO is passing through the outer halo of a galaxy. In 
other cases, the possibility that the clouds are the by-products (substructure) of 
the structure formation process has been delineated taking into account faillure 
to detect them observationally and numerical simulations dealing with standard 
scenarios of galaxy formation. 

On the other hand, a systematic study of the MglI-systems (Bergeron and 
Boiss~ 1991; Steidel el al. 1994) lead to the identification of the absorbers through 
direct imaging and spectroscopy. The conclusion is that this type of metal line 
absorbers are directly linked to the halo of normal galaxies. Nobody has identified 
by direct imaging and spectroscopy any CIV-system at high-z with no MglI 
absorption (although there is a recent claim by Benitez el al. 1996). 

It is now widely accepted that the damped Lya - systems (NHI  ~-- 102~ -2) 
are disk (or protodisk) galaxies and recent observations with the Keck seems to 
test such hypothesis from the kinematics of a system at z = 2.309 in the 1.o.s. of 
the QSO PHL 957 (Wolfe et al. 1994). No clear identification of a damped Lya 
system by direct imaging and spectroscopy has been done to date (temptative 
detections in imaging have recently claimed by Steidel el al. 1996a, b for three 
damped systems at low-z, ZD = 0.3950, 0.6922, 0.8596). 

Taking into account all of that, one can ask the following interesting question: 
where are the progenitors of the present galaxies? The answer is not a trivial 
matter because the first problem is that from the observational point of view the 
question is not well defined: we really do not know how a galaxy at high-z (e.g. 
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z > 3) looks-like, although some light have been recently obtained from HST 
observations up to z ~ 1 and from the study of the QSO absorbers. A recent 
high-light, is the discovery by Steidel and collaborators (1996) of a population of 
normal star-forming galaxies at redshifts 3.0 < z < 3.5. The spectra are similar 
to those of nearby star-forming galaxies and maybe the high-z counterparts of 
the spheroid component of present-day liuminous galaxies has been identified. 

In this review, we will comment about the Lya clouds population, making em- 
phasis on the observational aspects. The nature and composition of the clouds is 
one of the most relevant open problems in cosmology. There are also some inter- 
esting aspects related to them: one can get information about the intergalactic 
medium and the process of structure formation up to z _~ 5 (and this is the 
most oustanding problem for cosmology). On the other hand, their low chemical 
abundance can give insight about the primordial universe because maybe such 
a population is the less evolved (as compared with metal and damped-systems). 
Finally, it is interesting to remark the possible influence of the clouds on the 
diferent background radiations (e.g. microwave photons). 

2 Physical properties of Lya clouds 

Large telescopes (4m) and more recently the Keck one and fine instrumentation 
(e.g. echelle spectrographs and TEX CCDs detectors) have allowed spectral infor- 
mation for more than 15 QSOs, at intermediate and high-z, with high-resolution 
(FWHM ~ _ 10 km/s) and high SNR (> 10) during the last years. On the other 
hand, the HST has allowed to take spectral information of some QSOs at low-z 
but at a lower resolution. In many cases, the absorption lines appear isolated 
(there is a blending problem that is more relevant for high-z) and can be fitted 
to Voigt profiles. Usually, it is assumed that the shape of the profile is generated 
by natural broadening plus thermal motions inside the cloud although devia- 
tions of this shape can be generated in the collapse phase of structure during 
the evolution of the universe (McGill, C. 1990; Rauch, M. 1995). Through the 
fitting process, two observational parameters can be obtained: the HI column 
density (NHI) and the velocity dispersion (b = 21/2~r). In the case of pure ther- 

mal motions: 52 = 2kT/m or b(km/s) ~_ 13T~/2, where T4 is the temperature in 
units of 104 ~ 

Recently, some global Lya clouds samples (at high resolution) have been 
considered in the literature. Sample 1 (de la Fuente er al. 1995) contains 654 
lines -from 7 QSOs- covering a wide range in redshift 1.85 < z < 4.32. The 
QSOs have been selected taking into account a similar SNR (> 10) and res- 
olution (R > 12500) and the lines are restricted to satisfy strict criteria to 
obtain an homogeneous sample: b >_ 15 kin~s, logNH1 3> 13.3, Ab > 2km/s  
and AlogNHz >_ 0.03 (originally more than 1000 lines are in the set and finally 
only 654 survive). Sample 2 (Cristiani 1995) contains 1100 lines -from 10 QSOs- 
covering approximately from 2 < z < 4. These QSOs have been selected from 
the ESO key-programme (6 QSOs with, SNR > 20 and R> 20000) and comple- 
mented with other 4 from the literature with similar SNR. Sample 3 (Hu et al. 
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1995) is based on 4 QSOs observed with the HIRES spectrograph on the Keck 
telescope. The SNR> 50 and R> 36000 spectra define a set of 1056 lines. A pri- 
mary  analysis has been done in the column density range 12.3 < logNgl < 14.5 
with 990 lines. 

2.1 The column density distribution 

The HI-column density distribution p(logNHi) for the sample I mentioned above 
is characterized by a plateau in the range 13.4 < logNHi < 14.0 and a strong fall- 
off for logNHi > 14.0. A least squares fit to a double power-law gives a break at 
13.99 and slopes -0.006 and - 1.1, respectively. Similar results have been obtained 
with the sample 2 in the range 13.0 < logNHl < 16.0. Possible biases that  
alter this distribution have been quantified via numerical simulations (Cristiani 
1995) and the result is that  the slope below the break increases to _~ -0 .4  but 
the distribution is still inconsistent with a single power-law because there is a 
deficit of lines in the range 14 < logNH1 < 17. On the other hand, confirming 
some of the previous results but at higher resolution, the sample 3 have been 
analized in the range 12.3 < logNHx < 14.5 and corrected for incompletness via 
numerical simulations, the result can be fit by a power law with slope -0 .46  
(or a 95% confidence interval of (-0.37, -0.51)). Summing up, below a break at 
logNH1 ~-- 14.0 there is a plateau that maybe can be corrected for incompletness 
to a slope of ~_ - 0 . 4  whereas above the break a slope of ~_ - 1  is more apprpriate. 
It  is a mat te r  of debate whether Ly~ clouds with logN~i < 14 and logNH1 > 14 
comprise a single population (see also the differences in chemical composition in 
the next section). 

2.2 T h e  v e l o c i t y  d i s p e r s i o n  distribution 

The b-distribution has a bell-shape form with a strong tail. The bulk of the lines 
have Doppler parameters in the range (20, 40) km/s  with only a few cases with 
b < 10 km/s.  For sample 1 one finds < b > =  31.6 kin~s, b,~d = 33 km/s  and 
c% = 13 km/s.  For sample 2 similar values are found, only 15% (2%) of the lines 
have b < 20 km/s  (b < 10 kin~s) whereas for sample 3 less than 1% of the lines 
have b < 20 km/s.  

2.3 T h e  c o r r e l a t i o n  b - N ~ x  

This has been a controversial topic during the last years (Pettini et al. 1990; 
Carswell et al. 1991; Sanz er al. 1993; Rauch et al. 1993; Cristiani et al. 1994; 
Rodriguez-Pascual et al. 1995). The b - NHI diagram shows a deficit of lines 
in the upper-left part  due to a selection effect (low-column density lines are 
hidden in the noise) but  there is also a deficit of strong lines (logNH1 > 14) with 
small b. This is clear from samples 1 and 2 but also in individual QSOs. From 
sample 1, a weak but  noticeable correlation between b and NHr is observed in 
the data  (a two-dimensional KS-test gives a probability of 0.047 for the observed 
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pob(b, logNHi) distribution being a realization of the uncorrelated model given 
by p(b, logNHx) = Pob(b)Pob(logNHi)) and supporting this view is the result 
that the b-distributions below and above the cut-off point at lOgNHl "~ 14 
have a similar asymmetric bell-shape form but they show significative differences 
in mean and median values (in fact, a KS-test applied to both b-distributions 
gives a probability of p _ 10 -6 for coming from the same parent population). 
We comment that the "migration diagrams" in the b - N H I  plane found by 
Rauch et al. (1993) -due to finite SNR- have no practical importance in the 
region 14 < logNHl < 14.5 and they do not strongly affect the arguments 
mentioned above. Obviously, the data from the sample 3 with logNHx > 14 will 
help to shed light on this relevant issue. Summing up, we can say that below 
logNH! "~ 14 the mean value for the Doppler parameter is b ~- 25 k m / s  and 
there is no appreciable correlation with NHI whereas above logNHi "~ 14 the 
mean value is bigger b _~ 35 k m / s  and there exits a noticeable trend with the 
column density. These results are consistent with the absorbing clouds being very 
flattened, highly ionized clouds, gravitationally confined by dark matter, where 
the observed b - logNHi trend is due to orientation effects (Rodriguez-Pascual 
et al. 1995). This simplified model is also able to reproduce the observed broken 
power-law distribution of HI-column densities and the b-distribution. Finally, 
we remark that a weak correlation between b and NHI is predicted through the 
numerical simulations performed in the CDM+A model including an ionizing 
background (Miralda-Escud6 et al. 1995). 

2.4  S i z e  

Spectroscopic observations along the two 1.o.s. to projected pairs or gravita- 
tional lensed QSOs allow to probe the size, geometry and spatial clustering of 
Lya clouds. We remark that "cloud size" can be interpreted as defining a co- 
herent structure but maybe there exist correlated but distinct structures with 
the same properties. Pioneer studies of the Lya forests of QSO pairs at separa- 
tions of ~_ 1' (Shaver & Robertson 1983; Crotts 1989) found weak correlations 
and showed that the size of the clouds is less than ~_ 300h-lkpc. Work on the 
gravitationally lensed QSO UM 673 (Smette et al. 1992) showed that the size 
of the clouds is larger than 6h-lkpc.  Recent work (Bechtold el al. 1994; Din- 
shaw el al. 1994) on the QSO pair Q1343+2640A/B (9'~.5 separation) implies 
a firm model-independent lower-limit on the size of the clouds of 40h- lkpc  at 
z ~ 1.8 if ~2 = 1. Moreover, under the assumption of uniform radius spherical 
absorbers one gets the upper-limit on the size of ~ 280h-lkpc with 98% con- 
fidence. The median value for the size is ___ 90h-lkpc,  all the numbers scaling 
by a factor 1.44 and 1.85 for ~2 = 0.1 and ~2 = 0.1, A = 0.9, respectively. They 
also detect differences in the column density and radial velocity of the absorbing 
gas. A characteristic radius of > 70h-lkpc is incompatible with the two popu- 
lar models for the clouds: gas confined by minihalos of CDM (lZees 1986) and 
confination by a hot IGM (Sargent el al. 1980). The characteristic velocity dif- 
ference of _~ 60krn/s is also a problem for models that assume either clouds in 
the disks or in the virialized halos of normal galaxies that would give velocity 
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dispersions above 200km/s. An extension of this analysis to more general geome- 
tries has been considered (Fang et al. 1995) proposing a picture of Lya  clouds at 
z ,,~ 2 as non-linear, gravitationally collapsing objects and suggesting a connec- 
tion with faint blue galaxies at z ,-- 1. Simulations of double 1.o.s. (Charlton et 
al. 1995) assuming various mass distributions, geometries and kinematics indi- 
cate that  only a smooth disk/slab-like model with systematic velocities remains 
consistent with the inferred properties of a single population of Lya  absorbers. 
Similar results have been recently obtained for the two components (3%0 sepa- 
ration) of the gravitational lens candidate HE 1104-1805 (Smette et al. 1995): 
lines are strongly correlated and there are not differences in velocities within 
,,~ 10 km/s. They derive a 2a lower-limit at z ~_ 2 of 50 h-lkpc for spherical 
clouds if ~2 = 1. At lower-z (z < 1), the study of the pair Q0107-025A/B lead a 
strong lower-limit on the size of the clouds: 170 h-lkpc at z ,,~ 0.7 (Dinshaw el 
al. 1995), but the statistics of the coincident lines (4) is very small. If low and 
high-z clouds represent a single population, this increasing in size with time is 
expected in a hierarchical structure formation scenario. 

2.5 I n t e r n a l  s t r u c t u r e  

Recent data of the QSO Q0302-003 observed at high-resolution with HIRES at 
Keck (Cowie et al. 1995) have shown for the first time that  the structure of 
the strong clouds (logNHl > 14.5) is very complex. Half of the lines have CIV 
(see subsection 4.3) and their kinematic structure show that  the clouds are not 
isolated but  blended complexes of cloudlets (1 to 3 components) individually 
having temperatures of T _~ 35000 - 70000 K and velocity dispersions of ~_ 
18 km/s. These complexes require a strong gravitational potential, so either the 
clouds are embedded in the halos of galaxies or in pancakes in the IGM. These 
results showing velocity sub-structure in the Lyc~ clouds have been confirmed 
with another quasar, Q0636+6801 (z~m = 3.178), by Tytler  et al. (1995). 

2.6 T h e  2 - p o i n t  c o r r e l a t i o n  f u n c t i o n  

The 2-point correlation function is usually computed in the velocity space, es- 
t imated by: ~(v) = - 1  + Nob,/Ne~p, where Nobs and Neap are the observed 
number of line pairs at separation v and the number of pairs expected from a 
random distribution in redshift. For sample 2, 103 numerical simulations have 
been performed to get N~p and the result is that  a weak but noticeable signal 
is present with amplitude _~ 0.2 in the 100 km/s bin (the existence of correlation 
on small scales was suggested by Webb 1987). Moreover, the correlation dissa- 
pears for weak lines with logNHi < 13.6 and increases for higher NHI values to 
--~ 0.6 in the same bin with 7g confidence (an effect first noted by Chernomordik 
1995, based on a reanalysis of 3 QSOs spectra at high-resolution with lines in 
the range 2.7 < z < 3.7 and logNH1 > 14). All of this is in agreement with 
the results derived from sample 3: no correlation is found at v > 150 km/s for 
12.8 < logNgi < 14.5 but there is an excess of 0.17+0.045 at 50 < v < 150 km/s 
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and also the correlation increases with column density. All of this seems to sug- 
gest that the clouds are correlated with clouds of similar column density. 

On the other hand, the Lya clouds that exhibit CIV absorption (see sub- 
section 4.3) are clustered on a scale < 103krn/s (Tytler et al. 1995), suggesting 
the existence of two populations: one primordial that shows no correlation and 
other with CIV that cluster with an amplitude that is weaker than the one 
corresponding to metal line systems and galaxies. 

At low-z, low resolution spectra for 35 QSOs with 0.5 < z < 1.4 taken with 
the HST (The HST QSO absorption line key project) have been analized and 
more than 80 Lya clouds identified but they do not show significant evidence of 
clumping (Bahcall et al. 1993). Of course, a bigger sample is needed to reach a 
definitive conclusion. 

3 Evo lut ionary  propert ies  of  L y a  clouds 

The study of the evolution of the different physical parameters (b, NH1, size) 
analized in the previous section and others (chemical abundance, dark matter 
content, UV-radiation field) is relevant to understand not only the process of 
formation and evolution of the clouds themselves but also the history of the 
universe and the process of structure formation in general. It is not possible, at 
least from samples 1 and 3, to distinguish any trace of evolution of the column 
density distribution. We will comment on b in the following subsection. 

3.1 Evolution of the velocity dispersion b 

In subsection 2.3, we have remarked that the strong (IogNHI > 14) and weak 
(IogNHI < 14) absorption clouds show different properties in the sample 1. A 
representation of the mean value of b for each QSO of the sample against z 
show that b is approximately constant for the weak systems, whereas for the 
strong ones seems to be evolution (b increases with time) at least for the five 
QSOs with 2.5 < z < 4. In the simplified model of flattened clouds outlined by 
Rodriguez-Pascual et al. (1995), strong broad absorption lines are drawn from 
tilted systems in which the large HI-column density is due to a larger absorption 
path and the larger width is due to a gravitational component of the velocity 
dispersion in the plane of the slab. Within this framework, the average increase 
found in b for strong lines at low-z cooud be associated to an increase in the size 
of the clouds (Dinshaw et al. 1995). A more detailed explanation of this fact can 
be given due to the difficulty to explain large b values as thermal broadening 
(Press and Rybicki 1993): on the one hand, Webb (1987) finds that the lines 
are more clustered at low-z (in small scales) and Cristiani et al. (1995) that the 
clustering tends to be higher for larger column densities. So, if we assume (Hu 
et al. 1995) that each Ly~ cloud is a blend of components of comparable NHx 
and that the observed b is produced by such a blend (this assumption follows 
from the structure of the CIV lines found by Cowie et al. 1995), then the three 
arguments lead to an increase of b with time. 
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3.2 The  evolut ion of  size 

Regarding size, we have commented at the end of subsection 2.3 that  there is an 
apparent  increase in size with time: R ~ 90 h- lkpc  at z -~ 1.8 (Bechtold el al. 
1994; Dinshawet al. 1994) and R ~- 170h-lkpc at z ,,~ 0.7 (Dinshawet al. 1995), 
which is expected in hierarchical scenarios. 

3.3 N u m b e r  density N(z) 

Regarding the number of systems per unit interval of redshift, dN/dz,  and re- 
laxing the criteria (de la Fuente et al. 1995) applied in the previous section for 
sample 1 (considering only the first two criteria, then 708 lines survive), a fit to 
a power law (dN/dz c< (1 + z)" 0 gives the value 7 = 2.35 + 0.22 in the redshift 
range 1.9 < z < 4.3 but a higher slope 7 = 3.22 + 0.41 is obtained in the range 
2.1 < z < 3.7 (in this case one avoids two QSOs of the sample, one at low-z 
and the other at high-z with z~m = 2.14 and zero = 4.51, respectively). For sam- 
ple 2 the value 7 = 2.7 has been quoted (Cristiani 1995). These values can be 
compared with the ones obtained from previous large samples at intermediate 
resolution: Lu el al. (1991) obtained 7 = 2 .75+0.29 for 1.7 < z < 3.8 and RSser 
(1995) quoted 7 = 2.44 :t= 0.44 for 1.7 < z < 3.3. All of these results indicate 
a clear evolution in the clouds for 2 < z < 4 (7 = 0.5, 1, 2 for no evolution 
and (A, ~2) = (0, 1), (0, 0), (1, 0), respectively). On the other hand, observations 
with HST (Morris et al. 1991; Baheall el al. 1993) suggest a flattening in the 
line distribution at low-z: 7 = 0.79 =t: 0.37. More recently, Bahcall el al. (1996) 
have quoted the value 7 = 0.58 -4- 0.50 on the basis of 135 lines identified as 
extragalactic Lya  clouds for Zab < 1.3. So, to what extent evolution in the Lya  
clouds ceases at low-z or the clouds at low (z < 2) and high-z (z > 2) constitute 
a different population is a current mat te r  of debate. 

3.4 E v o l u t i o n  o f  t h e  2 - p o i n t  c o r r e l a t i o n  f u n c t i o n  

The evolution of the 2-point correlation function with redshift has been addressed 
by Cristiani (1995). Based on the sample 2 with logNHt > 13.8, it is obtained 
tha t  the ampli tude of the correlation at 100 k m / s  decreases with increasing z 
from 0.85 + 0.14 at 1.7 < z < 3.1, to 0.74 + 0.14 at 3.1 < z < 3.7 and 0.21 + 0.14 
at 3.7 < z < 4.0. Of course, this is what it is expected in hierarchical scenarios. 
Da ta  from the HST are still at too low-resolution to get a more definitive answer 
on evolution but the previous analysis suggests a picture where rapid evolution 
of clustering took place at high-z (z ~_ 3.5). 
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4 C h e m i c a l  a b u n d a n c e s  in L y a  c louds 

Until very recently, the Ly(~ clouds were thought to be constituted by primordial 
matter H and He. Now, thanks to the capability of HST sensitive to UV radi- 
ation, He has been found. On the other hand, the Keck telescope has allowed 
the first tentative detection of Deuterium outside our Galaxy, at high redshift 
(z = 3.3) and also the detection of CIV in some Lya clouds with strong HI 
column density. Our understanding of the clouds can dramatically change with 
these findings but also all of this is a test for the big-bang nucleosynthesis and 
a challenge for theories of structure formation. 

4.1 He l ium 

The absorption of neutral helium, HeI, is at 584/k and as singly ionized helium, 
HeII, at a shorter wavelength 304/~, so until recently He had not been detected 
in the Lya clouds because the corresponding redshifted absorption lines fall into 
the UV region. Jakobsen et al. (1994) obtained a spectrum of the QSO Q0302- 
003 (Zero = 3.286) with the HST FOC objetive prism and they found a gap in 
the flux below the redshifted 304/~ line. An estimation of the optical depth leads 
to r > 1.7 (90% confidence level) at z = 3.2. On the other hand, Tytler et al. 

(1995), using HST with FOS, reported a similar absorption for the QSO Q1935- 
6914 (z~m = 3.185) but the estimated v = 1.0 + 0.2. The discrepancy between 
the two values for v at the same z could be due to inhomogeneities in the IGM. 
More recently, Davidsen et al. (1995) have used the HUT on the ASTRO-2 
to study the QSO HS 1700+6416 (zero = 2.72) and estimated v = 1.0 =t= 0.07 
averaged in the range 2.2 < z < 2.6. The spectra obtained to date do not have 
enough resolution to distinguish whether the HeII absorption is due to discrete 
Lya clouds or is produced by a more diffuse IGM between the clouds. However, 
the recent detection (Songaila el al. 1995) of a population of weak Lya clouds 
with HI column density down to l o g N g l  = 12.3 for the same QSO (using the 
HIRES spectrograph at Keck, R = 36000), shows that there is no need to invoke 
the diffuse IGM but that such a population of clouds can account for the HeII 
absorption. 

4.2 Deuterium 

The first tentative detection of deuterium, D, outside our Galaxy was made 
by Songaila et ai. (1994), using Keck, and Carswell et al. (1994), using MMT. 
A spectrum of the QSO Q0014+813 (ze,~ = 3.42) shows a HI cloud with an 
absorption feature at the precise wavelength predicted for cosmic D at z = 3.32. 
The implied abundance D / H  = 2.5 • 10 -4, although compatible with the BBN 
predictions, is much higher than the abundance derived from models of Galactic 
evolution (in our Galaxy today is less than 2 x 10 -5, Linsky et al. 1993). 

On the other hand, Tytler and Fan (1995) have found in the spectrum of 
QSO 1937-1009 (z~m = 3.78) a cloud at z = 3.57, with l o g N H l  > 17.8 and weak 
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metal  lines, showing D aborption but  the abundance is an order of magnitude 
lower D/H = 2 x 10 -5. More recent results supporting a higher abundance 
include: Carswell et al. (1995) quote D/H > 2 • 10 -5 with a best guess of 
D/H = 2 • 10 -4, in a system in Q0420-388, Rugers and Hogan (1995) find 
D/H = 1.1 • 10 -4 analyzing the spectrum of GC0636+68. 

A possible explanation of the D feature in some cases would be HI absorption 
by a small cloud placed at the appropriate z in the forest, but Rugers and Hogan 
(1995) have made a new reanalysis of the Keck spectrum of Q0014+813 assuming 
two components to represent the absorbing cloud. Spectral fits to several Ly 
lines give logNHi = 16.76, 16.90, respectively. The main results are that the 
D features are too narrow to be interlopers (i.e. HI clouds), good agreement 
with temperature and redshift with their HI counterparts and both components 
give the same abundance: D/H = (1.9 + 0.5), (1.9 -t- 0.4) • 10 -4, respectively, 
with an independent lower-limit on the sum of 1.3 • 10 -4. If one accepts the D 
explanation with an abundance of (1.9-t-0.4) • 10 -4 as primordial, then standard 
BBN gives a baryon to photon ratio 77 = (1.7 + 0.2) • 10 -1~ and this implies 
~2bh 2 = (6.2 4- 0.8) • 10 -3, i.e about  the value estimated from observations of 
luminous mat ter  in the universe. The previous value for 12b is in agreement with 
estimates of primordial abundances of 4He and 7Li. In particular, this result 
imply that  the massive galaxy haloes must be made of non-baryonic matter.  

4.3 M e t a l s  

Until very recently it has been an open question whether the Lya clouds are 
chemically primordial or have some weak metallicity. A tentative detection of 
CIVA1548 at >_ 99.99% confidence has been reported (Lu 1991), using stacking 
of many metal absorption line spectra corresponding to many Lyc~ lines. He 
estimated a relative abundance of [C/H] ~ -3 .2  (the abundance is defined 
relative to solar, i.e. [M/H] = log(M/H)-  (log( M/ H) )o ) for cloud populations 
with logNgi ~ 15.7, suggesting that  not all Lya  clouds are primordial. However, 
a similar search by Tytler  and Fan (1995), using a spectra of QSO HS1946+7658 
at 10 kin~s-resolution, leads to an upper-limit of [C/H] < - 2  but now the more 
common systems are weak clouds with logNHl ~" 13 - 14. 

More recently, Cowie et al. (1995) have got the spectrum of Q0302-003 with 
very high SNR and resolution (R = 36000) using HIRES at Keck. They found 
that  approximately half of the Lya  clouds with logNH1 > 14.5 have CIV lines 
with logNcrv > 12, then giving a metallicity of [C/H] ~ - 2 .  Consistent 
with this estimate is the result by Tytler  et al. (1995) with the spectrum of 
Q0636+6801 (z~m = 3.178)taken at Keck, they find that 60% of the clouds show 
CIV and abundance [C/H] > -2 .5  for clouds with logNHl > 14.5. Womble et 
al. (1995), based on a spectrum at Keck of the gravitational lens Q1422+2309 
(z~,~ = 3.63), find that  40 - 45% of the clouds with logNHl > 14.3 are enriched 
with heavy elements and estimate a typical abundance of [C/H] ~ -2 .3  at 
< z >'~ 3.1. All of this has left open the question of whether the Lya  population 
is bimodah one big primordial population with no trace of metals contaminated 
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by weak metal line clouds (which could be associated with the outer halos of 
galaxies or protogalaxies). 

5 Identification of  Lya clouds 

The possible association (or lack) of Lya absorbers with galaxies or proto- 
galaxies is one of the most interesting topics. It was unexpected that low-z clouds 
were found in sufficient numbers to enable studies related not only to evolution 
but also to their relationship to galaxies. There are two approaches: one consists 
in studying the clustering properties of the clouds and galaxies and the other is 
the possible identification of a cloud with something one can call a "galaxy". In 
the last case, the projected separation and velocity difference of the galaxy with 
respect to the cloud are relevant quantities, togheter with the equivalent width 
of the absorption line, that define such association or not. 

No clear identification of Lya clouds at high-z with galaxies has been done 
to date as far as we know. Francis et al. (1996) have recently reported the dis- 
covery of of a group of galaxies at z = 2.38, detecting to Lya-emitting galaxies, 
which supports the interpretation of a supercluster of QSO absorption lines (at 
least 10 Mpc in comoving size) at that redshift. In the low-z case, the following 
observations have been made: the 1.o.s. to the QSO 3C273 shows 7 Lya absorp- 
tion lines, from HST observations, below 104 km/s.  Salpeter and Hoffman (1995) 
have correlated them with 22 disk galaxies that are near the 1.o.s. to the QSO 
and found that in 3 cases there is an individual galaxy close enough in position 
(between "-~ 200 - 250 kpc) and in velocity (< 120 km/s) which may produce the 
absorption. Moreover, for a four line there is a small group of galaxies nearby 
and for the rest no galaxy is seen. 

Lanzetta et al. (1995) have made imaging and spectroscopy of faint galaxies 
(46 in the range 0.07 < z < 0.5526) in fields of HST centered on QSOs. They 
found 9 galaxies coincident in z with Lya clouds and they conclude that at 
z < 1 most luminous galaxies are surrounded by extended gaseous haloes of 
_~ 160 h-lkpc and the fraction of absorbing clouds arising in luminous galaxies 
could be very high (maybe more than 50%). 

More recently, Le Brun et al. (1995) have considered a sample that includes 3 
new fields of QSOs from the HST and combined those of previous studies. They 
found 32 absorber-galaxy associations versus 11 cases with no absorption, no 
clear anti-correlation between rest-frame equivalent width and impact parame- 
ter, no correlation between galaxy luminosity and impact parameter and that 
the relative velocity distribution of the associations are consistent with either 
galaxy rotation velocities or the local velocity dispersion in large-scale structure. 

All of this surveys favors the existence of two populations among the Lyc~ 
clouds: one which is physically associated with normal galaxies and another one 
invisible and more primordial. Maybe low-surface brightness galaxies, dwarfs 
or primordial gas clouds could constitute the last population. The recent ob- 
servations (Barcons et al. 1995) of two low-luminosity spiral galaxies, with z 
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coincident with those of absorption lines (Za = 0.09, 0.075) in the spectra of two 
QSOs (Q1704+6048 and Q2135-1446) at impact parameters of 62, 48 h- tkpc ,  re- 
spectively, and the fact that the gas responsable for the absorption lines appears 
to take part of the rotation of the galaxies, suggest that the haloes of galaxies 
are dominated by dark matter and also indicates that low-surface brightness 
galaxies can play a certain role defining the second population. 

Finally, the Lyc~ clouds can reside in the large-scale structure of the universe 
(filaments, walls or void-like regions). This has been recently reported by Stocke 
et al. 1995 and Shull e~ al. 1995. They have undertaken a spectral search, with 
HST, for low-z absorbing clouds in the 1.o.s. to bright QSOs behind well mapped 
voids and superclusters. In the first paper, 8 absorption clouds towards 3 QSOs 
are found, 7 of which are located in supercluster structures and 1 absorber is in 
a void, whereas in the second paper, they identify 10 clouds (plus 1 probable) 
toward 4 targets and conclude that at least 3 lie within voids. 

6 The UV-background 

The number of clouds per unit redshift increases with redshift (see section 3.3) 
but this rise is less rapid as one approaches to the QSO. This effect, first discoverd 
by Carswell et al. (1982), is usually called the "inverse effect" or the "proximity 
effect", and it has been atributed to photoionization of clouds by the bright 
QSOs in whose spectra they are observed and which are less likely to exceed the 
theshold in neutral hydrogen column density needed for detection (Bajtlik et al. 
1988). Assuming such an interpretation, the proximity effect provides an indirect 
measure of the intensity of UV ionizing radiation from all sources because the 
relative importance of photoionization by a QSO is inversely proportional to 
such an intensity. 

6.1 High-z 

Bajtlik et al. (1988) interpreted the inverse effect as a proximity effect. They 
assumed a model in which the clouds are highly ionized by the general back- 
ground of UV radiation with a frequency dependence above the Lyman limit 
which is the same as that of the QSO radiation. Then, data at intermediate- 
resolution imply that the UVB radiation is constant for 1.7 < z < 3.8 and given 
by logdLL = --21.0 + 0.5, dLL(erg c m - 2 s - l H z - l s r  - I )  is the Liman limit inten- 
sity of the UV radiation. This represents the first indirect measurement of the 
UV background at high-z, but -as the authors pointed out- it is not completely 
clear where this UV radiation is coming from. Bechtold (1994), on the basis of 
34 QSO spectra taken at intermediate-resolution, concludes that the evolution 
of the UVB is not well constrained in the interval 1.6 < z < 4.1 and assuming 
it constant obtains logJLL = --20.53, although uncertainties do not elliminate 
QSOs as the main source to the UVB. Giallongo ef al. (1993) have observed the 
QSO PKS 2126-158 (ze,~ -- 3.27) at high-resolution (~_ 14 kin~s), obtaining from 
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the proximity effect logJLL = --21.15, so not far from the QSO contribution. 
More recently, Cristiani (1995) using the high-resolution sample 2 (see section 2) 
has estimated logJLL = --21.32 + 0.08 for the intensity of the UVB, through a 
"maximum likelihood analysis" that includes not only J but also ;3 (the slope of 
the column density distribution) and 7 (the slope of the cosmological evolution 
rate) and this value is close to the one estimated for the integrated contribu- 
tion of all the QSOs (Haardt and Madau 1995). He also concludes that the UV 
background is consistent with no evolution in 2 < z < 4. On the other hand, 
the influence of a foreground QSO on the Ly~ forest of another high-z QSO has 
been recently inveetigated for 3 objects at 2 < z < 2.7 (Ferns et al. 
1995). The results are consistent with the existence of a proximity effect due to 
the foreground QSO and find a best value of logJLL :- --20.5 and a lower-limit 
of logJLL > --21.8 (2or level) for the intensity of the UVB at those redshifts. 

The reionization of the IGM by quasars at high-z has been discused in several 
papers (Bechtold et al. 1987; Miralda-Escud~ and Ostriker 1990; Madau 1992; 
Meiksin and Madau 1993). In the last paper, the authors obtained that the 
integrated QSO contribution to the UVB over the range 3 < z < 5 to the flux 
maybe as large as JLL ~-- 3[(1 + z)/4.5] z/2 • 10 -22 and this level is compatible 
with 1~ upper-limits to the G-P effect at z = 3 if the diffuse component of the 
IGM satisfies S2IGM h2 <_ 0.005 (see next section). 

6.2 Low-z 

Kulkarni and Fall (1993), based on observations of 13 QSOs by Bahcall et al. 
(1993) with the FOC on HST, have reported for the first time the detection 
of the proximity effect at low-z. They have estimated logJLL = --23.22 at z ~_ 
0.5. At lower redshift, Vogel el al. (1995) have observed the SW component of 
the Haynes-Giovanelli cloud HI 1225+01 which is optimal to measure the local 
metagalactic flux and found the upper-limit lOgJLL < --23.10. 

Madau (1992) has computed the spectrum of the diffuse UVB, taking into 
account the opacity of Lya clouds and Ly Limit systems, from observed QSOs as 
a function of redshift and obtained that JLL increases by a factor 25-35 between 
z = 0 and z _ 2, which is to be compared with previous estimations at low and 
high-z. 

T T h e  G u n n - P e t e r s o n  tes t  

7.1 HI  G-P test  

Gunn and Peterson (1965) suggested that a uniform distribution of HI in the 
intergalactic medium would generate a depression in the continuum of any 
QSO in the blue (i.e. shortward of Lyc~ emission) due to Lyc~ absorption, the 
so-called "Gunn-Peterson effect". The optical depth at redshift z is given by 
rap ---- 4.14 x lOl~ + z)-l(1 + S2z) -1[2, where nHi(Z) is the number 
density of neutral hydrogen. There have been several observational attempts to 
detect a uniform medium (Steidel & Sargent 1987; Jenkins & Ostriker 1991; 
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Webb et al. 1992; Giallongo et al. 1992), leading to strong upper-limits on nHi .  
More recently, Giallongo et al. (1994) have obtained the value 7"Gp = 0.02-4-0.03 
in the interval 4.1 < z < 4.3 from the high-resolution spectrum (2 40 kin~s)  of 
the QSO 1202-0725. For a highly ionized IGM, rGp can be expressed as a func- 
tion of the IGM density if one assumes ionization equilibrium, where the heat- 
ing is dominated by photoionization of the UV-background. Then, the previous 
upper-limit constrains the IGM baryon density to be ~'~IGM <__ 0.01 (practically 
independent of the temperature of the medium) if the QSOs are the major con- 
tributors to the ionizing background (the UV flux is assumed to be constant for 
z > 3 with intensity J-2z = 0.3 and J oc v-~  So, much of the baryon density 
derived from the big-bang nucleosynthesis (12~ ~ 0.05 for Ho = 50) remains 
to be explained, and maybe most of the baryons are already in bound systems 
(Ly~ clouds, metal line systems and damped Ly~ systems) at high-z. A similar 
result has been found by Williger et al. (1994), in their study of the z = 4.5 
QSO BR1033-0327 the continum optical depth is estimated to be rGp < 0.1 at 
z_~ 4.3. 

A potential problem could arise if one assumes that the density of the IGM 
is close to the baryonic density required by primordial nucleosynthesis, because 
then the intensity of the ionizing background (required to avoid the G-P through) 
could be in conflict with the constraint derived from the proximity effect. How- 
ever, Reisenegger and Miralda-Escudd (1995) have considered a more realistic 
scenario taking into account the evolution of structure by gravity, in such a case 
the IGM is inhomogeneous on scales larger than the Jeans length and 7"Gp would 
fluctuate. For models of structure formation with r m s  mass fluctuation on the 
Jeans scale crj(z = 4) = 1 (typical of low-S2 CDM models), this implies a median 
value of vGp that is consistent with the estimated intensity from the proximity 
effect logJLL "~ --21. 

7.2 H e  G - P  te s t  

On the other hand, if there exists either neutral helium tteI or singly ionized 
HeII in the IGM, then an analogous G-P through should be seen shortward of 
the redshifted wavelength A584/~, or A304/~, respectively. Previous attempts to 
detect such G-P HeI effect with IUE (Tripp d al. 1990) and HST (Beaver d al. 
1991) failed, giving 3or upper-limits of nH~i(z  = 1.722) < 7 • l O - l Z h c m  -3 and 
nH~1(z = 2.148) < 1 . 1 • 1 7 6  -3 ,  respectively, for ~ = 1. However, there is a 
recent claim of detection of absorption below HeII in the quasar Q0302-003 with 
r > 1.7 at the 90% c.l. (Jakobsen d al. 1994). With the low-resolution of the FOC 
observations (R = 100), it is imposible to distinguish if the absorption is due to 
small Lya clouds or to an IGM. Recently, Songaila et al. (1996) have studied the 
same QSO with high-resolution (R = 36000) at the Keck, showing that there are 
many low-column density Ly~ clouds that could explain the observed absorption 
seen with HST without requiring the existence of the IGM. 
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Two competing models describing the structure of isolated clouds have been 
developped: a) pressure confined model (Sargent el al. 1980) and b) minihalo 
model (Rees 1986). More recently, numerical simulations (incorporating gravity 
and gas dynamics) have been performed in the context of popular models of 
galaxy formation (CDM), so dealing with the problem of origin, formation and 
evolution of the clouds. 

7.1 P res su re  confined models  

Sargent el al. (1980) interpreted the Lya systems as intergalactic clouds confined 
by the pressure of a general intergalactic medium (IGM) whose physical prop- 
erties were determined on the basis of theoretical and observational constraints 
(nIGM "~ 10-Scm -3,TIGM ~ 3 X 10~K). Numerical simulations of spherical, 
optically thin, pressure confined clouds in an adiabatically evolving intercloud 
medium lead to discrepancies with observational data (Williger and Babul 1992). 
They found a deficiency of clouds with logNHz > 15.5, the column density dis- 
tribution for a resticted range of redshift around z "-~ 2.7 has a strong cut-off not 
seen in the data and also the number density of lines evolves with z inconsistently 
with the observations. A possible way out is to assume non-spherical systems to 
describe the clouds. Anyway, the properties that are necessary to assume on the 
IGM are a "fine tuning", the confinement by pressure should emerge through 
the evolution of the universe and not be fixed a priori. 

7.2 Mini-halo  mode l  

The minihalo model (Rees 1986; Ikeuchi 1986) assumes that any Lyc~ cloud 
consists of stable photoionized gas surrounded by a sperical mini-halo of cold 
dark matter which confines gravitationally the baryonic component. For uniform 
density, baryionic density ~2b = 0.1 and temperature T = 3 x 104K, one obtains 
a virial velocity for the gas of 16 - 34 kin~s, that is in agreement with the 
observational data. 

However, the physical properties of the clouds (column densities and velocity 
dispersions, see section 2.3) indicate that they are very flattened structures if 
gravitation plays the dominant role defining Lya clouds as isolated structures 
(Rodriguez-Pascual el al. 1995; Haehnelt 1995). This can be considered as a 
variant of the previous sperical model, so a cloud can be represented by a sheet- 
like struture of photoionized gas (baryonic component) surrounded by a dark 
matter halo which contains the 99% of the mass. Of course, it is interesting to 
see to what extent this type of ad-hoc structure is generated in the process of 
evolution of the matter fluctuations in the cosmological context and this will be 
considered in the next section. 
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7.3 Numer ica l  s imula t ions  

Recently, several numerical simulations have been performed in the context of 
models of galaxy formation, incorporating gravity and gas dynamics, thus avoid- 
ing the idealizations assumed in the analytical calculations. 

Petitjean et al. (1995), Miicket el al. (1995) have studied the evolution of 
Lya clouds in a CDM model, normalized to a16 = 1, performing numerical 
simulations with a PM code using 1283 particles. They found that the clouds 
trace the dark matter filaments and that the number density of lines fits well the 
data at any redshift for logNHi > 14. At low-z, the 2-point correlation function 
for the clouds has a slope comparable to the one of galaxies, being a 25% of the 
clouds associated with galaxies. 

Hernquist et al. (1995) considered an 12 = 1 cold dark matter model (CDM) 
with baryon density S2b = 0.05, normalization ~16 = 0.7 and an ionizing back- 
ground approximately constant between 2 < z < 3 in a volume represented by 
a periodic cube of comoving size 22.222 Mpc,  using 643 SPH particles and 643 
dark matter particles with masses 1.45 • 10SMo and 2.8 • 109Mo, respectively. 
The main result is that the Lya clouds can develop as a natural by-product in 
such a hierarchical theory of structure formation with an ionizing bakground at 
high-z. Absorbers with column densities logNHi  "~ 13 - 15 are generated in dif- 
ferent ways (filaments of warm gas, caustics, high-density halos of hot gas, layers 
of cool gas and local fluctuations of the IGM) with temperatures in the range 
104 - 105 K, being the typical absorber a flattened structure of low-density (with 
density fluctuation 6 _ 0 - 10) and b-parameters often dominated by peculiar 
motions rather than thermal broadening, so no sharp distinction between clouds 
and smoth IGM can be done. Gravitational and pressure confinement both play 
a certain role but most of the clouds are far from thermal or dynamical equi- 
librium. With this type of semi-realistic model, some observational properties of 
the Lya clouds (HI and b distributions) can be qualitatively reproduced, but the 
fact that changing parameters (Zhang et al. 1995 assume a COBE normalization 
and a higher intensity for the ionizing bakground) or assuming a low-density flat 
model (Cen et al. 1994; Miralda-Escud~ et al. 1995), can also reproduces the 
same observational properties suggest that such tests are not strong enough to 
constraint models. 

Potential problems of the CDM model include: a deficit of low-column density 
Lyc~ clouds and Ly Limit systems, non-Voigt profiles for the lines and differences 
in the lines along the 1.o.s. of double QSOs. 

8 Summary 

Low-column density systems (NHI < 1017) absorbing in the 1.o.s. of QSOs define 
a population called Lya clouds. Maybe a high proportion of them (50%) are 
related to the outer-halo of normal galaxies and the rest are tight to the sub- 
structure that emerges in the process of galaxy formation. 
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In the case of logNHz > 14.2, they contain metals (CIV) reflecting a certain 
level of enrichment of the nearby medium or the cloud itself by the on-going star 
formation process. 

Their physical properties (column densities and velocity dispersions) indicate 
that they are very flattened structures if gravitation plays the dominant role 
defining Lya clouds as isolated structures. 

The typical size of a Lyc~ cloud is _~ 90 h-lkpc at z = 1.8 and _~ 170h-lkpc 
at z = 0.7. 

On the other hand, recent high-resolution studies with Keck seem to im- 
ply substructure for logNHz > 14.3, each Lya cloud being constituded by 1-3 
components. 

The correlation function is appreciable on scales up to "~ 150 km/s and is 
compatible with 0 for higher velocity separations, that indicates that the global 
Lya population has correlation properties very different from metal line ab- 
sorbers and galaxies. The population of clouds that exhibit CIV absorption show 
clustering on scales of _< 103km/s. 

The number density of clouds increase with redshift above the expectation 
in standard Friedmann models, what can be interpreted as evolution driven by 
merging. This is typical in any hierarchical theory where the merging produces 
structure from small substructure at any time. 

An evolution is observed in the velocity dispersion with redshift that can be 
interpreted as an increase in the cloud size. 

The study of the proximity effect in the neighborhood of the QSOs allows 
to obtain constrains on the UV-background. The amplitude is approximately 
constant (or compatible with it) in the range 1.5 < z < 3.5. This coincides with 
the era of maximal QSO activity with a declinig below and above such a region 
in the number of optically detected QSOs. 

Recent numerical hydro-dynamical simulations in the context of standard 
scenarios of galaxy formation (CDM, CDM+A) lead to the conclusion that small 
structure lying in the filaments and pancakes at high-z could be the origin of at 
least a part of the Lya cloud population. 

Summing up, some light has been shed during the last years taking into 
account high resolution data taken with 4m telescopes, HST and more recently 
with the Keck, but relevant questions like: 

i) What is the origin, formation and evolution of the Lya clouds?, what about 
the relationship to the structure formation problem? 

ii) Is there a single population?, or do we need to distinguish between low 
and high-z populations, weak and strong clouds? 

iii) What is the relationship with other absorbers (metal line systems, Lyman 
limit systems, damped Lya systems)? 

iv) What is the relationship with galaxies and the large-scale structure of the 
universe? 

v) What fraction of baryonic and dark matter is in the clouds?, what is their 
contribution to the global density of the universe? 

vi) What is the chemical composition of the clouds?, is it primordial? 
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vii) What  is the internal structure of the clouds? 
viii) Is there an intergalactic medium? 
ix) What  is the origin and the properties of the ionizing background at high- 

z? 
need to be explored in more detail in the near future, taking into account the 
capabilities of 8m telescopes, HST and new UV telescopes like FUSE, in order 
to get a more definitive answeer about the nature and composition of the Ly~ 
clouds. 
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High-Redshift  Radio Galaxies 

G e o r g e  M f l e y  

Leiden Observatory, Postbus 9513, 2300 RA Leiden, The Netherlands 

Abs t rac t :  This is a summary of a personally-biassed review that I gave of our present 
knowledge about high-redshift radio galaxies. 

1 I n t r o d u c t i o n  

During these two lectures I shall give you my personal view of the present state 
of play in the high-redshift galaxy game. After a general introduction to the 
subject, summarizing the main differences between distant radio galaxies and 
their nearby counterparts, I shall concentrate on the intriguing question of what 
makes the UV/opt ica l / IR continuum radiation in these objects. I shall then 
describe some recent work which sheds light on this question. We shall see that  
our knowledge of the responsible radiation mechanism is ( to paraphrase Scan 
O' Casey ) "in a state of chassis". I shall conclude with some words about the 
environment in which high-redshift radio galaxies are located. For those of you 
who are interested in pursuing some of the topics in more detail I commend 
you to the recent excellent review by Pat McCarthy and the references therein 
(McCarthy 1993). 

Radio galaxies are unique cosmological probes. As with radio-loud quasars, 
the presence of luminous radio continuum and optical line emission enable radio 
galaxies to be observed and recognized at large distances, up to z = 3.8. However, 
unlike the situation for most quasars, their optical emission can be spatially 
resolved from the ground and studied in detail. 

Progress in detecting distant radio galaxies has been rapid in recent years. If 
someone had told me only a decade ago that  I would be standing here discussing 
galaxies having z > 2, I would not have believed them. However, the use of 
CCDs and the exploitation of new selection criteria has reaped dramatic rewards. 
Now, more than 60 radio galaxies are known with z > 2. More than half of 
these have been found by our group by concentrating on radio sources with the 
steepest spectra, most of these in a "Key Programme" of the European Southern 
Observatory. Although several people contributed to this Key Programme, most 
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of the work was done by Huub RSttgering, who presented his Ph.D thesis in 
January and Rob van Ojik, who succeeded him. 

Redshifts of 1.5 to 4 correspond to a time when the Universe was 10% - 20% of 
its present age. This was a crucial period in history when galaxy formation must 
have been rampant.  It corresponds to the AGN era, a two-billion year "delta 
function" in the population evolution of luminous quasars and radio galaxies, 
when their space-density rose to a value several hundred times larger than the 
present density before the species mysteriously and suddenly became almost 
extinct. 

Radio galaxies are extremely valuable for studying this period of the Uni- 
verse because they emit t h r e e  c o m p o n e n t s ,  (IR.-optical-UV continuum, emis- 
sion lines and radio continuum) that  are all h i g h l y  l m n i n o u s  a n d  s p a t i a l l y  
e x t e n d e d .  Not only can different and complementary sets of diagnostics be de- 
rived from each of these components, but studies of the relationships between 
these various diagnostics and the interaction between the different components 
provides yet additional knowledge about the physical conditions. Such data are 
relevant for understanding the formation and evolution of galaxies, active nuclei 
and radio sources. 

2 G e n e r a l  P r o p e r t i e s  

The various spectral regimes of high-redshift radio galaxies have several proper- 
ties that  differ from the corresponding components in low-redshift radio galaxies. 
Although these changes give us information about the high-redshift Universe, 
we must be cautious of interpreting them as pure evolution. High-redshift ra- 
dio galaxies are among the most luminous objects in the Universe at almost 
all wavebands and (as yet) Malmquist bias makes it difficult to disentangle the 
effects of redshift from those of luminosity. 

2.1 T h e  R a d i o  C o n t i n u u m  

High-redshiff radio sources have smaller linear sizes than low-redshift ones, in- 
dicating the effect of a denser confining medium in the early Universe. There 
is conflicting evidence that  distant radio sources are more bent than nearby 
ones. Although this effect appears to be present for the radio counterparts of 
quasars with normal radio spectra (Barthel and Miley 1988), it is absent for 
radio galaxies with the steepest radio spectra. 
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2.2 U V / O p t i c a l / I R  E m i s s i o n  L ines  

The  associated galaxies have a rich emission-line spectrum, with enormous lu- 
minosities (Ly a typically 1043s - 1045.5 erg/s). The emitting gas is spatially 
extended in a giant halo, up to 100 kpc, with a characteristic velocity range of 
103 km/s  (FWHM). The usual rituals of interpreting spectroscopy sugest that 
the source of ionization is anisotropic photoionization from a hidden quasar nu- 
cleus and yield characteristic densities of 10 -2 cm -z  and ionized gas masses of 
/ s i re  101~ M0. As was pointed out by McCarthy in his thesis, the ionized gas 
is morphologically related to the radio sources for z > 0.1. In some cases, this 
can be explained as alignment due to the effects of anisotropic photoionization 
along the radio axes. In other cases, there is clear evidence for physical interac- 
tion between the radio jet  and the ionized gas as is seen at lower redshifts most 
prominently in 3C 277.3 (Coma A) (van Breugel et al. 1985). 

2.3 U V / O p t i c a l / I R  C o n t i n u u m  

The  identified objects have R-magnitudes which are typically between 21.5 and 
24. Until a few years ago, this radiation was believed to be produced by an old 
( / s im 109 y) population of stars in a "normal" giant elliptical galaxy. The main 
evidence for this was the remarkably low scatter and continuity in the infrared 
Hubble diagram (K vs. log z). A cottage industry was devoted to interpreting 
the spectral energy distributions of such objects in terms of evolving stellar 
populat ion mixes and using the Hubble diagram to determine H0 and q0. The 
field was as elegant as the beautiful a t tempts  to unify active galaxies on the 
basis of orientation that  we heard so much about earlier today. Unfortunately, 
it was a theology built on a house of cards! Even though we now know that 
high-redshift galaxies are not simply elliptical galaxies whose optical properties 
are unaffected by their radio sources, the continuity and low scatter in the IR 
Hubble diagram pointed out by Lilly and Longair (1984) are important  results 
tha t  must be explained by any viable model for high-redshift radio galaxies. 

A spanner was thrown in the works by the discovery that  not only are the 
giant Ly c~ halos related to the radio sources, but  the UV/opt ica l / IR continua 
are also preferentially aligned along the radio sources for objects having z > 0.7 
(Chambers et al. 1987; McCarthy et al. 1987; Chambers et al. 1988; Eisenhardt 
and Choski 1990; Rigler et al. 1992). We are clearly dealing with more complex 
systems than giant elliptical galaxies, objects that are significantly different from 
low-redshift galaxies. 
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3 M o d e l s  o f  t h e  O p t i c a l  C o n t i n u u m  

Several classes of models have been proposed or considered to account for the 
alignment effect. Starburst models, interpret the alignment as due to star for- 
mation stimulated by the radio jet as it propagates outward from the nucleus 
(Rees 1989; De Young 1989; Begelman and Cioffi 1989; Bithell and Rees 1990). 
Two distinct scenarios are invoked. The first postulates a 107 y starburst super- 
imposed on an old 109 y conventional elliptical galaxy. The second explains the 
spectral energy distribution in terms of a single relatively young (few x 107 y) 
stellar population whose formation is triggered by the jet. 

Another class of models was stimulated by the discovery that, at least in 
a few cases, the extended emission is polarized in the UV. This prompted the 
suggestion that the aligned component is due to scattering of light from a hidden 
quasar by electrons (Fabian 1989) or dust (Tadhunter et al. 1989). 

I should mention two additional possibilities that have been proposed to ex- 
plain the alignment effect. Daly (1992) suggested that inverse Compton scatter- 
ing of the cosmic background photons by the radio-emitting relativistic electrons 
might well be the culprit. However, such a model had previously been considered 
by Chambers et al. (1988) and discounted because of the non-coincidence of the 
optical and radio morphologies and the huge departures from equipartition of the 
radio source energetics that would be needed (up to nine orders of magnitude). 

The final model I draw to your attention ia a recent proposal by Eales (1992) 
that the alignment is primarily a statistical effect caused by enhancement of 
radio emission during interaction of the jet with the medium in the surrounding 
galaxy. This postulates (i) the radio luminosity increases with ambient density 
and (ii) distant galaxies have an anisotropic density distribution, elongated along 
their major axes. I shall come back to this later. 

4 R e l e v a n t  N e w  R e s u l t s  

4.1 C o n t a m i n a t i o n  of  C o n t i n u u m  by Emission Lines 

Most of the evidence for alignment of the UV/optical/IR continuum with the 
radio emission is based on broad-band images. IR spectroscopy by Eales and 
Rawlings (1993) indicate that a substantial part of the broad-band K flux is af- 
fected by the presence of emission by Ha or [OIII] in the band. This casts doubt 
on the reality of the reported radio/K-band alignments. Table 1 illustrates the 
problem. This shows the suspect redshift ranges for the four strong lines that 
dominate the visible spectra. All other lines blueward of Ly a have equivalent 
widths much smaller than 100/~and therefore contribute less than a few percent 
to the broad-band fluxes. It is clear that the strong lines are indeed a serious 
contaminant in the IR, but for z > 1.2, they have a negligible effect in the R- 
band images. Even discounting the lowest redshift objects, there is no doubt in 
my mind that a strong radio/optical alignment effect exists in the large remain- 
ing sample. A similar conclusion is reached by McCarthy (1993). The radio/IR 
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alignment effect is more suspect. However, a beautiful recent image of 4C 41.17 
at z = 3.8 taken by the Keck telescope in K' band excludes emission lines, but 
shows that  the light emitted near 5000~ is clearly aligned along the radio axis 
(Graham et al. 1994). 

Table  1. Redshifts of Contamination by Bright Emission Lines 

Line A (/~) Optical (R-Band) Infrared (K-Band) 
Lyo~ 1216 3.8 < z < 5.5 
[OII] 3727 0.6 < z < 1.2 
[0III] 5007 2.8 < z < 3.8 
H a  6563 1.7 < z < 2.7 

4.2 H S T  O b s e r v a t i o n s  

Because the HST can provide information about sub-kiloparsec structure in such 
objects, Ken Chambers, Wil van Breugel, Duccio Macchetto and I therefore 
instigated a pilot project to observe two of the most distant galaxies known, 4C 
41.17 at z = 3.8 and 4C 28.58 at z = 2.9. (Miley et al. 1992; Miley 1993). Despite 
the HST aberration, the pilot project was successful. The rest frame ultraviolet 
continua of both galaxies were well detected and exhibit clumpiness on a scale 
of a few hundred parsec, optimally suited to mapping with tile HST and the 
observed morphologies were used to constrain models of distant radio galaxies. 
I will here mention some of the implications: 

(i). Clumpiness. Both galaxies observed emit a large fraction of their fluxes 
(30% to 50%) in clumps. Independent of detailed models, the clumpiness implies 
that  considerable inhomogeneities exist in the inner regions of distant radio 
galaxies. It is possible that  the same inhomogeneities which are responsible for 
the HST structure are also connected with the clouds responsible for the heavy 
element absorption systems that sometimes occur close to the emission redshifts 
of some quasars. If the clumps are stellar, stellar population models would imply 
a mass in stars of > 101~ M0 contained in each 500 pc clump. 

(ii). Connection with Radio. For 4C 41.17 the HST data show clearly that  
the alignment effect can occur strongly on the sub-kiloparsec scale. The detailed 
results have implications for models of the radio/optical aligmnent. The similar 
radio optical clumpiness on the circumnuclear scale is difficult to reconcile with 
the model of Eales (1992), for which the radio/optical alignment is a statistical 
effect whereby the radio emission is enhanced when the jet  is emitted along the 
major  axis of the galaxy. The similarity in the radio and optical curvature is 
suggestive. If the radio/optical  bending is observed to be a common property in 
radio galaxies, it would be an argument against simple scattering models. 
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We have now reobserved 4C 41.17 with the repaired HST and the new ob- 
servations confirm our earlier results. In addition, we observe 20 to 30 fainter 
clumps that  are likely to be delineate the formation of this remarkable galaxy. 

4.3 E v i d e n c e  f o r  Y o u n g  S t a r s  

There are two recent results which provide evidence for the presence of a young 
stellar population in high-redshift radio galaxies. The first is work by Hammer 
et al. (1993), who coadded deredshifted spectra of ten 3C radio galaxies with 
0.75 < z < 1.1. Although the resulting spectrum shows clear absorption features 
indicating stars, there is no sign of the well-known 4000)i break that  would 
be expected from an old stellar population. Hammer et al. conclude that  any 
old population of stars cannot be responsible for more than 15% of the flux 
from these objects. This really dents the old conservative viewpoint that we are 
observing elliptical galaxies. 

The other relevant observation is the spectrum of TX0211-122, a z=2.3 galaxy 
discovered during our ESO Key Programme. The spectrum is highly anomalous 
with a flux ratio of Ly~ to NV )d240 which is a factor of 30 smaller than for a 
typical high-redshift radio galaxy. The is unlike that of any other extragalactic 
object except that  of the z -- 2.3 IRAS galaxy F10214+4724, which is also a 
substantial radio source. In both objects d e p r e s s i o n  o f  Lyc~ a p p e a r s  to  b e  
a c c o m p a n i e d  b y  s i m u l t a n e o u s  e n h a n c e m e n t  o f  N V .  The relatively large 
NV/CIV ratio implies that  the line-emitting gas is overabundant in nitrogen. The 
most feasible explanation for the spectra is that both objects have undergone a 
period of intense star formation. The most massive stars would evolve quickly, 
producing (i) the dust responsible for attenuating the Ly(~ and (ii) a relative 
overabundance of nitrogen. 

4.4 E v i d e n c e  f o r  H o t  E l e c t r o n s  

Although there are energetic problems in explaining tim alignment effect purely 
in terms of electron scattering (Eales and Rawlings, 1990; McCarthy 1993), it is 
significant that  ROSAT has detected X-rays from 3C 356 at z = 1.079 (Crawford 
and Fabian 1993). the X-Ray source has a luminosity of approximately 2.5 x 
1044 erg s -1,  implying the existence of a hot approx. (107K) dense ( / s iml0  -2 
cm -3) gas cooling at a rate of about 500 - 1500 M0 per year. 

4.5 E v i d e n c e  fo r  D u s t  

The optical polarization work discussed by Cimatti  et al. (1993) shows that  
high-redshift aligned radio galaxies have polarizations with a strong tendency 
to be oriented perpendicular to the radio axes. The wavelength dependance of 
the polarization fraction is unclear, although there is a slight tendency for the 
polarization fractions to be larger in the UV. Cimatti  et al. interpret the data  
in terms of dust scattering. A dust mass of approximately 108 M0 is required. 
Additional evidence for the presence of dust in at least one object is provided 
by the small Lya/NVA1140 flux ratio in TX0211-122 described in 4.3. 
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5 N a t u r e  o f  t h e  Opt i ca l  C o n t i n u u m  

In the light of the various recent observations, it is useful to reconsider the present 
state of the game regarding mechanisms for producing the optical continuum. 
After discarding the Compton scattering and anisotropically enhanced radio 
emission mechanisms for the reasons discussed above, let us examine problems 
which we encounter if we take each of the remaining models as sole explanations 
for the observed IR/optical /UV continua. 

5.1 Dust Scattering 

Objections to this model are: 
(i) Absence of broad emission lines in the scattered light. Although one might 

speculate that  the hidden "god" responsible for all the light is a BLLac object 
rather than a quasar, given the luminosities required, this would be very con- 
trived. 

(ii) Radio-optical Alignment persists into the red and IR. Because of the 
wavelength dependance of dust scattering, the alignment should only be present 
in the UV rest frame. Although the line contamination has rendered the IR 
imaging results unclear, the Keck continumn picture of 4C 41.17 suggests that 
the alignment effect persists out to at least 5000~. 

(iii) The IR Hubble Diagram. It is difficult to explain the continuity and 
small scatter in the K vs log z diagram. 

(iv) The luminosities of the "hidden gods" would have to be typically at least 
16th magnitude at z = 2, which is brighter than most known quasars. 

5.2 E l e c t r o n  S c a t t e r i n g  

Objections to this model are: 
(i) The increase of polarization to the UV, if confirmed, would create prob- 

lems. More data are needed here. 
(ii) It is difficult to create enough scattered light without swamping it by 

stars formed in the cooling flows. 
(iii) The IR Hubble Diagram (see 5.1). 
(iv) High quasar luminosities are required (see 5.1). 

5.3 Old  S ta r s  w i t h  Y o u n g  B u r s t  

Objections to this model are: 
(i) Where is the 4000A break? 
(ii) Cannot explain the polarization. 
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5.4 Young Stars 

An objections to this model is that it cannot explain the polarization. 
As I warned you at the beginning of my talk, the situation is in one big mess. 

In my view it is unlikely that any one of the proposed explanations, by itself, 
can account for the UV/optical/IR continuum or the alignment effect. If I were 
a betting man, I would back the young star model toge the r  wi th  one or both 
of the scattering hypotheses as being jo in t ly  responsible. 

6 T h e  E n v i r o n m e n t  

There are several recent results which provide intriguing information about the 
region environment of z > 2 radio galaxies. I wish to devote the remainder of 
my talk to discussing these. 

6.1  C o m p a n i o n s  a n d  C l u s t e r s  

A large number of high-redshift radio galaxies appear to be double, with the 
axis of the optical double preferentially oriented along the radio axes. Examples 
are 3C 65, 68.2, 194, 356, 368, TX 0828 +193 and 1436+ 157. A statistical 
analysis of this effect was made by R6ttgering (1993), who considered 31 high- 
redshift radio galaxies with radio sizes of between 4" and 20". He found that 
the tendency of "companions" to lie close to the radio axes is significant at the 
5% level. Moreover, of the two high-redshift galaxies observed in the HST pilot 
study, one of them 4C 28.58 is double on the sub-kiloparsec scale. 

How can the doubleness of the optical images be explained? One possibility 
is that we are witnessing galaxy merging. An initial scenario proposed to explain 
the alignment effect postulated that the axis of the radio source was oriented 
along the direction of galaxy-galaxy interactions (Djorgovski 1987), but no good 
mechanism was proposed to explain why this should be so. However, a connection 
between the radio axis and tile merger axis is unnecessary. Suppose that mergers 
were common during the z=2 epoch and that either tile starburst or scattering 
mechanism for enhancing luminosity occurs. When tile merging galaxies are 
located along the beam, their luminosity would be enhanced compared with 
other merging galaxies and their fluxes become comparable with the parent 
radio galaxies. 

According to such a composite starburst/merger picture a gas-rich compan- 
ion is in the late stages of merging with the host galaxy of 4C 28.58. The jet 
responsible for the outer radio emission encounters the nuclear region of this 
companion, located about 3 kpc from the nucleus of the main galaxy. Shocks 
from the jet compress the gas, triggering an enormous episode of star formation. 
Mechanisms similar to those proposed to be occurring in the host galaxy by e.g. 
Rees (1989) and Begelman and Cioffi (1989) would operate in the companion. 
Scattering by dust and/or gas in the companion galaxy could also contribute to 
the observed flux. 
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Some evidence that  tile highest redshift galaxies are indeed surrounded by 
a cluster or group of less luminous galaxies is provided by the Keck picture of 
4C 41.17 (Graham et al. 1994). A speculative person might conjecture on this 
basis that  high-redshift radio galaxies are the progenitors of cD galaxies at the 
centres of still-forming rich clusters. Our recent 10-orbit image with the repaired 
HST shows more that  4C 41.17 is comprised of more than 20 continuum clumps 
within a region of several tens of kiloparsec. The image is as might be expected 
from current models of galaxy formation. 

6.2 Ly a Absorption 

For the last 25 years one of the most important  methods for investigating the 
early Universe has been to study quasar absorption lines. There are two limi- 
tations of such studies due to the fact that  the light being absorbed originates 
in quasars. First, the quasars are unresolved, so in general no information can 
be obtained about the spatial scale of the absorbers. Secondly, the absorption 
lines having Zem /sim to Z~bs, i.e. those close to the quasar, are attenuated 
(presumably ionized) due to their proximity to the QSO. Absorption studies 
of radio galaxies would be hampered by neither of these effects. We (Hunstead, 
RSttgering, Miley, van Ojik and Wieringa) therefore recently instigated a project 
to search for absorption lines in high-redshift radio galaxies. Our initial targets 
were selected from galaxies having the brightest Ly a. It is in the region of this 
strong line that we would have the most chance of seeing absorption. Evidence for 
possible absorption in 4C 41.17 has been given by ttippelein and Meisenheimer 
(1993). 

We have observed two objects with the AAT at a resolution of 1.4/~(FWHM) 
and are excited about the results. There appears to be several absorption fea- 
tures in both targets. In 0943-242 we see a sharp deep absorption trough that 
reaches zero intensity and has a half-width of more than 400 km/s. Tile prob- 
ability of obtaining such a system by a chance on the basis of the statistics of 
quasar absorption lines is less than 1 in 1000. The absorbers must therefore be 
intimately connected with the galaxy itself, or the environment of the galaxy, e.g. 
a protocluster. The depth of the absorption trough implies that the absorbing 
cloud at least covers the complete Lya  emission region (> 30 kpc). Although the 
exact column density involved is dependant on the number of absorbing clouds 
involved, the value will lie between 1018 and 1020 cm -2, implying a total mass 
in HI of approximately 107 M0. There appears to be a velocity shift along the 
slit of roughly 10 km/s  which, if interpreted as rotation would imply a dynamic 
mass of 109 M0. A radio jet impacting on an object of such a mass could easily 
be deflected. It is tempting to speculate that  the culprit responsible for the Lyc~ 
absorption is similar to one of the companion objects visible in the Keck picture 
of 4C 41.17. This first high-resolution absorption study is certainly enough to 
whet the appetite for more! 
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7 Conclus ions  and the  Future  

Taking all the various observations mentioned above, I believe that  a little imag- 
ination coupled with a whiff of speculation and might lead a reasonable as- 
tronomer to the following conclusions: 

(i) High-redshift radio galaxies are the progenitors of giant elliptical galaxies, 
located near the centres of protoclusters, maybe at the centres of giant cooling 
flows. 

(ii) They are undergoing vigorous star formation which is producing dust. 
(iii) The radio/optical alignments are produced by a combination of jet- 

induced star formation and scattering of light from a hidden quasar, both in the 
parent galaxy and in nearby companions. 

(iv) The galaxies are located in highly inhomogeneous regions of the z = 2 
Universe. 

High-redshift radio galaxies will provide one of the most important tools for 
studying the early Universe, using the present and next generations of large 
telescopes. Their scales are particularly well-suited to study with the HST. Se- 
lecting objects with extreme radio spectra fi'onl the large-sky surveys at present 
underway with the Westerbork, VLA and Molonglo telescope will provide a rich 
harvest for many decades in the future. 
Acknowledgements: I thank my collaborators, particularly Huub R6ttgering, 
Richard Hunstead and Rob van Ojik for many useful chats. 
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Abstract: We review models of spectral evolution of galaxies and current constraints 
set by observations at high redshifts on the formation and evolution of galaxies. These 
lectures assume previous basic knowledge of the general properties of stars and galaxies. 

1 S t e l l a r  P o p u l a t i o n  S y n t h e s i s  

1.1 I n t r o d u c t i o n  

The integrated light from star clusters and galaxies should reflect the distribution 
of stellar masses, ages, and metallicities within them, providing us with impor- 
tant clues on the past history of star formation. Stellar population synthesis, the 
modeling of the spectral energy distribution emitted by specific populations of 
stars, is a natural approach to identifying such clues. Studies in this field have 
led to the development of population synthesis models, usually termed "evolu- 
tionary" (Crampin & Hoyle 1961; Tinsley 1978; Bruzual 1983; Arimoto & Yoshii 
1987; Guiderdoni & Rocca-Vohnerange 1987; Buzzoni 1989; Bruzual & Chariot 
1993, 1996; Bressan, Chiosi, & Fagotto 1994; Fritze von Alvensleben & Gehrard 
1994; Worthey 1994; Mayya 1995; Weiss, Peletier, & Matteucci 1995). In such 
models the detailed physical processes affecting gas properties and star forma- 
tion efficiency in a galaxy are generally all reduced to few crude assumptions 
about the stellar birthrate (the relative efficiency of the various processes in- 
volved are extremely difficult to determine, even in nearby star-forming regions; 
e.g., Silk 1996). The main adjustable parameters are then usually the stellar 
initial mass function (IMF), the star formation rate, and in some cases the rate 
of chemical enrichment. For a given set of these parameters one computes the 
time-dependent distribution of stars in the theoretical Hertzsprung-Russell dia- 
gram (hereafter H-R diagram), from which the integrated spectral evolution of 
the stellar population can be obtained. These models are widely used to study 
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stellar systems which are too far away for individual stars to be discerned. In 
particular, they constitute an essential tool of observational cosmology. 

We first briefly mention the basic ingredients and simplifying assumptions 
underlying population synthesis models (see, e.g., Tinsley 1980 for more details). 
The  IMF, noted r  is defined in such a way that r is the number of 
stars born with masses between m and m + din. We use here the normalization 

j f u  me(m)  = M o. (1) dm 1 
L 

The lower and upper mass cutoffs are still subject to debate (e.g., Scalo 1986, 
and references therein). Standard values are mL ---- 0.1 M O and my -- 100 M O, 
Salpeter (1955) has shown from star counts that  the IMF in the solar neighbor- 
hood is well represented by a single power law 

r  : m-(,+x), (2) 

with a slope z -- 1.35. More recent studies suggest that  the IMF probably has a 
flatter slope at lower masses, and that it might even be bimodal, with low-mass 
and high-mass stars forming in different environments and at different rates (e.g., 
Larson 1986; Scalo 1986; see Silk 1996 for a review of current theories of star 
formation).  

In general, in population synthesis models the IMF is assumed to be constant 
in time, space, and metallicity and to be similar to that in the solar neighbor- 
hood. The other main free parameters, the star formation and chemical enrich- 
ment rates, are then to be constrained by observations. The star formation rate 
is defined as the mass of gas transformed into stars per unit time, 

r  = --dMJdt. (3) 

Stars form heavy elements and return enriched mat ter  into the interstellar 
medium, especially at the end of their lives. Hence, chemical enrichment is a 
natural  product of stellar evolution in galaxies. The chemical enrichment rate 
is defined as the increase per unit time in the mass fraction Z of all elements 
heavier than helium in the gas phase, 

)r = dZ/dt. (4) 

The parameter Z is usually called "metallicity" of the gas, and its value in the 
solar neighborhood is Z ~ 0.02 (the mass fractions of hydrogen and helium are 
X ~ 0.70 and Y ~ 0.28, respectively; hence X + Y + Z  = 1). A full understanding 
of galaxy evolution therefore requires that chemical and spectral evolution be 
treated consistently. However, the connection between r and X is not trivial, as 
it is likely to depend on location, age, and environment. Hence, it appears more 
tractable at first, if not necessary, to study separately models of chemical and 
spectral evolution of galaxies. By combining the two types of models, one can 
hope to eventually arrive at a rough understanding of galaxy evolution. 

Spectral evolution of galaxies can be investigated without prior knowledge 
of chemical evolution because galaxies with any star formation histories can 
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be expanded in series of instantaneous bursts, each having fixed metallicity. 
Thus, the spectral energy distribution FA(t) at age t of a stellar population with 
arbitrary star formation rate and chemical enrichment rate can be modeled by 
means of a simple convolution integral of the spectra Fz(t  I) of instantaneous- 
burst populations with age t I and lnetallicity Z(t  - t ~) as, 

jr0 t F (t) = d r r  (5) 

The first goal of population synthesis models is therefore to build accurate spec- 
tral evolution models Fz(t)  for instantaneous-burst stellar population with fixed 
Z, the influence of chemical enrichment in the determination of Z(t) appearing 
only as the next order complication. This generalized approach to the spectral 
evolution of galaxies is known as "isochrone synthesis" (Chariot and Bruzual 
1991; see w below). It also implies that the properties predicted for any stellar 
population can be traced back to those of isochrones predicted for instantaneous 
burst populations with fixed metallicities. In w below, we describe the gen- 
eral principles of stellar population synthesis models and review standard results 
about  the spectral evolution of galaxies with different star formation histories. 
Then, in w we investigate the main uncertainties underlying the predictions 
of current population synthesis models and prospects for future improvement. 

1.2 C o n c e p t s  o f  S p e c t r a l  E v o l u t i o n  

In this section we describe the various steps involved in the modeling of spectral 
evolution of galaxies and present the most significant results usually inferred 
from population synthesis models. To perform isochrone synthesis we must first 
compute accurate isochrones in the theoretical H-R diagram for instantaneous- 
burst stellar population with fixed metallicities and in a wide range of ages. 
An isochrone at age t is defined by the loci in the H-R diagram of stars born 
coevally at ~ = 0 with masses distributed according to the IMF. This can be 
computed from the predictions of stellar evolution theory for the evolutionary 
tracks followed in the H-R diagram by individual stars with given initial mass 
and metallicity. 

We recall that  stars can generally be arranged into three main mass ranges, 
within which the various stages of evolution are similar. Massive stars (m >~ 
8 /14o) go through all nuclear burning phases until the formation of an iron 
core. Their subsequent fate is either a type II or Ib supernova, followed by the 
formation of a neutron star or a black hole. lnlermediale-mass stars have initial 
masses in the range MHeF ~< m g Mup. Here, /~4HeF ~-~ 1.9 M O is the minimum 
mass limit for quiet He-ignition while Mup ~ 5 - 7M o is roughly the maximum 
mass limit for degenerate C-ignition (the values of these characteristic masses 
are somewhat model dependent). After core-He exhaustion, intermediate-mass 
stars ignite helium in a shell which expands outward, and causes the surrounding 
hydrogen shell to extinguish. This constitutes the early AGB phase, since stars 
then undertake their second ascent of the giant branch in the H-R diagram. 
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Although the detail of the evolution along the AGB depends on initial mass, 
all stars re-ignite their hydrogen shell at some point and enter a double-shell 
burning phase characterized by the periodic thermal  pulses of the He-shell. This 
constitutes the thermally pulsing AGB phase. Intermediate-mass stars then lose 
their envelope, leading to the formation of a planetary nebula nucleus (PNN) 
tha t  evolves into a white dwarf (WD). The  evolution of stars with masses in the 
range 5 - 7 ~< m <~ 8 M O is uncertain. They most  likely undergo non-degenerate 
(off-center) C-ignition at the end of their early AGB evolution, and they could 
either become WDs if they lose enough mass or collapse as neutron stars. Finally, 
low-mass stars (0.08M o ~ MHe~') ignite helium degenerately (the "He-Flash") 
at the tip of the red giant branch (RGB), afterwhich their evolution is similar 
to that  of intermediate-mass stars. 

Figure 1 illustrates the evolutionary tracks followed in the theoretical H-R di- 
agram by stars in the main mass ranges described above. The tracks are from the 
solar metallicity computat ions of Bressan et al. (1993). The evolutionary lifetime 
along the tracks, 90% of which is spent burning hydrogen on the main sequence, 
is a strong decreasing function of initial mass, roughly tevo ~ 101~ -2 yr. 
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Fig. 1. Evolutionary tracks of stars with 
solar metallicity in the theoretical H-R 
diagram (from Bressan ct al. 1993). The 
tracks start on the zero-age main se- 
quence (ZAMS). Low- and interinediate- 
mass stars terminate their evolution as 
white dwarfs (WD) and massive stars as 
supernovae (SN). 
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Fig. 2. Theoretical isochrones interpo- 
lated at various ages, as described in 
the text, from a complete set of evolu- 
tionary tracks of stars with solar metal- 
licity and initial masses in the range 
0.1 _< rn < 100 Mo. Ages are indicated 
in Gyr next to the isochrones. 

We note that  the "turnoff" effective tempera ture  and luminosity of a star roughly 
scale with initial mass as Tefr oc m ~  and L cx m 3 (a characteristic turnoff marks  
the end of core-H burning in the H-R diagram when the star  leaves the main se- 
quence and starts to cool; both scaling relations flatten at large m). To construct 
accurate isochrones at various ages for an instantaneous burst  stellar population, 
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one must first identify stages of equivalent physical significance (e.g., the end of 
core-H burning) among a sample of evolutionary tracks for a complete set of 
initial masses, some stages being defined only in a restricted mass range (e.g., 
the He-flash for low-mass stars). An isochrone that  corresponds to a continuous 
distribution of initial masses is then defined by interpolation from the evolu- 
tionary tracks at a fixed age t of the loci in the H-R diagram of stars in all 
evolutionary stages. Figure 2 shows examples of isochrones computed using a 
full set of 28 evolutionary tracks for solar-metallicity stars from Bressan et al. 
A total of 310 evolutionary phases were identified to define the isochrones. The 
number of stars in each evolutionary phase along the isochrones is given by the 
IMF weight, r  and the (interpolated) time spent in that  phase. 

The integrated spectral energy distribution of the stellar population at a 
given age is simply the sum of the spectra of stars along the isochrone at that  age. 
Before we proceed with a detailed modeling, it is worth noting that the behavior 
of the integrated optical spectrum of a stellar population can be guessed from a 
simple reasoning neglecting the contribution from advanced stages of stellar evo- 
lution (evolved stars contribute mainly at infrared wavelengths; see below). We 
first remark that the spectrum of a star can be roughly approximated by that  of a 
blackbody of same temperature and luminosity related by the Stefan-Boltzmann 
law, L =- 4rcR2aT4fr.1 Therefore, the wavelength of maximum intensity of a stel- 
lar spectrum is, according to Wien's law, around Amax = 2.9 (Teff/1000K) -1 / tm 
(if intensity is defined per unit wavelength). Since massive stars have larger lumi- 
nosities and higher temperatures than low-mass stars, their spectra are brighter 
and peak at shorter wavelengths. Photometrically, this implies that  massive stars 
are bluer than low-mass stars (see eq. [6] below). Thus, if stars of all masses are 
assumed to be born at once and with an IMF similar to that  in the solar- 
neighborhood (eq. [1]), the fractional contribution to the integrated spectrum 
by stars of mass m will scale initially as L(m)r  o( m ~ We then expect 
blue, short-lived massive stars to strongly dominate the optical spectrum at early 
ages. After these stars disappear, the optical spectrum must fade rapidly and 
redden as less massive, cooler stars dominate the light. 

We now investigate in more detail the spectral evolution of an instantaneous 
burst stellar population. To begin with, we show in Figure 3 how the actual 
spectrum of a star (a solar-metallicity, main-sequence star with logTefr = 3.6) 
compares with that of a pure blackbody of same temperature. Although the two 
spectra have similar shapes, line blanketing by many atomic transitions in the 
stellar atmosphere reduces substantially the emerging radiation with respect to 
a pure blackbody model. Therefore, stellar spectra cannot be reliably approx- 
imated by unblanketed blackbody spectra, and one of the main difficulties in 

1 The present argument is useful mostly to provide a schematic idea of the optical 
spectral properties of a stellar population. In reality, the radius entering the Stefan- 
Bolztmann relation is not well defined for evolved (post-m~in sequence) stars with 
extended thick envelopes, in which radiation emerges from different radii at different 
wavelengths. In such cases, Ten can be considerably larger than the actual radiation 
temperature at most wavelengths. 
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building a population synthesis is to assemble a complete library of individual 
spectra for stars in wide ranges of temperature,  luminosity, and metallicity. 

Figure 4 shows the spectral evolution of an instantaneous burst stellar pop- 
ulation with solar metallicity computed using such a complete library of stellar 
spectra and summing the spectra of individual stars along the isochrones shown 
in Figure 2 (from Bruzual &: Chariot 1996). As expected, at 106 yr the spectrum 
is entirely dominated by short-lived, young massive stars on the main sequence 
and peaks in the ultraviolet. After 1 x 107 yr, the most massive stars have evolved 
off the main sequence and become red supergiants, making the ultraviolet light 
decline and the near-infrared light rise. From a few times l0 s yr to ~> 1 • 109 yr, 
the AGB stars maintain a high near-infrared luminosity, and the ultraviolet light 
continues to drop as the turnoff mass decreases on the main sequence. After a 
few times 109 yr, the RGB takes over the production of the near-infrared light. 
The rise in the far ultraviolet after 4 - 1 0  Gyr is produced by low-mass stars 
in their post-AGB evolution. The most remarkable feature in Figure 4 is the 
nearly unevolving shape of the optical to near-infrared spectrum at ages from 
4 to 19 Gyr. The reason for this is that  low-mass stars evolve from the main 
sequence to the end of the AGB in a small range of temperatures (see Fig. 2). 

| 4  * ' ' ' ' ' ' ' i  ' ' ' ' ' ' '  
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Fig. 3. Spectral energy distribution of a 
main sequence (luminosity class V) star 
with log Te~ = 3.6 compared to that of 
an unblanketed blackbody model with 
the same temperature. 
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Fig. 4. Spectral evolution of an instan- 
taneous burst stellar population with 
solar metallicity and a Salpeter IMF. 
Ages (in Gyr) are indicated next to the 
spectra. 

For galaxies about which detailed spectral information is not available, colors 
indicating the flux emitted in broad spectral bands represent a useful alternative. 
Several systems can be chosen to define colors from a spectral energy distribu- 
tion. In the standard color system, an Mi - Mj "color index" (or simply "color") 
between two spectral bands Mi and Mj centered around two wavelengths hi < ~j 
is defined by 

Mi - Mj = zeropoint - 2.5 log(Fi/Fj), (6) 
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where Fk = f d)~Rk,xFx (in units of erg s -x cm -2) is the convolution of the 
spectrum Fx by the response function Rkx of the k TM filter. Hence, by definition, 
a color is bluer when it is more negative. The zeropoint is defined in such a way 
that  for the standard A0V star Vega, Mi - Mj is always zero and the V magni- 
tude is 0.03 (see Thuan & Gunn 1976; and Oke & Gunn 1983 for definitions of 
other photometric and spectrophotometric systems). For reference, the effective 
wavelengths (and bandwidths) of the standard U, B, V, R, I, J ,  K,  and L fil- 
ters are, in pm, 0.359 (0.065), 0.441 (0.104), 0.547 (0.118), 0.652 (0.087), 0.827 
(0.211), 1.33 (0.285), 1.71 (0.280), 2.15 (0.394), and 3.50 (0.540) respectively. As 
an application, Figure 5 shows the evolution of the U -  B and V - K  colors and 
mass-to-visual light ratio, M/Lv,  for the instantaneous burst stellar population 
of Figure 4. As expected, the colors are bluest at early ages and redden progres- 
sively as the most massive stars terminate their evolution. However, after only 
a few billion years, the evolution is very slow. The mass-to-light ratio increases 
steadily with time because while the total mass of the stellar population remains 
constant, the V-band luminosity decreases together with the turnoff mass. 
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Fig. 5. Evolution of the B -  V and V -  
K colors and mass-to-visual light ratio 
M/Lv for an instantaneous burst stellar 
population with solar metallicity and a 
Salpeter IMF. 
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Fig. 6. Fractional contributions to the 
B and K light of the stellar population 
in Fig. 5 by stars on the main sequence 
and various post-main sequence evolu- 
tionary phases (see text for acronyms). 

As an instructive complement to Figure 5, Figure 6 illustrates separately the 
evolution (here as a function of log age) of the contributions to the integrated 
B and K light by stars on the main sequence (MS) and in various post-main 
sequence evolutionary stages: subgiant branch (SGB; for low-mass stars), KGB, 
core-He burning phase (CHeB; which includes the supergiant phase for massive 
stars), and AGB. Main-sequence stars (essentially near the turnoff) dominate 
the integrated B light all ages. This justifies a posteriori the arguments used 
previously to describe spectral evolution in the optical from rough scaling re- 
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lations. In the K band, however, main sequence stars never account for more 
than 20% of the integrated light. The emission is dominated first by supergiants, 
and then by AGB descendants of intermediate-mass stars from about  1 x l0 s to 
1 • 109 yr. At later ages, the RGB progeny of low-mass stars accounts for nearly 
half  the integrated infrared light. 

The  photometr ic  evolution of galaxies with continuous star  format ion rates 
can be readily understood from equation (5) and the photometr ic  evolution of 
an instantaneous burst  stellar population in Figure 4. We fix for the moment  the 
metallicity to the solar value and compute the spectral evolution of stellar pop- 
ulations with exponentially declining star formation rates r  = exp( - t / r ) / r ,  
with tilnescales of star  formation r = 1, 2, 4, 7 Gyr, and cx~ (corresponding 
to r  =constant) .  The results are shown in Figure 7, along with the mean 
observed colors of nearby galaxies of various morphological types (E to Irr). 
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Fig. 7. Comparison of the V - I(  and 
B - V colors of models with various 
exponentially declining star formation 
rates with the observed colors of nearby 
galaxies of different morphological types. 
Timescales of star formation (in Gyr) 
are indicated next to the curves. Dashed 
lines show the location of the models at 
1 and 10 Gyr. 
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Fig. 8. The dashed line corresponds to 
the model with r = 1 Gyr in Fig. 7. The 
solid line shows the effect of adding a 
new burst of duration l0 s yr on this 
model at an age of 7 Gyr, in which 5% of 
the final galaxy mass in stars is formed. 
Arrows indicate the sense of the rapid 
blueing and subsequent reddening that 
follow burst. 

The  models s tar t  in the blue region of the B V K  plane (lower left) and evolve 
redward. The two dashed lines join the locations of the various models at fixed 
ages of 1 and 10 Gyr.  All models follow a similar path  in the B V K  plane until 
about  < 1 Gyr. Then,  models with longer timescales of star formation remain 
relatively blue, evolving slowly toward the colors of later-type Spirals, whereas 
rapidly star-forming models redden faster and lead to the colors of early-type 
E/S0 galaxies. In fact, ongoing star formation in models with large r ' s  can main- 
tain blue colors for ms long as the stellar population is replenished in massive 
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stars. The modest reddening undergone by these models, which is more pro- 
nounced in V - K than in B - V, is caused mainly by the accumulation old, 
low-mass RGB stars. As soon as star formation drops significantly, at ages t > r ,  
the most massive stars disappear and colors redden rapidly. 

The strong dominance of young massive stars in any stellar population has 
impor tant  consequences for determining the history of star formation in galaxies 
from their observed spectral energy distribution. As an introduction to this issue, 
we show in Figure 8 the evolutionary path in the B V K  plane of a model galaxy 
with a short star formation timescale, v = 1 Gyr, on which a new burst of 
duration l0 s yr and involving 5% of the final galaxy mass is superimposed at an 
age of 7 Gyr. The new addition of massive stars blues instantaneously the colors. 
In fact, less than 1 Gyr after the burst, the model galaxy has colors typical of 
a nearby irregular galaxy. Then, when massive stars terminate their evolution, 
the colors of the model galaxy in Figure 8 redden rapidly again, and less than 
3 Gyr  after the burst the galaxy appears virtually identical to what it would in 
the absence of recent star formation. 

Figures 7 and 8 together suggest that,  even at fixed metallicity, colors are 
degenerate indicators of the the past history of star formation in galaxies. Within 
less than 0.1 mag in B -  V and V - K  colors, an irregular galaxy can be modeled 
by either a 10 Gyr old stellar population with constant star formation rate, 
or a younger stellar population with a declining star formation rate, or even 
by an old, passively evolving stellar population with a small amount of recent 
star formation. Furthermore, E/S0 galaxies appear to have colors essentially 
characteristic of any stellar population in which star formation has ceased for at 
least a few billion years. This degeneracy of the appearance of galaxies relative to 
the past history of star formation remains even when the whole spectrum from 
the optical to infrared is considered instead of simply broad-band colors (e.g., 
Bruzual & Charlot 1993). This leads us to one of the most important  conclusions 
about  spectral evolution: the spectral continuum shape of a galaxy depends 
essentially only on the ratio of the present to past-averaged star formation rates. 
This may be roughly estimated as 

r r • age , (7) 
(r M, 

where 111, is the total mass in stars. Evidently, r162 does not provide 
us with any information on absolute ages nor on the details of the past history 
of star formation. It is remarkable to note, however, that this ratio correlates 
well with galaxy morphological type. The observed values range from 0 for E/S0 
galaxies to 0.1 for Sa/Sab galaxies, 1 for Sbc/Sc galaxies, and up to a few for 
S m / I m  galaxies (Gallagher, Hunter, & Tutukov 1984; Kennicutt, Tamblyn, & 
Congdon 1994). 

Another useful prediction of population synthesis models is mass-to-light 
ratio, as this can ultimately help us to estimate the mass of a distant galaxy from 
its observed luminosity. Since very low-mass stars on the lower main sequence 
are very faint, they can contribute significantly to the mass but  not to the 
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integrated light of a whole stellar population. Therefore, the lower cutoff of 
the IMF is a key uncertain parameter in determinations of mass-to-light ratios. 
The  upper cutoff is a less critical parameter if the slope of the IMF is similar 
to that  in the solar neighborhood. The reason for this is that,  near the cutoff 
(m ~ 50M0) ,  the luminosity depends less strongly on main sequence mass 
(L or rn 2 instead of rn 3 at turnoff). Hence the integrated mass and luminosity 
both depend very weakly on mu, roughly as OM/cOmv ,~ mur  or mu 135 
and cOi/cOmu ,~ m~]r or rn~ ~ respectively. 
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Fig. 9. Mass-to-blue light ratio versus 
B - V color for the same models as in 
Fig. 7, compared to the values observed 
in nearby galaxies of various morpholog- 
icaJ types. 
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Fig. 10. Mass-to-infrared light ratio ver- 
sus B -  V color for the same models as in 
Fig. 7, compared to the values observed 
in nearby galaxies of various morpholog- 
ical types. 

Figures 9 and 10 show M/LB and M/LK as a function of B - V color for 
models with the same range of star formation histories as in Figure 7. Tradi- 
tionally, such ratios are expressed in units of Mo/L  0, where L o stands for the 
solar luminosity in the band under consideration (i.e., LOB and LOK in Figs. 9 
and 10, respectively). As expected from Figure 7, the mass-to-blue light ratio 
increases with increasing color because, as a stellar population ages, the optical 
luminosity declines and the colors redden. However, Figure 10 shows that  the 
mass-to-infrared light ratio is almost insensitive to the star formation history 
(note that  the vertical scale is 5 times smaller in Fig. 10 than in Fig. 9). This 
is all the more remarkable in that different types of stars dominate the infrared 
light at different ages in an evolving stellar population (supergiants, AGB, and 
RGB stars; see Fig. 8). This interesting property renders mass estimates from 
the infrared light of galaxies more reliable than estimates from the optical light, 
although the infrared light does not traces only old (RGB) stars, as is often 
assumed. We also note that, again, models with timescales of star formation 
ranging from 1 to 7 Gyr are found to reproduce the mass-to-light ratios ob- 
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served in nearby galaxies of early to late morphological types, respectively. One 
of the reasons for this success is that  observations refer to the mass within the 
Holmberg radii of the galaxies, i.e., where the photographic (essentially V) sur- 
face brightness reaches 26.5 mag arcsec -2. Within this radius, the contribution 
to the mass by dark matter  halos is not expected to be larger than 25% (Ostriker 
& Caldwell). 

1.3 Uncertainties in the Modeling of  Stellar Populat ions  

The use of population synthesis models to recover the mixture of stars in a galaxy 
from observations of the integrated light suffers from various uncertainties. As 
we have seen above, part of the problem is that  spectral evolution depends es- 
sentially only on the ratio of the present to past-averaged star formation rates. 
Another problem is that both age and metallicity have a similar effect on inte- 
grated colors and line strengths. As emphasized by Worthey (1994), if two stellar 
populations differ in age and metallicity by d log age/d log Z ~ 3/2, they will ap- 
pear virtually identical in all colors and most optical spectral indices (such as 
the characteristic absorption lines of prominent atoms and molecules). To illus- 
trate this, we show in Figure 11 the evolution of the B - V and V - K colors 
and M/Lv mass-to-light ratio for instantaneous-burst stellar populations with 
fixed IMF and different metallicities. The main effect of increasing metallicity 
is to redden the colors and increase M/Lv at fixed age, which is similar to the 
effect of increasing age at fixed metallicity. The reason for this is that,  at higher 
metallicity, stellar effective temperatures and luminosities are lower (see, e.g., 
Schaller et al. 1992; Fagotto et al. 1994). 

Unfortunately, this "age-metallicity degeneracy" is further aggravated by sig- 
nificant differences among existing models in the predicted spectral properties 
of a stellar population with fixed age and metallicity. These discrepancies are 
caused by uncertainties in the main underlying assumptions of population syn- 
thesis models: the stellar evolution theory used to predict the distribution of 
stars in the theoretical H-R diagram and the library of spectra assigned to stars 
as a function of temperature, luminosity, and metallicity from which colors are 
calculated. Figure 12 shows the B - V and V - K colors and M/Lv ratio pre- 
dicted for an instantaneous burst stellar population with solar metallicity and 
fixed IMF according to several recent population synthesis models (Bruzual & 
Chariot 1996 using the Geneva [B&C] and Padua [B&C alt.] tracks; Bertelli et 
al. 1994 [BBCFN]; Worthey 1994 [GW]). The deviations of 0.05 mag in B - Y 
color, 0.25 mag in V - K color, and 25% in M/Lv are large compared to typical 
observational uncertainties, and they imply alarming ambiguities in the interpre- 
tation of galaxy colors. Charlot, Worthey, &: Bressan (1996) have investigated 
in detail the sources of disprepancies in the predictions of current population 
synthesis models. They conclude that  the main source of disagreement is the 
stellar evolution theory that relies on several critical factors which are either not 
sufficiently understood or cannot yet be determined uniquely from comparisons 
with observations (opacities, heavy element mixture, helium content, convec- 
tion, diffusion, mass loss, rotational mixing). Differences in spectral calibrations 
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appear to have smaller consequences, although some major limitations are the 
difficult spectral modeling of cool stars and the unavailability of calibration stars 
for metal-rich populations and populations with altered chemical mixes. 
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Fig. 11. Evolution of the B - V  and V -  
K colors and M/Lv ratio for instanta- 
neous burst stellar populations with dif- 
ferent metallicities and a Salpeter IMF. 
Increasing metallicity reddens the colors 
and lowers the luminosity at fixed age. 

1 . 0  

~ O . B  

0 . 6  

3 

2 

v 

5 

' ' ' ' I ' ' ' ' I ' ' ' ' I ' ' 

. . . .  I . . . .  I ' ' ' _ ' _ L - ' - ' - - - ~  

' ' ' ' 1 ' ' ' ' I ' ' ' ' I ' ' 

0 5 1 0  1 5  

age/Oyr 

Fig. 12. Evolution of B -  V, V -  K, 
and M/Lv  for an instantaneous burst 
stellar population with solar metallicity 
and a Salpeter IMF, according to vari- 
ous recent population synthesis models 
(see text for sources). 

It is worth noting that the significant differences in the predictions of the 
various models in Figure 12 cannot be straightforwardly resolved by means of 
comparisons with observations. In fact, the models all compare to the observed 
colors of star clusters and galaxies approximately in a similar way. This is shown 
in Figure 13, in which the B - V ,  U -  V, and V - K  colors of the solar-metallicity 
models of Figure 12 are plotted for ages 1 to 18 Gyr against integrated colors for 
Galactic and M 31 globular clusters (Burstein et al. 1984), LMC clusters older 
than about 1 Gyr (van den Bergh 1981; Persson et al. 1983), and elliptical and 
SO galaxies (Frogel et al. 1978; Peletier 1989). The general agreement between 
model and observed color sequences is all the more remarkable in that  the data, 
unlike the models, include a wide range of metallicities. Globular clusters have 
metallicities in the range 0.0001 < Z ~< 0.006 and are presumably uniformly old 
(e.g. Hesser 1993). Elliptical and SO galaxies probably contain several genera- 
tions of stars (see also w below), although they usually are not expected to 
have experienced large recent bursts of star formation. According to Gonzs 
(1993), the dominant stellar populations in these galaxies would have metallic- 
ities slightly less than twice solar. The younger LMC clusters in Figure 2 (with 
ages > 1 Gyr) have Z ~ 0.01, but the older clusters are probably as metal-poor 
as Galactic globular clusters (e.g., Cohen 1982). 
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Fig. 13. Comparison of the B - V, U - V, and V - K colors predicted by the solar- 
metallicity models of Fig. 12 at ages 1 to 18 Gyr with observed colors for star clusters 
and galaxies (all corrected for reddening). Model loci at 5 Gyr are also marked. The 
observations include Galactic and M 31 globular clusters (Burstein et al. 1984), LMC 
clusters (van den Bergh 1981; Persson et al. 1983), and nearby elliptical and SO galaxies 
(crosses: Peletier 1989; squares and upside down triangles: Frogel et al. 1978). The LMC 
clusters are divided into two categories: upright triangles refer to the oldest clusters 
(type VII in the Searle, Wilkinson, & Bagnuolo 1980 classification), and stars refer 
to younger dusters (types IV, V, and VI). Conservative maximum observational error 
bars are indicated on the top left of each panel. Arrows representing the effect of 
reddening for E(B - V) --- 0.1 mag indicate how extinction can further aggravate the 
age-metallicity degeneracy. 

Figure 13 illustrates the lack of clear diagnostic diagrams in integrated broad- 
band colors for population synthesis models. For example, while at fixed metallic- 
ity colors tend to redden with age (Fig. 5), the higher metallicity of the younger 
LMC clusters in Figure 13 causes their colors to be redder than those of the 
old, more metal-poor  clusters. We note that  the scatter in V - K color for the 
younger LMC clusters is caused by the high sensitivity of the integrated light 
to the presence of even a few extremely cool T P-AGB carbon stars in these 
objects. Furthermore, the relatively blue colors in Figure 13 of one SO galaxy 
of nearly solar metallicity which recently underwent a burst of star formation 
(the local group galaxy NGC 205 with V - K --- 2.1 and U - V = 0.8; e.g., 
Davidge 1992) coincide with the colors of the most  metal-poor,  oldest clusters 
in the Galaxy. This provides dramat ic  empirical evidence of the severity of the 
age-metallicity degeneracy. Also, the overall match  by solar-metallicity models 
to the color sequences of star clusters and early-type galaxies is another example 
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of this degeneracy. Extinction can further aggravate the age-metallicity degen- 
eracy, as reddening vectors are parallel to the age/metallicity color sequences in 
Figure 13. 

The main interest in population synthesis models is generally the determina- 
tion of age, metallicity, and mass of galaxies from their observed spectral energy 
distributions. The uncertainties associated to such determinations can be es- 
timated from the dispersion in the predictions of current population synthesis 
models relying on different input stellar models and spectra. Such an analysis 
indicates that, for idealized galaxies containing a single generation of stars and 
no dust, properties derived from broad-band colors and most optical spectral 
indices are accurate by roughly +35% in age at fixed metallicity, 25% in metal- 
licity at fixed age if the heavy element mixture is assumed to be scaled-solar, 
and 35% in mass at fixed metallicity and fixed IMF (Chariot et al. 1996). Even 
for idealized galaxies defined in this way, the uncertainties in age and metallicity 
determinations will increase, as expressed by the age-metallicity degeneracy, if 
both quantities are allowed to vary. For real galaxies containing several genera- 
tions of stars with different metallieities (and perhaps even dust), determinations 
of age, metallicity, and mass of the various components will be far more uncer- 
tain. Finally, we note that in the gas-rich environments of star forming galaxies, 
nebular emission by recombination of hydrogen, helium, and heavy elements ion- 
ized by young stars is another m~tjor source of uncertainties as it can contribute 
significantly to the integrated light (Charlot 1996; Garcfa-Vargas, Bressan, & 
Leitherer 1996). 

2 T h e  A p p e a r a n c e  o f  G a l a x i e s  a t  H i g h  R e d s h i f t s  

2.1 I n t r o d u c t i o n  

The expected widespread population of high-redshift analogs or progenitors of 
present-day disk galaxies has still not been observed in emission. This leaves 
large uncertainties on the appearance of young galaxies (see White 1989; Pritchet 
1994). Early models predicted that "primeval galaxies" undergoing strong star- 
bursts at redshifts z > 2 should be detectable at magnitudes R ~ 21 - 23, but 
deep spectroscopic surveys to B < 22.5, I < 22.1, and K < 20 have not revealed 
such a population of forming galaxies (Partridge &= Peebles 1967; Meier 1976; 
Colless et al. 1993; Cowie et al. 1994; Lilly et al. 1995). Partridge and Peebles 
(1967) pointed out that Lya. emission could be the most prominent and easily 
detectable signature of primeval galaxies. The reason for this is that the ionizing 
radiation from young stars in galaxies should lead to a strong and narrow Lyc~ 
line by recombination of the hydrogen in the ambient interstellar medium, which 
would be more readily visible than continuum radiation against the sky noise. A 
few galaxy-like objects have been discovered at redshifts z ~< 4, which occasion- 
ally show strong Lya emission (Pritchet 1994; Spinrad 1989; Macchetto et al. 
1993; Rowan-Robinson et al. 1993). However, most of these objects are peculiar, 
and their connection to present-day galaxies is not at all clear. In fact, all blank 
sky searches for Lya emission from ordinary galactic disks at high redshifts have 
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given null results, suggesting that young galaxies form stars slowly or in large 
volumes, or that  Ly(~ photons are absorbed by dust (see Baron & White 1987, 
and references therein). 

Independently, much has been learned on the distribution of HI in the uni- 
verse at redshifts z ~ 3.5 from absorption-line studies of distant quasars (see for 
example Petitjean et al. 1993). The strongest absorption lines are attributed to 
the damped Lyc~ systems, that  are generally interpreted as the best candidates 
for ordinary galactic disks at high redshift (Lanzetta et al. 1991). These have 
observed HI column densities NHI ~ 2 X 1020 cm -2, and their abundances in 
heavy elements and dust at z ~ 2.5 amount to about 10% of the values in the 
Milky Way (Pei et al. 1991; Pettini et al. 1994). The damped Lyc~ systems do 
not show Ly(~ emission at the level expected from young, dust-poor disk galax- 
ies (see Pettini et al. 1994). Alternatively, the evolution with redshift of the 
gas density integrated over all HI absorbers, ~HI(Z), provides some constraint 
on the global depletion of cold gas though star formation in the universe since 
z ~-, 3.5 (Lanzetta et al. 1995; Pei & Fall 1995). Absorption-line systems of distant 
quasars have also been used successfully as a way to select normal galaxies in 
emission out to z ~ 1.6 against the population of relatively nearby blue galaxies 
that  dominate galaxy number counts at faint magnitudes (Bergeron 1988; Stei- 
del & Dickinson 1995; Steidel et al. 1995; Arag6n-Salamanca et al. 1994). These 
studies have shown that  field galaxies with luminosities around L* exhibit only 
little evolution in their space density, luminosity, and optical/infrared colors at 
redshifts 0.2 <~ z ~< 1.6. 

Recent observations therefore seem to indicate that the formation and evo- 
lution of normal disk galaxies has been less spectacular than originally thought. 
In what follows, we explain how the apparent lack of Lya emission from young 
galaxies at high redshift is probably mainly a consequence of the relatively brief 
periods in which primeval galaxies are dust-free, and hence Lyon-bright. In fact, 
most present observational constraints on young galaxies appear to be in agree- 
ment with the predictions of theories based on hierarchical clustering, in which 
galaxies form slowly and relatively recently. The very blue, primeval galaxy phase 
expected at the onset of star formation would then be faint and short-lived. Since 
at redshifts z ~> 2 galaxies are expected to be difficult to detect, one may think of 
using population synthesis models to trace back the early history of star forma- 
tion from observations at lower redshifts. We also discuss below the limitations 
of this approach. 

2.2 L y m a n - A l p h a  E m i s s i o n  f r o m  Young  Galax ies  

The observed Lya  emission from a young galaxy depends on the star formation 
rate and IMF, but also on several other factors: the contributions by supernova 
remnants and active galactic nuclei, the orientation of the galaxy, and absorp- 
tion by dust. The contribution to the LyoL emission by stars can be estimated 
using stellar population synthesis models. We assume for the moment that  cir- 
cumstellar HII regions are the only sources of Lya photons and that the column 
density of the ambient HI is large enough that  case B recombination applies 
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(NHI ~> 1017cm -2) but otherwise ignore the effects on the interstellar medium 
on the transfer of Ly~ photons. Under these "minimal" assumptions and using 
recent population synthesis models, Charlot & Fall (1993) have shown that  the 
Lyc~ emission from a galaxy depends sensitively on the age and IMF slope, even 
when the star formation rate is constant. The dependence on the IMF upper 
cutoff and metallicity, on the other hand, are much weaker. Thus, only a rough 
estimate of the Lya  equivalent width of a young, dust-free galaxy is permitted, 
about 50 - 120/~. 

We now briefly review the other factors that can affect the observed Ly~ 
emission from a young galaxy (see Chariot ~: Fall 1993 for more details). Shull 
& Silk (1979) have computed the time-averaged, Lya luminosity of a popu- 
lation of Type II supernova remnants using a radiative-shock code with low 
metallicity. Their results indicate that the contribution to the Lya  emission by 
supernova remnants is always less than the contribution by stars (typically 10% 
for a solar-neighborhood IMF) and can therefore be neglected. Active Galactic 
Nuclei (AGNs) are another potential source of ionizing radiation in a galaxy. We 
assume for simplicity that  the spectrum of an AGN can be approximated by a 
power law f~ or u -~  with an index blueward of Lyc~ in the range 1 < a ~ 2. 
If we also assume that  the AGN is completely surrounded by HI, that  case B 
recombination applies, and that absorption by dust is negligible, then the Lya  
equivalent width is 827cr-1(3/4) ~ ~, or 600/~ for c~ = 1 and 200/~ for c~ = 2. The 
fact that  most bright quasars have observed Lya equivalent widths in the range 
50-150/~  could reflect a partial covering of the AGNs by HI clouds in the broad- 
line regions (in fact, some ionizing radiation escapes from quasars), attenuation 
of the Lya  emission by dust, or orientation effects (see below). Thus, in princi- 
ple, AGNs can produce higher Lya equivalent widths than stellar populations. 
However, the presence of an AGN in a galaxy is usually revealed by other read- 
ily identifiable signatures: strong emission lines of highly ionized species (CIV, 
HeII, etc.) and broad emission lines with velocity widths several times larger 
than those expected fl'om the virial motions within galaxies. 

The Lya photons produced in galaxies will suffer a large number of resonant 
scatterings in the ambient neutral atomic hydrogen. In the absence of dust, this 
would lead to no net enhancement of the angle-averaged Lyc~ emission from a 
galaxy or of the total Lya  emission from a sample of randomly-oriented galaxies. 
However, since the Lya  line is emitted more isotropically than the continuum, 
the Lya  equivalent width of an individual galaxy will decrease as it is viewed 
more nearly edge-on. For example, in the idealized case of a plane-parallel slab, 
the ratio of the observed to angle-averaged Lya equivalent width will decrease 
from 2.3 to 0 for viewing angles to the normal ranging from 0 ~ to 90 ~ The 
resonant scattering of Lya  photons by HI also increases enormously their chances 
of absorption by dust grains. The attenuation is expected to be important when 
the dimensionless dust-to-gas ratio, defined in terms of the extinction optical 
depth in the B band by k - 1021(TB/NHI) Cm -2,  exceeds the critical value 
kcrit ~ 0.01(NHI• c m - ~ ) - a / 3 ( a v / l O  km s - i )  2/3 (see Charlot & Fall 1993). 
In this expression, Nm• and av  are the face-on column density and line-of-sight 
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velocity dispersion of tII. For reference, the dust-to-gas ratio in the Milky Way 
and Large and Small Magellanic Clouds are, respectively, k ~ 0.8, k ~ 0.2, 
and k ~ 0.02, and the face-on HI column densities within the optically visible 
regions of most spiral galaxies lie in the range 1020 g NHI• ~< 1021 cm -2. Thus, 
we expect k > kcrit unless the dust-to-gas ratio is much smaller than the value 
in the Milky Way. In particular, some attenuation of the Lya  emission by dust 
is expected in the damped Ly~ systems, since NHI > 2 • 102~ -~ and k ~ 0.1 
(although there may be a large dispersion around this value; see Pei et al. 1991; 
Pettini et al. 1994). Moreover, the attenuation of Lyc~ emission by dust depends 
sensitively on the structure of the interstellar medium in a galaxy. In the case 
of a multiphase medium, the transfer of Lya  photons will depend largely on the 
topology of the interfaces between HI and HII regions (see Spitzer 1978; Neufeld 
1991). As a result of these complications, it is nearly impossible to deduce star 
formation rates fl'om the observed Ly~ emission of a galaxy. 

The above arguments may be used to interpret the observations of and 
searches for Lya  emission from nearby star-forming galaxies, damped Ly~ sys- 
tems, blank sky, and the companions of quasars and damped Lyc~ systems (see 
Charlot &: Fall 1993). It appears that, when Lyc~ emission is weak or absent, as 
is the case in most star-forming galaxies at low redshifts and in damped Ly~ 
systems at high redshifts, the observed abundance of dust is sufficient to absorb 
most of the Lycr photons. On the other hand, when Ly~ emission is strong, the 
presence of highly ionized species, large velocity widths, or nearby quasars indi- 
cate that  much of the ionizing radiation may be supplied by AGNs. The hope 
has always been that  the searches for Ly~ emission at high redshifts would reveal 
a population of primeval galaxies, in which the abundances of heavy elements 
and hence dust were low enough that most of the Lyc~ photons could escape. 
Such a population may exist at some redshifts. However, since the Lyc~ emission 
is attenuated when the dust-to-gas ratio exceeds 1 - 10% of the value in the 
Milky Way, a typical galaxy probably spends only the first few percent of its 
lifetime in a Lya-bright phase. We therefore expect primeval galaxies, as defined 
above, to be relatively rare at most redshifts, consistent with the null results of 
all searches to date. 

2.3 W h a t  S h o u l d  Young  Galax ies  Look Like? 

If galaxies undergoing their first episodes of star formation in the young universe 
resemble nearby exalnples of starburst galaxies, one would expect them to exhibit 
very blue continua and strong Bahner emission lines. However, the most distant 
counterparts of nearby disk galaxies found by association with quasar absorption- 
line systems do not show such extreme signatures (Steidel & Dickinson 1995; 
Arag6n-Salamanca et al. 1994). Instead, out to z ~ 1.6, normal field galaxies 
appear to display strikingly little evolution in their space density, luminosity, and 
optical/infrared colors (most of the evolution appears to be confined in the faint 
end of the galaxy luminosity function). Other constraints on the history of star 
formation in galaxies, and hence on their appearance, may be obtained from the 
evolution of the integrated neutral gas density of the universe. Recent surveys 
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indicate that  the total amount  of gas in damped  Lya  systems at a redshift 
z ~ 3.5 could be nearly as high as the total  density of luminous material  in 
present-day galactic disks (Lanzetta et al. 1995; Wolfe 1995). This would imply 
tha t  most  stars have formed relatively recently, consistent with the expectation 
f rom theories of galaxy formation based on hierarchical clustering (although a 
precise interpretation of the observed ~2HI evolution requires including the effect 
of quasar obscuration by dust in damped Lycr systems; see Pei &: Fall 1995). 
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Fig. 14. (a) Possible appearance of a progenitor spiral galaxy at z > 3 satisfying the 
current observational constraints on the evolution of f2Hi(Z) and the observed properties 
of the Milky Way in a standard cold dark matter universe (thick line) compared to 
the observed spectrum of the nearby starburst galaxy Mrk 710 (thin line). The model 
spectrum does not include emission lines (see text for more details). (b) Same model 
galaxy as in (a) viewed at z = 1.5 and compared to the observed spectrum of the 
nearby spiral galaxy NGC 6181. The spectra in (a) and (b) are in the rest frames of 
the galaxies, and the predicted apparent I(  magnitudes (and R - K color at z = 1.5) 
are indicated at the bottom. 

A natural  question to ask, then, is what do models accommodat ing present 
observational constraints predict for the appearance of very young galaxies? To 
answer this question, we have computed the early spectral evolution of a spiral 
galaxy using a combination of the Kauffmann et al. (1993) semi-analytic model 
of galaxy formation and the Bruzual & Charlot  (1993) populat ion synthesis 
code. The star formation rate can be adjusted to reproduce both the evolution of 
f2HX(Z) at z < 3.5 in a standard cold dark mat te r  universe and the spectral energy 
distribution of a typical nearby spiral galaxy at z = 0 (see Kauffmann & Charlot 
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1994). The early spectral evolution of this model is presented in Figure 14. 
Figure 14a shows that the galaxy undergoes an extremely blue phase at z > 
3, during which the spectrum resembles the observed spectrum of the nearby 
starburst galaxy Mrk 710 with strong H-Balmer and oxygen emission lines (from 
Vacca &Conti 1992). At this time, the young galaxy could qualify as a "primeval 
galaxy" as defined earlier. However, the phase is short-lived (< 107 yr) and very 
faint (K > 25). Then, the onset of evolved supergiant, asymptotic giant branch, 
and red giant branch stars reddens the spectrum substantially. At z = 1.5, 
twenty percent of the stars present at z = 0 have formed, and the model galaxy 
in Figure 14b has K ~ 20 and R -  If .~ 3.2, i.e., a spectrum only moderately 
bluer than that of the nearby spiral galaxy NGC 6181 (from Kennicutt 1992). 
These predicted colors, which ignore reddening by dust, are interestingly close 
to the observed K ~ 19.5 and R - K ~ 4 of galaxies discovered at z ~ 1.5 
in association with quasar absorption-line systems (Steidel & Dickinson 1995). 
Hence, the present results would reinforce the suggestion that the spectra of 
normal disk galaxies have evolved only moderately for much of their lifetime. 
The extremely blue phase at the onset of star formation, which might coincide 
with a Lya-bright phase, is expected to be, on average, much fainter and short- 
lived (this initial phase may be brighter for elliptical galaxies if these formed 
most of their stars in an initial strong burst of star formation). 

2.4 Tracing Back the  His tory  of S tar  Fo rma t ion  in Galaxies 

Since young galaxies may be hard to detect at redshifts beyond z --~ 2, an al- 
ternative is to try and trace back the earlier history of star formation from 
observations at lower redshifts. The conventional approach to this problem is 
to use stellar population synthesis models and search for the evolution of the 
star formation rate that will reproduce the observed spectral characteristics of 
galaxies. As we have seen in w the degeneracy of galaxy spectra in age, metal- 
licity, and history of star formation hampers the dating of passively evolving 
stellar populations such as elliptical galaxies from the single knowledge of the 
continuum spectrum, or equivalently, of broad-band colors. Furthermore, from 
the continuum spectra of spiral galaxies, one can at best obtain ratios of present 
to past-averaged star formation rates. 

Some additional information on the past history of star formation in galax- 
ies may be learned from the stellar absorption lines of hydrogen and of other 
prominent atoms and molecules (such as Mg, Mg2, Fe, Ca, Na, St, and CN), even 
though most optical spectral indices appear to be degenerate in age and metallic- 
ity. For example, main-sequence A and B stars (that have lifetimes < 2 Gyr) are 
expected to strengthen the H-Balmer series and weaken the prominent metallic 
lines in the integrated galaxy spectrum. This can be most simply illustrated 
by considering the case of intermediate-age stellar populations in early-type 
galaxies. There is growing photometric and dynamical evidence that many E/S0 
galaxies have formed stars only a few billion years ago (Pickles 1989; Rose 1985; 
Schweizer & Seitzer 1992; and references therein). The prototypical example is 
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the  dwar f  e l l ip t ica l  ga l axy  M 32, which is bel ieved to  have undergone  subs t an t i a l  
s t a r  f o r m a t i o n  unt i l  only  a b o u t  5 Gyr  ago (e.g.,  O 'Conne l l  1980). 
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F ig .  15. (a) Evolution of the U - B and V - K colors and H6 absorption equivalent 
width of a model elliptical galaxy formed in a single burst at t = 0 (dashed fine) and of 
a similar model galaxy on which a new burst involving 10% of the final mass is added at 
an age of 6 Gyr (solid line). (b) Upper panel: observed contributions by intermediate- 
age stars to the V luminosity of E/S0 galaxies at z ~ 0 and in low-redshift clusters 
inferred from stellar absorption-line studies (see text for sources). Different symbols 
correspond to different studies or different ranges of intermediate ages (indicated in 
Gyr). Lower panels: mass fraction of stars formed in the progenitors of E/S0 galaxies 
as a function of redshift derived for two cosmologies from the observations shown in 
the upper panel. The horizontal error bars follow from the uncertainties on the ages of 
stars detected in low-redshifts E/S0 galaxies. The vertical error bars follow from the 
uncertainties on the determination of the contribution by these stars to the mass for 
the allowed range of ages. 

F igure  15a i l lus t ra tes  how spec t ra l  ab so rp t i on  fea tures  such as the Ba lmer  H6 
equivalent  width  can be used to de tec t  la te  burs t s  of  s t a r  f o rma t ion  in ea r ly - type  
ga lax ies  wi th  colors o therwise  typ ica l  of  old,  pass ively  evolving s te l la r  popu la -  
t ions.  The  solid lines cor respond to a m o d e l  e l l ip t ica l  ga l axy  formed in a m a j o r  
burs t  a t  age t = 0, on which a new bur s t  involving 10% of the  final mass  is 
a d d e d  at  an age of  6 Gyr .  At  ages t > 6.5 Gyr ,  the  U - B and V - K colors of  
th is  mode l  differ by less than  0.1 m a g  f rom the  values in the  absence a second 
bu r s t  (shown by the  dashed  lines).  However,  the  H6 equivalent  wid th  continues 
to  evolve s ignif icant ly  for near ly  1 G y r  because  of  the  presence of  A and  B s tars .  
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Pickles (1989) and Rose (1985) have shown, using other stellar absorption lines, 
how similar diagnostics can be used to discriminate between different generations 
of stars in E/S0 galaxies and, to some extent, to untangle the competing effects 
of age and metallicity on the spectra. Worthey (1994) has also recently pro- 
duced a comprehensive study of the absorption-line characteristics of old stellar 
populations and their dependence on age and metallicity. 

We now briefly exemplify some implications of these arguments for the his- 
tory of star formation in early-type galaxies (see Charlot & Silk 1994 for more 
details). In the upper panel of Figure 15b we have compiled estimates of the typ- 
ical fraction of optical light accounted for by intermediate-age stars in normal 
E/S0 galaxies at redshifts z < 0.4 from several studies of stellar absorption-lines 
strengths (Rose 1985; Pickles 1989; Couch & Sharples 1987). At z > 0.1, most 
galaxies were selected in clusters (the estimates are based on all red galaxies 
with luminosities < L* for which spectra were available at each redshift). In 
each case, the range of intermediate ages at tr ibuted to the stars is indicated in 
billion years. In the lower two panels of Figure 15b, we have reexpressed these 
constraints on the ages of stellar populations into constraints on the redshifts 
of formation for two cosmologies using the Bruzual & Chariot (1993) popula- 
tion synthesis models. A flat universe with q0 = 0.5 and h = 0.45, and an open 
universe with q0 = 0.1 and h = 0.55 (where h = H 0 /1 0 0 k m s- lMp c-1 ) .  Both 
correspond to a present age of the universe of about 15 Gyr and lead to similar 
predictions: the mass fraction of stars formed in E/S0 galaxies has decreased 
smoothly with time, from about 8% at z .~ 1 to less than 1% at z ~ 0 (see also 
Pickles 1989; Schweizer &: Seitzer 1992). This evolution of the star formation rate 
inferred from stellar absorption-line studies is in reality a mean evolution aver- 
aged over large redshift intervals, as the horizontal error bars indicate. It does 
not imply that E/S0 galaxies should form stars at all times. In fact, the ages of 
intermediate-age stars estimated from absorption-line strengths in the spectra 
of galaxies at low redshifts are uncertain by a few billion years. As Figure 15a 
shows, after a galaxy undergoes a burst of star formation, the colors reach the 
values characteristic of old, passively evolving stellar populations in less than 
1 Gyr. Thus, although galaxies at low redshift may present similar signatures of 
past star formation, there should be a dispersion in the ages and hence colors 
of the progenitor galaxies at high redshift around the value corresponding to 
the mean epoch of star formation estimated in the lower panels of Figure 15b. 
The relevance of this result for the evolution of galaxies in clusters has been 
investigated by Charlot & Silk (1994; see also Belloni et al. 1995). 

Unfortunately, stellar absorption-line strengths cannot yet be used to trace 
back the history of star formation in spiral galaxies. The reason for this is that 
the best-known stellar absorption features arise at ultraviolet and optical wave- 
lengths, where the spectral signatures of old and intermediate-age stars in spiral 
galaxies are hidden by the strong continuum light of young massive stars. The sit- 
uation may soon be improved, as substantial progress is underway to understand 
the infrared spectral signatures of old stars in star-forming galaxies (Lanqon & 
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Rocca-Volmerange 1995). However, tracing back the onset of star formation in 
normal disk galaxies still appears to be a long way ahead. 
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A b s t r a c t :  The essential ingredient in understanding galaxy formation is star forma- 
tion. Some tentative ideas are outlined that  allow a simple, schematic derivation of 
the stellar initial mass function (IMF). The questions that  I will address are: what 
determines the masses of stars and what determines the IMF? On a larger scale, an 
important  clue to the nature of star formation in galactic disks arises from the observa- 
tion that  gas surface density in nearby spirals remains close to the critical value above 
which the gas is gravitationally unstable. Many of the global properties of galactic disks 
can be understood if star  formation is self-regulated. A plausible physical argument is 
provided that  self-regulation occurs and accounts for the global inefficiency of star  for- 
mation in galactic disks. In contrast, there is no theoretical framework for developing 
a model for star formation in galactic spheroids. Major mergers that  triggered major 
s tarbursts  are thought to have played an important  role, but the associated star for- 
mation physics is at best only schematically understood. One approach is to examine 
ultraluminous starbursts  as possible prototypes for protoellipticals. The intracluster 
medium provides a natural  reservoir for the debris from early phases of elliptical for- 
mation, and it has been inferred that  the initial mass function in protoellipticals must 
have been top-heavy in order to explain the amount of intracluster iron. Implications 
include the inevitability of wind-driven mass loss, a systematic increase in mass-to-light 
ratio with luminosity as inferred from the fundamental plane, and Type II supernova 
yields both in the stellar populations of luminous ellipticals and in the intracluster gas. 

To be pub l i shed  in The Universe at High-z, Large-Scale Structure and the Cos- 
mic Microwave Background, ed. E. Mar t iuez -Gonza lez  and  J. L. Sanz (Spr inger  

Verlag,  Heide lberg)  
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1 I n t r o d u c t i o n  

The topic of galaxy formation has traditionally focused on cosmological issues, 
perhaps primarily because non-dissipative dark mat ter  is relatively simple to 
incorporate into large-scale structure simulations. The absence of any definitive, 
or even plausible, detailed theory of galactic star formation has however meant 
that  no realistic galaxy formation models have hitherto been constructed. As a 
result there has been relatively little contact between theory and the new deep 
surveys and discoveries of high redshift galaxies. What  theory there has been 
may be said to be largely empirical: e.g. using population synthesis models. A 
recent development has combined analytic theory, based on the Press-Schechter 
formulation of mass functions, with population synthesis models (Lacey and 
Silk 1991; Lacey et al. 1993; Kauffmann, White and Guiderdoni 1993). Even 
this ignores the guts of the problem, namely the fundamental issues of star 
formation. The acknowledgement of the star formation issue typically involves 
invoking a cooling t ime argument, and is sometimes combined with triggering 
by tidal interactions or mergers and feedback from supernovae. One can surely 
improve on this approach by utilizing models for star formation based more 
closely on what is actually observed. 

Star formation however remains a topic that has proven remarkably elusive. 
~re observe many of the ingredients that are necessary for a successful theory, yet 
no such theory has been developed that can predict such critical ingredients as 
the star formation rate and the initial mass function. Galaxy formation, arguably 
the most important  problem in cosmology, remains as elusive as ever because of 
our lack of knowledge of the details of star formation. If we cannot account for 
star formation in the intensively observed Orion nebula, and associated molecular 
clouds, we cannot hope to incorporate star formation into realistic predictions 
of the properties of forming galaxies. 

The brute force approach of computational power is not going to elucidate 
the innards of star formation, at least in the foreseeable future. There are sim- 
ply too many variables, including magnetic fields, ionization, dust, molecular 
chemistry, molecular cooling, turbulence and environment. Processes that  play 
a role include accretion, fragmentation, coagulation of fragments, Alfven wave 
generation, momentum-driven flows, and binary formation. In a situation of 
such complexity, it is important  to search for some overall guiding principle that 
may help elucidate the underlying physics and provide some predictive power. 
This approach has worked well in diverse areas of physics, including the theories 
of gravitation, of fundamental interactions and of elementary particles. Astro- 
physics is a far dirtier domain, but it is useful nevertheless to seek some unifying 
idea. that  can be applied to star formation physics. 

A theory for the origin of stellar masses is central to the goal of developing 
a model for galaxy formation and evolution. One needs to know how star for- 
marion varies with environment, and in particular the dependence of the initial 
mass function, the star formation rate and the star formation efficiency on the 
various astrophysical input parameters. The distribution of stellar masses con- 
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trois chemical evolution, mass within the luminous regions of galaxies, and light. 
Without  a theory for the stellar initial mass function (IMF), one is compelled to 
assume that  the IMF is universal. It  may be, for example,  in environments far 
more extreme than that  of the solar neighborhood that  star formation is modi- 
fied. Hence these lectures will begin with an admit tedly  subjective view of star 
formation,  followed by sections on the format ion of disk galaxies and of elliptical 
galaxies. 

2 S t a r  F o r m a t i o n  

One of the most  impor tan t  and unresolved issues in the theory of star formation 
concerns the origin of the initial mass function of stars (IMF). This is approx- 
imated by a nearly scale-free power law over more than two decades in mass. 
There are indications of a turn-over below .,~ 0.3Mo, and the upper mass limit is 
about  60/1//o. Between these extremes, the mass function d N / d M .  = A M ,  1-'y 

satisfies 3' ~ 1.5(-4-0.3). This range for 7 includes the Salpeter IMF (7 = 1.35) and 
also allows for a slight steepening towards higher masses, as in the Miller-Scalo 
IMF. The IMF appears to be reasonably universal insofar as one can study it 
in different star-forming regions in the Milky Way and in nearby galaxies (Scalo 
1986). There are many  theories of the IMF, but no accepted explanations. Sug- 
gestions range from physical processes involving fragmentat ion and accretion 
(e.g. Silk 1976, Zinnecker 1984) to scale-free chlstering of coalescing fragments 
(e.g. Nakano 1966; Silk and Takahashi 1979; Pulnphrey and Scalo 1983) or of a 
fractal network of molecular cloud filaments (e.g. Larson 1992). A more recent 
view is that  the origin of the stellar initial mass function as well as the character- 
istic mass of a protostar  are intimately connected to feedback from protostellar 
outflows that  l imit accretion onto forming protostars  (Silk 1995). 

Fragmentat ion is the initial process that  leads to star  formation. Unfor- 
tunately its nonlinear evolution is poorly understood. The Jeans criterion for 
gravitational instability has been extended to such geometries as those of a cold, 
self-gravitating disk or sheet. Linear theory provides a critical scale for fragmen- 
tation. However the non-linear evolution of the fragmenting cloud involves such 
processes as f ragment  accretion and coalescence. Hence it is likely that  the final 
f ragment  masses are considerably larger than the linear theory would suggest. 
For example, application of opacity-limited fragmentat ion using the Jean crite- 
rion yields a minimuna mass of,-, 10-3Mo,  but one can increase this by an order 
of magni tude or more by incorporating the physics of f ragment  interactions. 

The questions that  I will address are: what determines the masses of stars and 
what determines the initial mass function (IMP)? Let me begin by dismissing 
a myth  that  is prevalent in discussions of star  forlnation. The Jeans mass does 
not play an impor tan t  role in determining the mass of a star. It determines the 
masses of the dense molecular gas cores within which stars are forming. Star 
typically form not in isolation but in gas cores that  have masses of 102 - 10aM| 
in warm molecular clouds such as in Orion. While lower mass cores are found in 
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cold clouds such as Taurus, even here the multiplicity of star formation seems 
apparent. 

The application of Jeans mass scaling to cloud collapse was an early motiva- 
tion for fragmentation, and for evaluation of the effects of opacity in determining 
a lower bound on fragment masses. The result, an application of the linearized 
gravitational instability criterion to a collapsing cloud, is that in the initially, 
approximately isothermal, regime, the Jeans mass is found to decrease to a min- 
imum value of about 103Mo, before the increasing opacity drives up the local 
temperature  by inhibiting cooling, and the Jeans mass increases. It is tempting 
to identify this relatively robust minimum mass scale with the mass of a proto- 
stellar core, the Jeans scale giving the instantaneous scale of fragments, at least 
in the isothermal regime. In fact, it seems indisputable that  such nonlinear pro- 
cesses as collisions between fragments, coalescence and fragment accretion help 
build up fragment masses to the protostellar mass regime of > 0.1M o. 

However more than aggregation and accretion must be involved, otherwise 
most stars would be massive, since the accretion time-scale tact is very short. In 
fact, tor cx M / z ~ V  3, where M is the fragment mass and AV is the effective sound 
velocity, suitably generalized to include effects of magnetic fields and turbulence, 
so that  

tact = 3 • 105 ~ • \ AV ] yr. 

Given that  even the coldest cores have linewidths of AV .v 0.1kin s-1 and contain 
a solar mass or more, and that  cold molecular clouds have lifetimes of several 
million years, how then could one form stars of typical mass 0.3Mo? If accretion 
were halted by tapping stellar nuclear energy, one would form only stars of 10Mo 
or more. 

2.1 Ou t f lows  a n d  F e e d b a c k  

Something else must intervene to limit accretion of gas and fragment coales- 
cence. There is only one physical process that  can intervene on a sufficiently 
short time-scale, namely outflows initiated during the protostar phase. The ul- 
t imate energy source that  drives a protostellar outflow is the Kelvin-Helmholtz 
gravitational contraction and release of energy, over a time-scale that amounts to 
about 3 x 107yr for a solar mass star to arrive on the main sequence. However the 
ubiquitous observed outflows have much shorter time-scales, of 104-  105yr, that  
must correspond to the very earliest stages of protostellar evolution. Infrared 
observations have revealed that  young stellar objects (YSOs) may be classified 
as having a sequence of ages that  spans 104 - 10Syr for objects that include 
deeply embedded protostars, the youngest objects, and the optically visible T- 
Tauri stars, with bolometric temperatures ranging from 60K to 5000K (Chen et 
al. 1995). The observed correlation of temperature with age suggests that YSOs 
may be interpreted in terms of an evolutionary sequence defined by bolome tric 
luminosity and bolometric temperature,  in analogy with the Hertzsprung-Russell 
diagram. 
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Consider then the following simple model for a YSO. An accretion disk sur- 
rounds the growing protostellar core. Outside tiffs, the effective photosphere 
determines the observed size, via Lbot and Thor, of the YSO as the radius where 
the gravitational energy, generated in the protostellar core by Kelvin-Helmholtz 
contraction and in the disk by accretion, can ultimately be released. Note that  
in the collapsing phase, one may take the absorption coefficient over the wave- 
length range 5 - 30#m to be approximately wavelength-independent, equivalent 
to 10O <Tbot < 750K, and one can the re fore  express the associated time-scale 
a s  

G M 2 / R  M - ~ .  
t y s o  ~ cons tan t  • M 3 or 

Comparison with ta,c shows that as the core mass increases, t y s o  inevitably 
becomes the controlling time-scale. 

Protostars form by infall, and non-homologous collapse results in formation 
of many protostellar cores within a large cloud. Protostellar outflows are indeed 
ubiquitous in molecular clouds. The observed bipolar flows in combination with 
the inferred number of old flows that  stems from time-scale considerations suffice 
to give enough momentum input to account for the observed linewidths. These 
associated outflows are critical for regulating the amount of infall, since the 
specific angular momentum of a molecular cloud exceeds that of a protostar by 
some 3 orders of magnitude. This angular momentum barrier is overcome at 
the accretion disk shock, where the outflows are believed to originate. A young 
protostellar object is embedded within an accretion disk from which it is thought 
that  gas jets are driven along the polar axis to expand and cuhninate in a bipolar 
f low.  

Although the details of the angular momentum transfer that must be respon- 
sible for inhibiting the flow of low angular momentum gas to the protostar have 
yet to be evaluated, I will assume here that the outflow is responsible for limit- 
ing the accretion of gas onto the central protostar (Silk 1995). The bolometric 
luminosity of the central source exceeds the flow energy by some two orders of 
magnitude, and suggests that  it is at least plausible to expect that a protostellar 
disk-driven wind halts the accretion. In the absence of a detailed theory that 
connects the source with the accreting gas, I will simply assume that the out- 
flow rate is proportional to the accretion rate (Shu et al. 1987). The bolometric 
luminosity of the YSO includes contributions from both the Kelvin-Hehnholtz 
luminosity of the central protostar and from the accretion luminosity. The accre- 
tion shock occurs at the outer edge of the accretion disk, where the infall energy 
is released. 

In order for the accretion to continue, tim accretion luminosity must be ra- 
diated away. Hence a necessary condition for protostellar core growth is that 

L~c~ <~ Lbol. 

The accretion disk radius Rd c a n  be estimated by assuming centrifllgal balance 
for the inflow, which yields (Terebey, Sire and Cassen 1984) 
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G3 A~3 ~2 
R d - -  16(3V)  s 

for an accretion disk of mass M (also identified with the protostellar mass M to 
within a factor of order unity) and a cloud core rotating initially at rate $2. The 
accretion energy release amounts  to 

Lace = GM.~/I  Rd  1, 

where the accretion rate 
M = (z Va)G -1. 

The bolometric luminosity may be written 

16 o'T 3 dT  
Lbot -- • 4~r 2, 

3 gp dr 

where ~ is the Rosseland mean opacity, and p and T are the central density and 
temperature.  Note that  the scalings of the respective luminosities are 

L:c~ o( ( A V ) n t ?  -2 M ,  2, 

Lbo I (X t~ -1 1143.. 

This l imitation on protostellar mass is inevitable if the accretion energy re- 
lease is the outflow source, from the dependence of the time scales tacc and tbol 
on core mass. One may  simplify mat te rs  by appealing to the observed scaling of 
molecular cloud rotat ion rate with cloud size, 

F2 ~ R - ~  or (M/,_4V~) -~  

to obtain the deceptively simple result that  

114. (x 1 . 6 ( A V / k m s - 1 )  13/5 (tz/20cm~g-1)l/5Mo . 

To compare with observations, I note that  a survey (Myers and Fuller 1993) 
of N H 3  emission from dense cloud cores relates the lmninosity of the bright- 
est embedded IRAS sources to cloud linewidths, over the range 0.1 to 3kms  -1 
spanned by cold and warm cores. Adoption of premain-sequence tracks yields 
the empirical result 

114, = 1.8(:k0.1)(AV)2.4(+~ 

over the range 0.3 < 114. < 30M O. 
The concordance between theory and observation suggests that  a self- 

regulating interplay between protostellar masses and molecular cloud linewidths 
may  be responsible for determining the physics of the origin of stellar masses. 
It  is intriguing that  the observed range of stellar masses can be understood in 
terms of the observed range in AV, in a dynamical model that  does not appeal 
to the concept of a pressure-supported Jeans mass. One corollary is that  there 
should generally be initially no stars below ~ 0.1Mo, since the min immn cloud 
linewidths for realistic cooling models are rarely below -.~ 0 . 1 k m s - <  It  is the 
distribution of linewidths that  controls the distribution of stellar masses. 
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2.2 O u t f l o w s  a n d  T u r b u l e n c e  

The  linewidth distribution must  result from the cumulative history of outflows in 
a given cloud. A molecular cloud contains a network of interacting shells, driven 
by fossil outflows from young stellar objects, few of which are active at any given 
momen t  because of the short lifetimes (,,~ 105yr) measured for the outflow phase. 
There  will be few high velocity young flows and many low velocity old flows. 
The  older flows will have lost any coherence as a consequence of the interaction 
between different outflows and ambient gas, leading to shell instabilities (both 
Rayleigh-Taylor and Kelvin-Helmholtz),  but the momen tum will be preserved 
as turbulent  motions that  are measured via cloud linewidths. 

One may  idealize an individual outflow by a spherical wind. An expanding 
cavity of low density gas develops behind the contact discontinuity that  separates 
the low density wind gas from the dense, shocked, swept-up molecular cloud gas. 
The  radius of the cavity is given by R or t 6, where 6 ~ 0.5 for a wind or 6 ~ 0.3 
for a blast wave in a uniform medium. This solution may be straightforwardly 
generalized to the case of an ambient density gradient or a t ime-dependent wind 
(Koo and McKee 1992). For a steady generation rate of outflows, the velocity 
distribution of shells is given by 

g ( >  A V )  or R3t oc (AV)-(-~-~), 
where the velocity of a shell fragment, AV, is identified with dR/d t .  If  self- 
regulation were to be maintained,  one may infer stellar masses from the distri- 
bution of turbulence AV according to 

M.  c ( ( A V )  ~, where e ~ 2.4. 

Combinat ion of the protostellar mass-turbulent velocity relation with this AV 
distribution then yields a prediction for the protostellar initial mass function: 

dN 36 + 1 
- - o r  M - I - ~ ' ;  x .  - -  - -  
dM.  e(l - 6)" 

For e ~ 2.4 and 6 ~ 0.4, the expected parameter  range, one infers that  x. = 1.5, 
essentially the slope of the local IMF. 

If  the outflows are responsible for the gas turbulence within a giant molec- 
ular cloud, a similar argument  gives the mass function of cloud cores, with one 
impor tan t  difference: the mass of a cloud core is related to the turbulent velocity 
dispersion within the core via the condition the core be self-gravitating and the 
observed scaling laws tha t  relate AV to clump size and/or  density p. Self-gravity 
requires 

Mr ~ (d V')4 
G3/2 pl/~- 

where the external turbulent pressure is effectively constant, the observed scaling 
laws yielding (Myers and Goodman  1988) p A V  2 ~ constant, or p / k  ~ 4 x 
10Scm-3K. Hence for cloud cores, e ~ 4, and the corresponding mass function 
(with 6 = 1.4 as before) has Xco~e = 0.9. In general, because x o( r one expects 
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the clump mass function to be flatter than the IMF. This is consistent with what 
is observed (Ta tematsu  et  al. 1993): Xr = 0 . 5 -  1, whereas x ,  ~ 1 . 3 -  1.8. 

2.3 I m p l i c a t i o n s  

The  cloud linewidths must  be sub-Alfvenic to avoid strong dissipation of tur- 
bulent motions.  The linewidths of dense starless cores are similar to those of 
neighboring cores tha t  contain embedded young stars (Caselli and Myers 1995). 
Alfven wave excitation provides a means of coupling outflows to nearby gas 
clumps which contain no embedded stars. Another means of magnetic coupling 
is via the ionization generated by flare activity of young stellar objects. The ob- 
served x-ray ionization is the dominant  ionization source in the Rho Ophiuchus 
cloud. Ionization controls the ambipolar  diffusion rate. Enhanced ionization will 
enable gas clumping to couple more strongly to the magnetic field and thereby 
delay or inhibit star  formation. In this manner,  one can perhaps understand why 
it is that  starless cold dark cloud cores have only marginally smaller linewidths 
than  cores containing embedded young stellar objects. 

In the absence of a SPH simulation, one can make order-of-magnitude esti- 
ma tes  that  generally support  the turbulence model. Suppose that  at any given 
instant  0.1 percent of the mass of a molecular cloud was part icipating in high 
velocity bipolar outflows via driving winds at --~ 300kms  -1. The turbulence 
persists for a few clump crossing times due to magnetohydrodynamic  cushion- 
ing of clump collisions as well as geometrical effects. Hence one could generate 
linewidths of ~ 1 - 3 km s -1 for 10 or more cloud dynamical times, when ~ 1 
percent or more of the cloud would have formed stars. The characteristic stellar 
mass, essentially the peak in the IMF, is determined by the alnount of turbulence 
and the efficiency of cooling. The derived initial mass fimction has a slope com- 
parable to what is observed, and is insensitive to physical conditions: it should 
be the same for clouds of solar or of primordial composition, and for quiescent 
star  formation or for starbursts. 

One could imagine that  in a situation where internal cloud turbulence is 
being stirred up by application of external energy input, such as with cloud 
collisions, the proportion of cold clouds with low A V  would be greatly reduced. 
While this might happen to some extent within a spiral arm, the cloud collision 
rate  would be far more dramatically enhanced with a galaxy merger. Since the 
IMF is the superposition of regions of low and of high AIV, one might speculate 
tha t  in ul t raluminous starbursts, such as occur in galaxy mergers or in strong 
tidal interactions, and most  likely during galaxy formation, the AV distribution 
is shifted to larger values. The IMF might then be top-heavy, and weighted 
by the expected distribution of AV towards more massive stars than would be 
characteristic of the solar neighborhood IMF. 

Elliptical galaxies most  likely formed by mergers that  involved an ultralumi- 
nous and highly efficient phase of star formation. Perhaps when elliptical galaxies 
formed, the violent mergers would have resulted in strong winds that  enriched 
tile local enviro nment .  Indeed, the high abundance of iron ill the intracluster 
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medium of rich clusters, as well as recent indications of Type II supernovae yields 
in the intracluster gas, might bear witness to such a top-heavy IMF. 

One can also imagine a much more quiescent situation. Perhaps when the 
galaxy halo formed, the primordial clouds far from the inner galaxy were dense, 
cold, low mass globules, and consequently non-interacting. Stars might have 
formed under very low AV conditions in such clouds. Under these conditions, the 
IMF would have been bottom-heavy, dominated by low mass stars. The MACHO 
detections of gravitational microlensing towards the Large Magellanic Cloud are 
consistent with a population o f substellar mass objects that appears to be 
more abundant,  by a considerable factor, than known stellar populations. Such 
a result, if confirmed by ongoing microlensing surveys, would favor a bot tom- 
heavy IMF in the galactic halo. 

One consequence is that  there are unique signatures in the colors of distant 
galaxies, if a starburst is dominated by a truncated IMF (Charlot el al. 1993). 
Another possibility is that in very quiescent regions, possibly the dwarf galaxy 
mass precursor clouds to ordinary galaxies, one might have very low AV, leading 
to almost exclusively brown dwarf formation over a timescale that  must have 
been short enough to have precluded any dynamical stirring by tidal interactions. 

3 Format ion  of  disk galaxies 

A successful theory of star formation in galactic disks must account for the 
longevity of star formation and for its relative constancy with time. A major 
clue is provided by observations of Ha' emission from spiral galaxies, which in- 
dicate that  the gravitational instability of disks plays all important  role in the 
rate of star formation. The observations of Kennicutt (1989) demonstrate that  
the gas surface density in nearby spirals remains close to the critical value above 
which the gas is gravitationally unstable. The significance of these observations 
is twofold. Firstly, they provide a physical foundation for theories of global star 
formation based on gravitational instability. Previous at tempts to model disk 
star formation have been mostly based on empirical formulations. For exam- 
ple, the Schmidt law, for which the star formation rate is proportional to some 
power of gas density, has been comlnonly used. Secondly, since Ha emission 
can be related to massive star formation, one can compare directly with model 
calculations for the star formation rate. 

3.1 A m o d e l  fo r  s t a r  f o r m a t i o n  in d i sk  ga lax ies  

The star formation theshold was identified by Kennicutt with the Toomre cri- 
terion for gravitational instability applied to the gas (IlI and H2) disk. A more 
sophisticated model (Wang and Silk 1994) incorporated the stellar disk and gen- 
eralized theshold into an expression for the star formation rate given by 

( l - Q ) ;  Q_< 1. SFR = ~22g~$2 Q 
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Here, Q is the Toomre parameter, given by 

Q ~ /~O'g 

f G Z g a s  ' 

x ~ v/-2~ is the epicyclic frequency, ~ is the velocity dispersion of the gas, f ( <  1) 
corrects for the stellar component in the disk, and e is the star formation effi- 
ciency. This star formation rate was applied to compute the star and gas surface 
density and abundances, as a function of radius. SN lI yields were used to com- 
pare with galactic HII region oxygen abundances. Gas recycling was included, 
and gas infall was not necessary to obtain sufficient longevity of the star forma- 
tion rate in the disk. The various observational properties of the Milky Way disk 
including the G dwarf problem were explained, provided an initial metallicity 
was adopted. 

Some difficulties have been noted in the model of Wang and Silk (Prantzos 
and Aubert  1995). The small but nonzero nmnber of low metallicity disk stars 
may require infall of some unenriched gas. Recent data on oxygen abundances in 
disks suggests that  outside the central few kpc, there is no abundance gradient. 
An improved model is given by 

SFR = eEg=(~2(r) - f2p) 

where r2p is the spiral ann pattern speed. This is the expression for the star 
formation rate originally proposed by Wyse and Silk (1989). The gravitational 
instability of the disk is now implicit in writing the SFR as proportional to 
f2 - ~p: wherever there are spiral arms, the disk is unstable to star formation. 
Moreover at large gMactocentric radii, the star formation rate is suppressed, and 
at small radii it is initially large. 

3.2 S t a r  F o r m a t i o n  Ef f ic iency  

The star formation efficiency may be estimated as follows. Assume that heating 
from supernova remnants (and HII regions) provides momentum input to the 
interstellar medium and drives the gas turbulence and cloud motions. Cooling of 
the interstellar medium is very effective, so that  one may plausibly hypothesize 
that  the star formation inefficiency is proportional to the net momentum input 
to the gas. It follows that 

( = ag/PsN, 

where 

PSN = 2EsNV-~olo/ms]v 

is the specific momentum injected, that for simplicity I have identified with 
supernova injection, E S N  is the initial supernova remnant energy, 777SN is the 
mass formed in stars per supernova, and VcooZ is the supernova remnant velocity 
at the onset of the a.pproxinqately momeutuln-conserving snowplow phase. For 
typical parameter values, E S N  = 1051 ergs, m S N  = 100 Me, Vcoot ,.~ 300kms -1, 
and ag ,~ 10kms -1, P s N  ,~ 1000kms -1, and r ~ 0.01. This is comparable 
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to the star formation efficiency observed in giant molecular clouds, and also 
not coincidentally meets the global requirement for the observed galactic star 
formation rate that is derived from the galactic molecular cloud mass that would 
otherwise collapse over a cloud free-fall time. 

Self-regulation of star formation arises naturally because the star formation 
rate is an explicit function of gas velocity dispersion, which is itself generated 
both by disk gravitational instabilities on large scales and on smaller scales by gas 
acceleration produced by energy input from t I I I  regions and supernovae. This 
results in feed-back into star formation: active star formation is both associated 
with, and induces, high velocity dispersion, which in turn hampers the further 
increase of the instability in the gas. 

3.3 T h e  T u l l y - F i s h e r  R e l a t i o n  

One may approximate the star formation rate by 

S F R  = e~aa.,J2. 

The global star formation rate is 

LSFR = 2 ~ ~2_i 6 x i09/~/| M| yr -1 

A more stringent test is the inferred Tully-Fisher relation, which is a consequence 
of the adopted star formation law. If one identifies B-band luminosity with star 
formation rate in spirals, one can write the luminosity of a disk galaxy as 

L =/3eMaa, f2 = t3e v3 t  Mg,~ - G M ' /3 = L / S F R ,  

Rvro, G . Tlle derived value for e gives after applying tile virial theorem, M = 2 -1 
the correct normalization for the Tully-Fisher relation: 

\220kms  - 1 )  \ M ) 5 x  109LoyrM~ 1 

3 fits the observed Tully-Fisher relation (in B and R bands), Note that L ~x Vro ~ 
whereas the naive virial theorem plus constant surface density and mass-to- 

4 The light ratio assumptions would yield the incorrect result that L ~x vro l. 
dependence on efficiency and gas fraction, constant within a tIubble type, means 
that  environment should influence the normalization, but not the slope, of the 
Tully-Fisher relation. 
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3.4 M a s s - t o - L i g h t  R a t i o s  

Consider the implications of the adopted global star formation law for the mass- 
to-light ratio of disks. The derived expression for L can be rewritten as 

1~ ~_lc_2/3G_I/3~Lll2Lll61~a~) 2/3 
L 

Evidently for fixed star formation efficiency e, gas fraction Mgas/M and surface 
brightness ,UL, the mass-to-light ratio M increases slowly with L. One recovers 
almost the identical weak M dependence on L in disks at specified Hubble type 
or gas fraction to that  found in the fundamental plane for ellipticals and for 
bulges. This is perhaps a hint that protodisks may have been the fundamental 
building blocks from which ellipticals and even bulges formed. The fact that 
dwarf ellipticals deviate from the fundamental plane suggests a different origin, 
as indeed is consistent w i t h  theoretical expectation given the shallowness of 
their potential wells. The low surface brightness and high M of dwarfs is most 
likely a consequence of wind-driven mass loss. 

Along the disk sequence, earlier Hubble types, which satisfy a trend in the 
mean of slowly increasing luminosity, have slightly higher M than later Hubble 
types, an effect that  can be interpreted as due to the increasing dominance of 
tile older bu lge  component. The observed slow increase of M with L, together 
with the fact that EL is approximately constant, implies that cl~/[gas/M must 
also be more or less constant with Hubble type. Since A'lgas decreases towards 
earlier Hubble types, the star formation efficiency parameter must increase. The 
fact that  r 0r ag suggests that  to the extent that  one may adopt the disk star 
formation efficiency estimate for a protobulge or protoelliptical, the efficiency 
should indeed increase with potential well depth. Consideration of the mean 
ages of the stellar populations suggest that  star formation is necessarily more 
efficient in early-type galaxies than in late-type galaxies, and more efficient in 
bulges than in disks. 

4 F o r m a t i o n  o f  e l l ipt ical  ga lax ies  

Rich clusters are dominated by elliptical and SO galaxies. Ellipticals formed stars 
rapidly (relative to a Hubble time) and efficiently. Unfortunately, there is no 
theory for star formation in dynamically hot systems. Did these systems form by 
mergers of cold disks? Or did stars form within dense molecular clouds orbiting 
within the spheroidal potential well? One Call only try to address tile issue of 
protospheroids phenomenologically. One has several clues. Star formation was far 
more efficient than in disks, and there are recent hints about chemical abundance 
signatures, including correlations with escape velocity, metallicity gradients, and 
abundances, both stellar and in the diffuse intracluster and halo gas, that bear 
fossil witness to tile star formation history. There are in addition the clues locked 
into the fundamental plane for ellipticals and bulges, interpretable as a slow 
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increase with luminosity of the mass-to-light ratio with luminosity, that may 
well be attr ibutable to variations in the IMF or to systematic mass loss, or to 
some combination of the two effects. 

Early galaxy formation occurred in a bottom-up fashion, with successively 
larger clumps merging together, according to the gravitational instability model 
for the origin of large scale structure. Elliptical formation was demarcated by ma- 
jor  mergers, between objects of comparable mass. This occurred with significant 
probability in dense regions of the universe, where rich clusters are developing. 
Consider the universe at the epoch of cluster formation, z -~/2 -1 - 1. The most 
recent galaxy mergers occurred when the cluster underwent its initial collapse, 
a phase which, according to hierarchical models, is dominated by mergers of 
galaxy groups. 

In low density regions, the typical mergers are likely to have been minor 
mergers between objects with mass ratios of 10:1 or more. Minor mergers are 
likely to trigger less efficient star formation. The preexisting disks can survive, 
as the shallower potential well of the merging cloud is relatively inefficient at 
retaining the debris of massive star formation. This provides a supply of gas 
that  can dissipate over a much longer time-scale to form a disk. 

4.1 M a j o r  m e r g e r  m o d e l  fo r  e l l ip t i ca l  f o r m a t i o n  

Major mergers or strong tidal interactions drive gas clouds into the inner kilo- 
parsc of the evolving galaxy potential well. Non-circular motions are generated 
and gas clouds collide and radiate away orbital energy. Prior to the merger, gas 
clouds formed stars, more or less as inefficiently as they do in the local inter- 
stellar medium. The merger drives agglomeration of giant gas clouds that will 
be unstable to star formation and capable of forming stars more efficiently. The 
high pressure environment where the central gas concentration develops provides 
global efficiency by inhibiting disruption of molecular clouds. 

A typical major  merger, the event that  led to the formation of an elliptical, 
must have occurred at modest redshift, when galaxy clusters were undergoing 
their initial collapse. The overdensity in a cluster and the frequency of galaxies 
with relatively low collision velocities mean that  mergers were inevitable (Maroon 
1992). Additional mergers occur for galaxies within subclusters just prior to 
virialization, and within groups in the field. A merger model provides a simple 
means of accounting for the dependence of elliptical galaxy fraction on local 
density and radial distance from tile cluster center. 

SO's would have formed by minor mergers. They also are concentrated in 
clusters, and a minor merger origin can account for tile broader distribution, 
as a function of local density and distance from cluster center, of the SO pop- 
ulation relative to the ellipticals. The minor mergers are more frequent and on 
the average occurred more recently, because of the higher frequencies of minor 
mergers relative to major  mergers in regions where one has not already depleted 
the dwarf galaxy population. Such depletion occurs near a centrally dominant 
galaxy, where dynamical friction operates. The lnost recent mergers in a cluster 
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or in the field are expected to be SO precursors. This enables one to understand 
the so-called E + A phenomenon (Dressier & Gunn 1992). 

Galaxies with a spectral distribution like that  of  an ordinary elliptical but 
containing A-type spectral  features underwent a starburst  some 1 - 2Gyr ago. 
The  present-day s tarburs t  galaxies are rare in present day rich clusters, but  fre- 
quent at z > 0.5. The blue galaxy fraction is also much larger in these distant 
clusters than in present-day clusters. The present-day counterparts of the blue 
galaxies as well as the E + A ' s  are plausibly the S0's. HST measurements  suggest 
tha t  the blue galaxies have disk-like morphologies, and similar claims have been 
made for nearby E + A's. The population of galaxies in the outer parts  of nearby 
clusters contains an enhanced fraction of blue and E + A galaxies, relative to 
cluster cores, consistent with a merger history, since the outer part  of a nearby 
cluster has been assembled relatively recently. Isolated E's  similarly show evi- 
dence of major  mergers, in the form of shells and dust lanes that  occurred several 
Gyr  ago (Schweizer and Seltzer 1992). The E-forming mergers cannot have been 
too recent, since the stellar populations are > 10Gyr old, although there may 
in some cases be an intermediate age admixture.  In this latter case, an age of 
--, 6Gyr is possible, for what may have been a significant ( > 10 percent) ad- 
dition of stars in the most  recent merger event (Chariot & Silk 1994). On the 
other hand, major  mergers cannot have occurred at high redshift, when such 
events would have been exceedingly rare according to our best estinaates of the 
density fluctuation power spectrum that  determines the hierarchy of structure 
formation.  

Early- type galaxies show little or no luminosity or spectral evolution in deep 
redshift surveys carried out to z .~ 1. I t  is likely that  the typical ellipticals formed 
at  z .~ 2 - 3: this es t imate must  be increased if (2 < 1 by a factor ~ 1/I-2 - 1. 
Coincidentally this is also the epoch where the quasar population peaks. It  has 
often been suggested that  the quasar phenomenon may be identified with events 
tha t  demarcate  the format ion of the (active) nucleus of an elliptical galaxy, such 
as format ion of a massive black hole, and accretion of gas or disruption of stars 
by the central hole. 

The  clustering of galaxy clusters is nmch stronger than that  of elliptical 
galaxies, suggesting that  for a Gaussian density field, clusters formed from --. 3or 
fluctuations. One can have a simple fit to the power spectrum, with variance 
approximately  r (M)  oc 114-~--g and n ~ - 2  on galaxy scales, to est imate that  
if galaxies represent 2or rms density peaks, then 

1 (1 + zg,a,,xy). 1 + zct~,,te~ = [3a(Mc,ust~r)/2a(114gat..y)](1 + za. , . .y  ) "~ -~ 

Since the merging hierarchy on galaxy scales is going to spread over at least 
a factor of 2 in background expansion factor, it seems inevitable that  galaxy 
mergers accompany cluster formation. 
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4.2 E v i d e n c e  fo r  w i n d s  

The  injection of energy into the interstellar medium during a starburst is ob- 
served to drive galactic winds. Nearby examples such as NGC253 and M82 re- 
quire a considerable number of supernovae to drive a wind. It has been argued 
that  in the case of M82, the IMF must be top-heavy, weighted towards massive 
stars relative to the solar neighborhood, to account for the observed infrared 
luminosity and wind (Doane & Mathews 1993). The momentum input from 
supernovae succeeded in pressurizing the massive, dense molecular clouds that  
must have at least initially been present in order to have star formation proceed 
at the requisite efficiency. Indeed, infrared and millimeter wavelength observa- 
tions of starbursts provide crude estimates of gas mass, molecular fraction, and 
pressure. Starbursts tend to be centrally concentrated, and simple estimates of 
the pressure, based on the observed luminosity converted to star formation and 
hence to supernova rate, immediately yield pressures that  are far in excess of 
the local interstellar medium pressure within tile central kiloparsec. This already 
is sufficient to overcome the Jeans mass barrier, one of the major  obstacles to 
efficient star formation in our own galactic disk, and motivates the possible de- 
velopment of a top-heavy IMF in the starburst. 

For a giant protoelliptical undergoing a starburst during its final gas-rich 
merger to develop a wind and leave it gas-poor certainly requires a top-heavy 
IMF during the burst. Wind-driven gas loss is the most likely explanation of 
the low gas content of early-type galaxies. Since ellipticals inside and outside 
clusters have old stellar populations with little recent star formation, one cannot 
appeal to ram pressure stripping by tile intergalactic medium to exhaust the gas 
supply. A merger will concentrate much of the gas until the starburst develops. 

There is more than a hint of fossil evidence that giant ellipticals once under- 
went a top-heavy starburst and were stripped of gas by a wind. Consider first the 
nucleosynthetic evidence. Giant ellipticals have all excess by about a factor of 2 
in Mg/Fe relative to the solar value (Worthey, Faber & Gonz~ilez 1992). This is 
precisely what one sees in old halo stars at [Fe/H] < - 1 .  One understands this 
as the SN II contribution, from exploding massive stars, to stellar abundances, 
and this dominates over the SN I contribution for the first few Gyr of galactic 
chemical evolution. The apparent signature of a massive star-dominated IMF in 
giant ellipticals can be explained as a top-heavy burst, following which much of 
the remaining gas was ejected. This could help suppress any extended duration 
of the period of low mass star formation that could contribute to the SN I rate, 
as well as any SN I's that  a starburst with a normal IMF would eventually have 
generated. Most of the mass loss in the form of SN I ejecta cannot be retained 
in the halo of the elliptical without exceeding the gas-phase Fe/H abundance 
inferred from X-ray observations (Forman et al. 1993). A top-heavy burst gen- 
erates a wind that  is capable of cleaning out the interstellar gas. Provided that  
the bursts occur after most of the stars in the present-day elliptical have formed, 
later SN I's, exploding in an almost interstellar medium-free elliptical, will still 
pollute the gaseous halo, but contribute only a small fraction of the Fe generated 
either in the burst, or prior to the burst. 
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Moreover in early-type galaxies, metallicity correlates with galaxy luminos- 
ity. However, the correlations of metallicity with central velocity dispersion over 
a wide luminosity range (Bender 1992) and local escape velocity for giant E's 
(Franx and Illingworth 1990) have significantly less dispersion. Such correlations 
are most simply understood if spherical systems, from dwarfs to giants, all under- 
went mass loss by galactic winds. The correlation of metallicity with galaxy mass 
does not have a unique explanation. It may require that galaxies of increasing 
mass eject systematically less gas in a wind than do less massive galaxies. How- 
ever this would presumably lead to the more massive ellipticals being younger, 
in terms of mean age of the stellar population, and bluer, than lower mass coun- 
terparts. This prescription fails to account for the color-magnitude correlation 
of early type galaxies. A more exotic explanation of the metallicity-mass correla- 
tion must result in giant, old, and red, galaxies. The properties of the intracluster 
gas provide important  constraints on the past evolution of ellipticals. 

4.3 T h e  I n t r a c l u s t e r  M e d i u m  

All stellar ejecta from stars ill ellipticals, if not recycled during the starburst, are 
ejected, as argued above, by a wind, and collect in the intracluster medium. The 
intracluster gas iron abundance is well measured in clusters to be about 35% 
of the solar value (Ohashi 1995). Since the cluster gas fraction is about 8h -3/2 
percent of the total cluster mass (White et al. 1993), one infers that  there is 
about as mucb iron in the gas as in the stars. Arnaud et al. (1992) found that  
the iron mass in the gas is proportional to the ]uminosity for early-type (E + 
SO) galaxies, with 

ll4Fe ~ 2 X 10-2L~. 

The source of the iron must be from galaxies, and specifically from giant 
elliptieals and S0's. The proportionality between light and iron abundance sug- 
gests this, as does the dominance of early-type galaxies in clusters. In fact most 
of the stellar iron is in the giant galaxies, and most of the iron synthesized in 
the past and ejected from the galaxies must have originated in these galaxies. 
The observed intracluster iron abundance per unit mass in stars is about 5 times 
higher than in the Milky Way. The intracluster iron mass requires a source that 
is indicative of a top-heavy IMF, boosting heavy element yields by up to an order 
of magnitude without affecting the present epoch luminosity. The temperature of 
the intrastructure gas is measured to be higher than the equivalent kinetic tem- 
perature that  corresponds to the galaxy velocity dispersion, Tgas ..~ 2Tgas. This 
suggests that supernova-driven galactic winds indeed both heated and enriched 
the intracluster gas. 

Galaxy groups are generally less enriched than clusters~ by a factor .-~ 2 - 3, 
although there is a large spread in abundance, and abundance determinations 
are far less certain at ASCA spectral resolution for gas at T <~ lkeV. Isolated 
elliptieals contain gas fractions of a few percent, and the gas iron abundance is 
considerably less than the stellar iron abundance (near solar in giant ellipticals). 
There are examples of locally enhanced gaseous iron abundances, around central 
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cD galaxies, e.g.. in Centaurus, M87/Virgo. These deeper potential wells are 
likely to retain more of the gas ejecta from supernovae than would be trapped 
in the halos of normal E's. 

4.4 T h e  G a l a x y  C o n n e c t i o n  

Elliptical galaxies, and more generally, spheroids, define a plane in the parameter 
space of velocity dispersion, half-light radius and absolute magnitude. This so- 
called fundamental plane minimizes the dispersion of the observational parame- 
ters. In combination with the virial theorem, the fundamental plane is equivalent 
to 

M 
- -  oc L 1 / 5 ,  
L 

for the visible light band. The fundamental plane has a dispersion within a 
given galaxy cluster amounting to <~ 15 - 20 percent that presumably reflects 
the initial conditions that  determined the relations between galaxy structural 
and dynamical parameters. 

The fact that the relation reduces to a. weak dependence of AI/L on L strongly 
suggests that an explanation must be sought within the context of star formation. 
One possibility is that  more luminous galaxies are more metal-rich and hence 
would have generated a higher fraction of stellar remnants than less luminous 
galaxies. However this fails quantitatively to reproduce the observed M/L vari- 
ation with L. Moreover such a model would predict that more luminous galaxies 
have recycled more gas and metals for a given gas fraction before termination 
of the star formation process than less luminous galaxies. This would suggest 
that  the stellar content is systematically younger, in the mean, for the most pro- 
cessed galaxies. More massive, luminous galaxies form stars more recently and 
are younger, yielding a lmninosity-color relation that  would be too fiat in slope, 
in the opposite sense to what is observed. 

A starburst model accounts for the fundamental plane relation provided that 
the IMF in the starburst is top-heavy. There is no late-time contribution to the 
light, but the starburst contributes enrichment and remnants. This approach 
fails however if the starburst occurs when the galaxy forms, since in this case 
the galaxy overenriches its own stars. 

One can arrange to produce the requisite metallicity required for the ICM 
and the remnants need to account for galactic M/L, without overproducing 
stellar metalticities if the starbursts are delayed, only occurring after a certain 
amount  of star formation has already been underway. In fact, delayed starbursts 
are mandatory  if the starburst IMF is top-heavy. Dust formation would occur as 
the heavy elements are formed, during the minor mergers that  precede the final 
dramatic  starburst, which involves a central concentration of interstellar matter  
generated by the merger and could consequently be very dusty. 

The merger history anticipated in a bot tom-up sequence of structure for- 
mation suggests that  the duration of star formation is extended over a series 
of minor and major mergers. The typical mass of merging renmants increases 
with time. The last, most significant, merger would have been a major  merger 
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that  resulted in the formation of an elliptical galaxy. Early, and most, star for- 
mation occurred with a normal IMF, cuhninating in a final major merger and 
associated top-heavy starburst. A major merger is a critical ingredient in the 
formation history of an elliptical galaxy. Any preexisting disks are mostly de- 
stroyed. Efficient star formation is triggered. The dynamical friction induced 
as a massive substructure orbits into the center of the merged galaxy effectively 
transfers angular momentum. The result is formation of a dense stellar core with 
anisotropic velocity dispersion. 

The typical luminosity of a bright elliptical is L.  ~ 101~ Several em- 
pirical results suggests that  similar physics governs elliptical formation down to 
a luminosity of about 0.03L.. The more luminous ellipticals are strongly sup- 
ported by the anisotropic pressure of stellar velocity dispersion, whereas the 
figures of low luminosity ellipticals are not anisotropically supported. The fun- 
damental plane is sharply defined for the more luminous ellipticals, but at low 
luminosities, there is considerable dispersion in galaxy parameters. Finally, the 
surface brightness-absolute magnitude correlation for ellipticals peaks towards a 
brightness of about 0.1L., with surface brightness decreasing towards both lower 
and higher luminosities. The metallicity-luminosity relation requires sub-L, el- 
lipticals to have subsolar metallicity, and so they are unlikely to have played a 
major  role in enriching the intracluster medium. I will argue that  ellipticals above 
-.~ 0.03L, have undergone a similar history that  is established ms a consequence 
of a major  merger. 

4.5 A S t a r b u r s t  M o d e l  fo r  E l l ip t i ca l s  

A major  merger that  resulted in a starburst with a top-heavy IMF provides a 
means of simultaneously enhancing the M / L  ratio and of producing enriched gas 
that  is driven out of the galaxy by the starburst induced galactic winds. Thus one 
can understand both the fimdamental plane correlation and the enrichment of 
the intracluster gas. One finds that  the mass fraction in remnants inferred from 
interpreting the M / L  c< L 1/5 relation as arising from a top-heavy starburst 
gives just enough iron to account for the observed abundance in the ICM. The 
dispersion in the fundamental plane is effectively attr ibuted to a systematic 
increase of starburst fraction with galaxy mass (i.e. a s  M 1/6) that reflects the 
merging history of cluster galaxies. 

The wind velocity, of order the escape velocity from the elliptical, is sufficient 
to drive the enriched gas out of elliptical galaxy halos, and to some extent, even 
from galaxy groups. Thus one would expect to find lower Fe/H in elliptical 
halos and in galaxy groups than in clusters of galaxies. The rich cluster ICM 
retains all of the ejecta in elliptical winds. The primary source of cluster Fe is 
from the metal-rich L. ellipticals: low huninosity, metal-poor, dwarf ellipticals, 
although common and easily stripped by winds, can have synthesized only a 
factor fE  1 more Fe than survives in their stellar component, assuming a normal 
IMF, with iron fraction fE relative to the solar value. This would make only a 
small contribution to the ICM iron mass. 
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The  starburst-driven enrichment hypothesis predicts that the intracluster gas 
should be enriched by ejecta that  are dominated by remnants of Type  II super- 
nova. Outside rich clusters, there are enough ellipticals to significantly enrich 
the intergalactic medium. If 30 percent of ellipticals are outside rich clusters, 
then one might expect the typical IGM enrichment to at tain a level of about 
10 percent of the ICM enrichment. This assumes that two-thirds of galaxies are 
spheroids that  do not contribute to the enrichment. The enrichment will occur 
late, perhaps by z --~ 1. 

There are also consequences for ellipticals themselves. The eilipticals are 
wind-stripped and gas-poor, but the stars should retain the metallicity abun- 
dance anomalies characteristic of Type II supernovae. This would result in lu- 
minous ellipticals having enhanced O and Mg relative to Fe by a factor of ,,~ 2, 
as seen in old halo stars where Type II SN yields are inferred. The supernova 
rate per unit luminosity implied by our model of ICM enrichment is a factor of 
-,~ 5 larger than in conventional Galactic models, the ratio of M F e / M .  in clus- 
ters to its value in the Milky Way, where there were approximately 6 SNII's for 
every SNIa (Tsujimoto et al. 1995). Hence the rate of SNII in protoellipticals is 
enhanced by a factor of about 6 relative to the SNII rate requirements of the stan- 
dard chemical evolution model for our Galaxy. Also, as previously remarked, cD 
galaxies underwent more frequent mergers than normal ellipticals, and one might 
expect their local environment to retain evidence of some starburst-induced en- 
richment that  is diluted by later SNI ejecta. Such all enhanced Fe abundance is 
indeed observed in the vicinity of nearby cD's, and the model advocated here 
predicts that  this gas should reveal abundance ratios intermediate between those 
of Type  I and Type II supernova yields. Isolated ellipticals are expected to be 
rare, forming via late major  mergers in the field. These objects should have an 
intermediate age population characterizing the last merger event. It is this pop- 
ulation, rather than the underlying old stellar population, that  is expected to 
have the characteristic SNII yield signature. 

The synthesis of the intracluster metals requires a stellar energy source whose 
contribution to the diffuse background light is difficult to hide. In fact, given that  
starbursts are dusty, one would expect perhaps half of the resulting radiation 
to appear as a diffuse far infrared background. Puget et al (1995) report the 
detection of the cosmic far infrared diffuse backgrouud near 300 microns at a level 
of ui~, ~ ( 3 -  10)nwatts m-2sr  -1.  This is conaparable to the diffuse background 
light generated in synthesizing the metallicity in massive stars required by the 
preceding model of protoelliptical formation (Zepf aud Silk 1995). 
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5 S u m m a r y  

The local phenomenology of molecular clouds provides vital clues that give in- 
sights into the origin of the IMF. We know that molecular clouds form stars 
inefficiently and are long-lived relative to the dynamical collapse time-scale. Star 
formation is observed to occur in clusters within dense cloud cores. Dense cores 
are generally found to contain many embedded young stellar objects. All of these 
are inferred to undergo an outflow phase. Since the outflow lifetimes are observed 
to be of order 10 5 years and cloud lifetimes are 10 6 - 10 z years, only ,,~ 1 percent 
of the outflows are expected to be active at any given time. Nevertheless the 
momentum injection into the molecular gas is plausibly sufficient to account for 
the observed, often supersonic, linewidths, and hence for cloud support against 
gravitational collapse. The observed correlation between molecular linewidths 
and protostellar luminosity, and especially between N H 3  linewidths and prox- 
imity of the nearest young stellar clusters, argues for the causal interplay between 
outflows, cloud turbulence and protostellar masses. 

Tile global star formation rate has been formulated, based on the theory of 
gravitational instability in a cold self-gravitating disk. In the case of a gaseous 

- 1  disk, it can be shown that  the fastest growth mode has a timescale f i n s t  = 
Q - l ( 1 -  Q2)l/2tr where Q = ct~tra/TrG/t a is the Toomre Q parameter,  tr is 
the epicyclic frequency, era is the gas velocity dispersion, G is the gravitational 
constant, and c~ ~_ 0.3 self-consistently allows for the stabilizing effects of the 
stellar component of the disk. If the gas surface density decreases below some 
critical value, P,c = atzaa/TrG, differential rotation of the disk and random motion 
of clouds will prevent the gas fi'om fllrther collapsing, halting formation of stars. 
As the disk becomes less gas-rich, the effective value of Q increases and helps 
prolong the gas supply. The disk cools as momentuln input ceases from dying 
massive stars, and the effective value of Q decreases. In this way, self-regulation 
is maintained, with Q -~ 1. 

One can now compute the star forma.tion rate in disk galaxies at early times, 
obtaining the star-forming history as a function of galaxy age. This is particu- 
larly interesting because a history of star formation is essential for interpreting 
observations of distant galaxies. For example, the disk star formation model that  
is generic to reproducing the Milky way properties is proportional to disk ro- 
tation rate and hence to roughly R -1. This means that disks form inside out. 
Thus at a lookback time of > 5 Gyr,  disks should appear to be substantially 
smaller than their nearby counterparts. 

A phenomenological model has been presented for starbursts, where we may 
well in rare examples be witnessing the nearby counterpart of a protospheroid. 
There are several reasons for pursuing this analogy: the tidal interaction trigger, 
observed for starbursts and presumed to be a feature comlnon to bot tom-up 
models for galaxy formation; the star formation rate and efficiency, directly 
inferred for starbursts and indirectly deduced in order to account for the popu- 
lation content and stellar dynamical support of ellipticals; and even tile surface 
brightness profiles. 
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The  intracluster medium in rich clusters provides a reservoir for all ejecta 
from cluster galaxies over the past Hubble time. The abundances of heavy el- 
ements in the intracluster gas consequently provides a time integral, in con- 
junct ion with stellar metallicities, of the chemical history of cluster galaxies.The 
observed iron abundance motivates the possibility bias towards the fraction of 
massive stars increasing with protoelliptical galaxy mass, identified with the 
last major  starburst  event. The mass fraction of stars in this high-mass mode 
of star formation can be constrained by requiring the resulting stellar remnants 
to account for the observed increase in the mass-to-light ratio of ellipticals with 
increasing galaxy mass. The mass and abundance ratios of metals produced by 
this proposed population of massive stars are consistent with observations of 
the mass and abundance ratios of metals in the intracluster gas. The predicted 
energy density produced by this stellar population approaches current limits on 
the extragalactic background at both optical wavelengths, into which the ultra- 
violet radiation of the massive stars is likely to be redshifted, and at far-infrared 
wavelengths, where starlight reprocessed by dust associated with the starburst 
will be observed. 
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Abs t rac t :  A brief overview of the physics involved in the primordial production of 
the light elements, D, 3'4He and 7Li and of their abundances in related astrophysical 
contexts is presented. Recent results on the determination of primordial abundances 
are discussed and confronted with predictions of standard Big Bang Nucleosynthesis. 
The standard model is in good agreement, within current uncertainties, with the "best" 
estimation of primordial abundances, providing tight constraints on the baryonic den- 
sity parameter. An improvement in our knowledge of deuterium abundances in high 
redshift systems and lithium in extreme metal poor stars, feasible in a near future with 
the new large-diameter telescopes, may either definitively confirm the success of the 
standard model or demand an alternative one. 

1 Introduction 

Big Bang Nucleosynthesis provides a quantitative experimental test to standard 
and non-standard cosmological models. Nuclear reactions taking place in the 
primordial  plasma during the first minutes after the initial singularity have as 
a consequence the production of low atomic mass elements, either copiously as 
4He, or in a barely measurable amount like 7Li (the most abundant of the stable 
Li isotopes). The predicted abundances depend mainly on the universal baryonic 
density which may be considered the only free parameter in the nucleosynthesis 
calculations. Measurements of the primordial abundances of the light elements 
test the consistency of primordial nucleosynthesis and in turn set very valu- 
able constraints on the baryonic density, frequently measured by the ratio of 
baryons to photons r / =  nb/n.r, a parameter that  has remained constant since 
the positron-electron annihilation epoch to the present day. 
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2 Primordial  Nucleosynthesis 

2.1 Standard Big Bang Nucleosynthesis  (SBBN)  

The physics of SBBN is well understood, it involves modestly complicated reac- 
tion networks operating at temperatures where the cross sections and relevant 
reaction rates are known from the laboratory. During the nucleosynthesis epoch, 
the density of the plasma at nuclear scales is such that many body reactions are 
negligible. The SBBN model adopts the following assumptions: 

a. Homogeneity. 
b. Isotropic expansion. 
c. General Theory of Relativity. 
d. A radiation dominated Universe (the total energy is dominated by the con- 

tribution of relativistic particles). 
At a time t-,,10-2s, after the initial singularity (plasma temperature T,,, 10 

Mev) photons, leptons (neutrinos ~i, electrons e-)  and baryons had very high 
interaction rates as compared with the expansion rate. The evolution of the scale 
factor and therefore the expansion of the Universe varied according to the total 
energy density of relativistic particles pR. The Universe cools through a suces- 
sion of nearly thermal states as expansion proceeds. At t,~0.1 s. the light neu- 
trino species decouple from the plasma (TN 1 MeV, T,,-101~ leaving a "neu- 
trino cosmic background" with a present temperature Tvo=TcMSo/1.4 ~_1.96 
K (where TCMBo is the present temperature of the cosmic microwave back- 
ground).This is the most relevant event before nucleosynthesis processes may 
actually take place. At temperatures higher than 1 MeV it is not possible to 
form complex nuclei in the plasma. Protons and neutrons are kept in equilibrium 
via the charged-current weak interactions. The neutron-proton ratio is given by 
n/p = exp (-AM/kT) where AM is the neutron-proton mass difference (,-,1.29 
MeV). As the Universe expands and cools the n/p ratio decreases from one to 
a value slightly below 0.15 for a temperature 109 K (0.1 MeV). After the weak 
interaction drops out of equilibrium, the ratio n/p changes more slowly mainly 
due to free neutrons decaying to protons (and residual weak interactions), the 
neutrino capture reactions are too slow to compensate these desintegrations. 

2.1.1 The onset of nueleosynthesis 

When the Universe cools down to about 0.1 MeV the first nuclei start to be 
synthesized. Deuterium has a very low binding energy and a large photodisso- 
ciation cross section. Although some reactions between neutrons and protons 
took place before this epoch, the resulting D nuclei were inmediately dissoci- 
ated by the bath of radiation which prevented further nuclear reactions to occur 
(the "deuterium bottleneck"). Below 0.1 MeV the number of photons in the tail 
of the Bose-Einstein photon energy distribution is too low to photodissociate 
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the deuterons formed and through the reaction n + p ~ T + D, the deuterium 
abundance increases. The higher the nucleon density, the higher the temperature 
at which the deuterium bottleneck is overcome. When the D/H ratio reaches a 
value D / H ~  10 -3 heavier elements start  to be built via D + p ::r SHe + 7; D + 
n --*3H -I- 3'. Tri t ium and 3He interconvert by 3He q- n ~ p + 3H and 3H ==#3He 
+ e-  + ue. The mass-3 nuclei are also burnt into 4He via 3H -[- p ~ 4He + 7, 
3H q- D ::~ 4He + n, 3He -4- 3He ~ 4He + 2p, 3He + n ::r 4He + 7 and 3He + 
D ~ 4He + p. 

2.1.2 Primordial  abundances 

The absence of stable nuclei at mass 5 and 8 and the coulomb barriers provide a 
bottleneck to further nucleosynthesis. 4He cannot be further depleted resulting 
in a large primordial mass fraction, Yp= 2n / (p+n)  ~ 0.25, where n /p  is the 
ratio at the onset of nucleosynthesis. Most of the neutrons in the Universe are 
incorporated into 4He, some traces of D and 3He survive, and almost all the 
protons that  did not capture neutrons remain as hydrogen. Only a very small 
fraction of 4He is transformed to 7Li via reactions: 4He -t- 3H ::~ 7Li + 7 and 
4He + 3He =r 7Be + 7, decaying to 7Li by K-capture. Li destruction also takes 
place via 7Li + p ::~ 2 4He. Primordial nucleosynthesis ends at t,,~ 103s with a 
definite prediction of light element abundances as a function of the baryon to 
photon ratio q (see e.g. Copi et al. 1995). 

The predicted primordial production of 4He is a smooth function of ~, it 
also depends on Nu (the number of light neutrino families) and on the neutron 
lifetime through their effect on the initial n /p  ratio, larger values of N~ or rl/2 
lead to higher values of the electron-neutrino deeoupling temperature, therefore 
a higher n /p  ratio and a larger 4He production. Fortunately, recent experiments 
have established the value of 7-1/2(10.25+0.05 mins., Mampe et al. 1989) with a 
sufficient accuracy to make definite predictions on N~ if Yp could be determined 
from the observations with an uncertainty on only + 0.005. Since the work by 
Steigman, Schramm and Gunn (1977), it is known that SBBN imposes an upper 
limit on N~ to avoid 4He overproduction, the improvement in the abundance 
measurements and neutron lifetime determinations led to claim Nu <4 (Pagel 
1988, Olive et al. 1990, Walker et al. 1991) which has been now confirmed in 
accelerator experiments on the boson Z ~ the carrier of the neutral weak inter- 
action, where the overall average gives N~=2.99 +0.03 (ALEPH et al. 1993). It 
should be noted that  SBBN does not exclude neutrinos that  were non-relativistic 
at a few MeV. 
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2.2 Non-Standard Big Bang Nucleosynthesis (NSBBN) 

In the last ten years, alternative NSBBN models considering density inhomo- 
geneities in the epoch of nucleosynthesis originated during the quark-hadron 
phase transition have been subject of great interest. Around a temperature of 
100 MeV quarks are expected to confine into hadrons, if this quark-hadron tran- 
sition were first order it would possibly develop large inhomogeneities. Prefer- 
ential diffusion of neutron versus protons out of the high density regions could 
produce BBN under conditions of density inhomogeneities and variable n/p ra- 
tios which would give significant differences in primordial abundance predictions 
with respect the standard case (Applegate and Hogan 1985, Alcock et al. 1987, 
Applegate et al. 1988) and also very different costraints on the nucleon density 
parameter when compared with the observed light element abundances. How- 
ever, the initial models, that conspicuously overproduced 7Li, treated separately 
the nucleosynthesis in high and low density regions. Malaney and Fowler (1988) 
argued that back neutron diffusion could destroy much of the excess 7Li and 
Applegate, Hogan and Scherrer (1988) suggested the formation of primordial 
r-elements was feasible in the neutron rich regions. In addition, Boyd and Ka- 
jino found considerably higher abundances of 9Be and l~ in the inhomoge- 
neous models than in the standard one. However, Terasawa and Sato (1990) and 
Kurki-Suonio et al. (1990) showed through a detailed treatment of back neutron 
diffusion that previous estimates were too high. As Reeves (1991) states the or- 
der of the quark-hadron transition has to be settled before we have final results 
on BBN yields, even then, the properties of the transition have to be calculated 
with good accuracy and the evolution of the bubbles followed dynamically to 
the epoch of nucleosynthesis including proton and neutron diffusion. 

The inhomogenous nucleosynthesis computations have promoted a large ef- 
fort to extend the observations of primordial abundances to other elements that 
were produced in negligible amounts in the standard model. 

3 Observat ions  and Est imat ion  o f  P r i m o r d i a l  Abundances  

The precise determination of primordial abundances involves, not only difficult 
observations, but extrapolation from the present objects to the pregalactic val- 
ues taking into account the astrophysical processes that may have changed the 
chemical composition of the Big Bang emerging matter. For an updated com- 
prehensive review on the subject the reader is referred to the book "The Light 
Element Abundances" (ed. Crane 1995) where an extensive discussion can be 
found for each relevant element. Here, a brief descriptiGn of the state of the art 
is presented. 
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3.1 Hel ium-4 

Helium is measured in many astrophysical contexts and given its high abundance 
a reliable statistical estimation may be expected, however as with other elements 
a careful treatment of the systematic errors has to be undertaken. Observations 
in B-type stars, subdwarfs, globular clusters, galactic nebulae and extragalac- 
tic nebulae involving a variety of techniques show helium mass fraction values 
between 0.2 and 0.3. Since astration of matter has the effect of a net produc- 
tion of helium, the chemical evolution of 4He is easier than for other elements. 
It is expected a lower helium content in low processed material and different 
measurements agree that the value of the primeval mass fraction is about 0.24. 

It has been extensively argued (see e.g. Pagel 1995, Terlevich et al. 1995) 
that HII regions provide the most accurate helium abundances. The main diffi- 
culties associated with the measurements are reviewed in the previous two pa- 
pers. Following the pioneer work by Peimbert and Torres-Peimbert (1974, 1976), 
during the past twenty years, extensive work on primordial helium has been 
done from extragalactic HII regions with different heavy-element abundances. 
The Peimbert introduced the idea of deriving Yp from Y=Yp + Z dY/dZ or 
equivalently Y=Yv + (O/H) dY/d(O/H) and extrapolating to Z=0 (where Z 
and O/H are overall metallicity and oxygen abundance, respectively, and Z,~25 
(O/H)) .  Regressions of helium against oxygen and nitrogen can be found in 
Pagel et al. (1992) with some updates (see Pagel 1995). According to them 
the extrapolated value provided by the maximum likelihood regression lines is 
Yp=0.228+0.005(s.e.), which assuming a systematic error of up to 0.005 gives 
at 95 per cent confidence Yp < 0.242 (the same conclusion is obtained indepen- 
dently of the adoption of oxygen or nitrogen as variable). The work by Olive and 
Steigman (1995) on very metal-poor extragalactic HII regions, anMyzing more 
than 40 HII regions with oxygen abundances down to 1/50 solar, and nitrogen 
down to 1% yields Yp = 0.2324-0.003-t-0.005 where the statistical error is quoted 
first and the systematic error appears second. Finally, Izotov et al. (1994) gives 
a preferred value of 0.2394-0.007. Since the systematic errors are not perfectly 
understood it seems reasonable to adopt as a safe upper limit Yp <0.245. The 
average value of the three determinations above, assuming same weight, is Yp= 
0.233. Radiative transfer effects in the formation of helium lines in HII regions 
seem to be the main problem to reduce the systematic errors. 

A remarkable result on helium in high redshift absorption systems has been 
obtained by Jakobsen (1995) who showed the presence of this element at very 
early epochs as expected from BBN predictions. 

3.2 D e u t e r i u m  

From 3He measurements in meteorites and in the solar wind it is possible to in- 
fer the D abundance at the time the solar system formed (D/H)sotar=2.6+l.0 x 
10 -5 (Geiss 1993) The most accurate method to measure the present abundance 
of deuterium in the Galaxy is the determination of D to H column densities 
in warm interstellar gas via Lyman series lines for the lines of sight toward 
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selected stars. Observations with the Copernicus satellite (Rogerson and York 
1973), the International Ultraviolet Explorer (Londsman et al. 1984) and, more 
recently, the Hubble Space Telescope (Linsky et al. 1993, Lemoine et al. 1995) 
show an average Interstellar Medium (ISM) abundance D/H=I.6+0.1 x 10 -5 
which should be considered as a lower limit to the primordial abundance since 
deuterium is destroyed as interstellar matter is astrated in stars. Galactic chem- 
ical evolution models predict values for the primordial abundance a factor 2-5 
higher than the present ISM abundance (Steigman and Tosi 1992, Galli et al. 
1995). These predictions are affected by considerable uncertainties limiting the 
ability of deuterium observations to constrain the nucleon density. Fortunately, 
there are expectations to obtain a good approximation to truly primordial D 
abundances by studying the absorption spectra of high-redshift quasars. High 
column density quasar absorption clouds are sites where D/H can be measured 
accurately via observations of the Lyman series. Songaila et al. (1994) have 
claimed a first detection of D lines in an absorption system at z=3.3 towards the 
quasar Q0014+813 from which they infer a D/H=l.9-2.5 10 -4. There is however, 
a non-negligible probability that the feature seen arises from the Lyman a line 
of a smaller hydrogen cloud with a relative velocity of -80 km s -1 simulating 
the isotopic shift (see also Carswell et al. 1994). At present we can confidently 
adopt as lower limit to the primordial D abundance Dp >_3 x 10 -5. 

3.3 He l ium-3  

Measurements in the solar wind and in meteorites indicate a protosolar value of 
3He/H= 1.5+0.3 10 -5. Outside the solar system Rood et al. (1984), Bania et 
al. (1987) and Balser et al. (1994), using observations of the 3.46 cm hyperfine 
line of 3He+ in galactic HII regions, find 3He/H abundances in the range 0.9 - 
5.4 10 -5 . They conclude that the source to source variations are not due to ob- 
servational error and have difficulties to explain the abundance pattern in terms 
of existing chemical evolution models. Since the massive stars in HII regions are 
very effective 3He destroyers it is possible that these sites are not representative 
of the cosmic 3He abundance. On the other hand, the galactic evolution of 3He 
is not well determined, for instance, it is very uncertain what fraction of 3tie 
survives stellar processing, and it is also uncertain whether low mas stars, are 
net producers (see e.g. Galli et al. 1994). The combined D+ZHe abundances can 
be used to set interesting restrictions to BBN as argued by Yang et al. (1984). 

3.4 L i th ium-7  

Observations of a "Li-plateau" in warm halo dwarfs suggested a value of the 
pregalactic Li abundance of Li/H,-~ 10 -l~ (Spite and Spite 1982, Rebolo et al. 
1988). However, Li is a fragile element easily destroyed in stellar interiors at 
relatively low temperatures and it was not possible to rule out some depletion 
during the long lifetime of these stars. Several theoretical studies (see e.g Vau- 
clair 1988, Deliyannis et al. 1990) have suggested that indeed some depletion has 
taken place, and the initial value could have been as high as the present observed 
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abundance in the interstellar medium and young stars Li/H,,~10 -9. While there 
is clear evidence for Li depletion in solar metallicity dwarf stars with effective 
temperatures above 5500 K (see for reviews Rebolo 1991, Michaud and Char- 
bonneau 1991), most extreme metal-poor stars with such effective temperatures 
show a rather uniform Li abundance. It is a matter of discussion whether the 
scatter of the measurements is consistent within error bars with a uniform Li 
abundance or, alternatively, is the result of a depletion process acting in each 
star. Thorburn (1994) and Norris et al. (1994) claims the detection of a positive 
slope in the curve Li abundance versus effective temperature (also found by Re- 
bolo et al. 1988) which might indicate that some depletion took place in the cool 
part of the plateau. But this slope is very sensitive to the effective temperatures 
adopted, and the Li abundance reanalysis of Molaro et al. (1995) (using a tech- 
nique for effective temperature determination based on Balmer line profiles) do 
not support its existence. A very recent paper by Ryan et al. (1996) rediscussed 
the problem arguing that Molaro et al. included in their sample some subgiants 
that would mask the trends with effective temperature or metallicity, since these 
stars have a different history than dwarfs. They also note the existence of very 
similar stars that cannot have the same Li abundance. 

In the literature about Li and metal poor stars it is possible to find stars 
with independent observations (by different authors and different telescopes) of 
the equivalent width of the Li ~ 6708/~ line that do not agree themselves within 
quoted error bars. This is fortunately not very frequent but the number of stars 
with more than three independent measurements is not large! and we should 
caution on the conclusions that sophisticated statistical analysis may provide in 
these circumstances. A conservative position regarding the primordial Li abun- 
dance Lip would be to adopt as a lower limit the average of the Li abundances 
observed in the hotter unevolved extreme metal-poor dwarfs (Li/H)p__2 10 -l~ 
The detection of the very fragile 6Li isotope in a hot extreme metal-poor plateau 
dwarf (Smith et al. 1993) strongly suggests that the initial Li abundance is close 
to the present observed atmospheric one, and little 7Li depletion, if any, may 
have taken place in the atmosphere. This also suggests that the primordial Li 
abundance may not be far from the value adopted above as lower limit. Another 
piece of evidence in this direction comes from the many astrophysical processes 
and sites that may produce Li in the Galaxy: cosmic ray spallation of heavy 
nuclei in the ISM, asymptotic giant branch and carbon stars, supernovae explo- 
sions, accretion disks around compact objects (black holes and neutron stars). 
According to chemical evolution models (see e.g. D'Antona and Matteucci 1991, 
Abia et al. 1988, Beckman and Casuso 1995) it can be easily explained a Li 
enrichment by a factor 10 along the lifetime of the Galaxy. A conservative upper 
limit to the the primordial abundance of 7Li would then be (Li/H)p<lxl0 -9. 
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4 C o n f r o n t i n g  t h e o r y  and observations 

4.1 Res t r ic t ions  on Cosmological  P a r a m e t e r s  and  Dark  M a t t e r  
P r o b l e m  

Let us adopt rh0=qxl01~ the combined restrictions on 7/i0 that our "observed" 
primordial abundances impose in the context of SBBN model predictions (for 
instance using those of Copi et al. 1995) are 2.51e rh0 _>5. The upper limit 
is provided by our upper limit to Yp since it is more restrictive than the one 
obtained from Dp, and the lower limit is set by the D+3He argument. If we relax 
this last argument then a less restrictive (but more conservative) lower limit 
7/10 >1.5 would be imposed from both Yp and 7Lip. We note that our conservative 
limits on 7Lip show additional agreement with the model predictions, although 
do not provide further constraints to those offered by Dp and Yp, but 7Li could 
in principle be a very powerful discriminator. If it were proved, for instance, a 
high Li abundance Li/H(~3xl0 -1~ in extreme metal poor stars ([Fe/H]<-4), the 
survival of the standard model would require either Yp ->0.24 or Yp <0.23, and 
the latter would request a Dp well above lxl0 -4 very close to the claimed value 
in the high redshift absorption system of Songalia. The baryon ratio would, in 
turn, be defined with high precision. 

Using the relationship between 7/ and the baryonic density parameter 12b0 
(the fraction of the critical density provided by baryons): 

f2boh~ = 3.7310-3(TVMBo/2.75K)3r/xo 

where the suffix zero refers to the present epoch and h0 is the Hubble constant 
in units of 100 km s -1 Mpc -1, we obtain the following restrictions: 

0.009 _< f2b0h~ >_ 0.018 

Although the exact range for f2b0 obviously depends on the judgement em- 
ployed to adopt the final limits to primordial abundances, similar results have 
been found along the years, showing the robustness of the standard model. 
Very recently some claims have been made on the possible crisis of SBBN (see 
Steigman 1995), but our knowledge of primordial abundances requires significant 
improvement before the crisis argument can hold. 

Comparison of the restrictions on baryonic density and the mass density of 
luminous matter (,,~ 1% of the critical density) appear to suggest that most 
baryons are dark. If the total density of the Universe were indeed the critical 
one, as pointed out by inflationary scenarios, then most of the mass density 
should be in a non-baryonic form whose nature is still unknown. 

An alternative powerful method to determine the baryonic contribution to 
the total density will soon be able to confirm or not the results of SBBN in an 
fully independent way. Cosmic microwave anisotropies in angular scales of 0.5-2 
degrees are very sensitive to the baryonic content of the Universe (see e.g. Scott 
et al. 1994) and present searches for anisotropies at those scales are reaching the 
level needed to constrain the baryonic density parameter with sufficient accuracy. 
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Pecul iar  Mot ions  in the  Universe  

Riccaxdo GiovaneUi 

Dept. of Astronomy and National Astronomy and Ionosphere Center 1, 
Cornell University, Ithaca, NY 14853, USA 

Abst rac t :  A summary of the observational status of measurements of peculiar veloc- 
ities in the local universe is given. Special emphasis is devoted to the discussion of 
applications of the Tully-Fisher technique and its limitations. Preliminary results are 
presented regarding the motions of two samples of galaxies with measured peculiar 
velocities: one including 24 clusters of galaxies and a second of field objects, the latter 
being used to test for large amplitude bulk flow in the peculiar velocity field. 

1 I n t r o d u c t i o n  

Deviations in the motion of galaxies from smooth Hubble flow are generally 
thought to arise from gravitational forces originating in large scale, low amplitude 
mass perturbations. Their study provides kinematical information that  can be 
used to make inferences on cosmological parameters, which cannot be obtained 
from a simple census of the luminous matter alone. Historically, the study of 
such motions, generally referred to as "peculiar", emerged together with the 
concept that  the Milky Way and the Local Group (LG) are part of a much 
larger complex of galaxies having the Virgo cluster near its center; thus early 
efforts were directed towards measuring the perturbation induced by the cluster 
on the motion of the LG ("Virgo infall"). In the late 1970's, the discovery of 
a dipole moment in the sky brightness distribution of the Cosmic Microwave 
Background (CMB) radiation field was interpreted as arising from the Doppler 
shift due to the peculiar motion of the LG. Since the apex of the dipole is 
significantly removed from the direction to the center of the Virgo cluster, the 
motion that  would produce it could not be fully ascribed as originating in Virgo. 

Several peculiar velocity surveys have been carried out in the last decade. 
Following the early work of Aaronson et al. (1982), the influential contribution 
of Lynden-Bell et al. (1988) established the framework with respect to which 

1 The Nationals Astronomy and Ionosphere Center is operated by Cornell University 
under a cooperative agreement with the National Science Foundation 
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much of the later work was to measure: they verified that the Virgo cluster is not 
the dominant gravitational influence in the local universe, and proposed that the 
center of the mass concentration largely shaping the local peculiar velocity field 
is at a redshift distance of about 4300 km s-1 . Such structure was dubbed the 
"Great Attractor" (GA). Due to its low galactic latitude, the light emission of 
the GA should be largely dimmed by galactic absorption. Later work, however, 
based both on peculiar motion surveys and on the measurement of the light 
dipoles of various populations of extragalactic objects, raised the possibility that 
the principal component of the LG motion would have a coherence length a few 
times larger than the distance to the GA. In the first part of these lectures, we 
will briefly review the observational evidence collected by these studies. 

While the earlier surveys spurred important theoretical efforts, which pro- 
duced increasingly sophisticated techniques for the three-dimensional recovery 
of the peculiar velocity and of the underlying mass density field, the observa- 
tional arena remains somewhat unsettled. Important uncertainties still exist at 
the basic level of the derivation of raw peculiar velocities of individual galaxies 
from the observations, as different techniques sometimes yield conflicting results, 
and even from the same raw data different groups obtain discrepant peculiar ve- 
locities. In this set of lectures, we will concentrate on one of such techniques, 
and on the procedures followed in its application, namely the Tully-Fisher (TF) 
technique, introduced in 1977 by R.B. Tully and J.R. Fisher. 

After a modicum of theoretical background in section 2, the observational 
situation will be reviewed in section 3, and the TF relation will be introduced 
in section 4, with an evaluation of its predictive power for the estimate of extra- 
galactic distances. The application of the TF relation in the estimate of motions 
of nearby clusters and of galaxies in the field will follow in sections 5 and 6. We 
will refrain from extending our discussion to the recovery of the density field via 
Potent (Bertschinger and Dekel 1989) and analogous techniques, a topic which is 
extensively reviewed by Dekel (1994). The reader is also referred to the reviews 
of Burstein (1990) and Strauss and Willick (1995). 

Throughout this work, we parametrize distance dependent parameters by 
assuming a distance scale Ho = 100h km s -x Mpc -1. Whenever explicit depen- 
dence on h is not made, a value of h = 1 is assumed. 

2 S o m e  Usefu l  Equat ions  

2.1 Pecul ia r  Velocity and the  Densi ty  Field 

We start with a few rudiments of the Newtonian theory of small perturbations, 
which is developed in detail in the textbooks of Weinberg (1972), Peebles (1993) 
and Padmanabhan (1993). In an expanding universe, the development of irreg- 
ularities in the matter distribution can be approximated by classical mechanics, 
provided that the size of the region considered is small in comparison with the 
Hubble length cH -1, larger than the Schwarzschild radius of collapsed objects 

- -  say 1014 << r <~ 102s cm - -  and provided that velocities are non-relativistic. 
Thus it is said that the treatment is possible in the Newtonian approximation. 
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Let the background solution be characterized by a mean density/5. If devia- 
tions 6 = (p -/5)//5 from the background solution can be assumed at all points 
to be small, i.e. ~ ~ 1 or less, then linear perturbation theory applies, and it can 
be shown that  the relationship between the peculiar velocity and the peculiar 
acceleration produced by the perturbation field is given by 

2 f u _  - - g  (1) 
3 ~2o Ho 

where f _~ ~2o ~ (in the following equations we'll replace f with ~o0.6), 
~2o = ~5~petit is the density parameter, pr = 3H2o/8~rG and Ho is the Hubble 
parameter. In terms of the density perturbation, the peculiar velocity can be 
written as 

-- H~ ~2~176 j / g ( r ' )  (~' -~7-__- r ~ -  f')dr~ (2) V(r)  

Direct measurements of the peculiar velocity can only yield the radial component 
of the velocity. The measured radial velocity of a galaxy is then the combination 
of three quantities: 

v.od, o, : + v  cgo,o. , _  llp.,Lc (3) 

where Hod is the Hubble velocity of the object, expressed in km s -1 , and the 
other two terms are the components along the line of sight of the peculiar veloc- 
ities of, respectively, the target galaxy and the LG. V~adiot is obtained directly 
from the galaxy's redshift. V/~r can be inferred from the CMB dipole moment. 
One of several distance determination techniques, such as the TF method, can 
produce an estimate of Ho d; such techniques can generally be calibrated indepen- 
dently on the value of Ho, in which case all distances are expressed in km s-1 . 
The application of eqn. (3) then allows the estimate of the radial component of 
the peculiar velocity of the observed galaxy. By mapping the peculiar velocity 
field, inversion of eqn. (2) allows recovery of the density field 5(r). To the extent 
that  it can be assumed that the galaxy distribution mimics the mass distribu- 
tion, density perturbations can be expected to be proportional to excess galaxy 
counts, so that ~]v = ( g  - / V ) / f "  = b(p -/5)//5, where b is usually referred to 
as the bias parameter. Then, if light traces mass, measurements of the peculiar 
velocity field and galaxy counts can be used to obtain an estimate offl  = ~2~ 

2.2 C o n v e r g e n c e  D e p t h  

Since the local number density field of galaxies 5N(r) is relatively well approxi- 
mated by the results of redshift surveys, it can be used to estimate the peculiar 
velocity of the LG, on the assumption of a constant bias parameter. We de- 
fine a window function W(r, R) = exp(-r2/2R2),  and approximate the peculiar 
velocity of the LG produced by the mass distribution out to ~ R as2 

2 The author acknowledges useful discussions with Peter Schneider on the nature of 
the integral in eqn. (4). 
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H~176176 / @ ( r ) ~ W ( r ,  R)dr  (4) Vper -- 4rb 

The asymptotic value of Vpec,LG(R), for R ~ co can then be matched to the 
velocity inferred from the CMB dipole moment. Note that the gravitational effect 
of a galaxy is or Mg,tr-2; if Mg,l o( Lgat, then the gravitational contribution of 
that galaxy to Vp~c,La is proportional to its flux. In principle, Vp~r can 
then be gauged from a complete catalog of positions and fluxes of galaxies, or 
any other widely distributed extragalactic population, such as clusters. Also note 
that the value of the bias parameter b, and therefore fl, will in general depend on 
the type of catalog chosen, i.e. on the clustering properties of the population: for 
example, clusters will yield smaller values of fl than galaxies, and IRAS galaxies 
yield larger values than optically selected galaxies. In practical terms, eqn. (4) 
is replaced by a summation over the sampled objects. The calculation is usually 
expressed in terms of the monopole and dipole of the distribution of objects: 

M(R)  = w,r__{, V ia )  = 3 ' (5) 

where the summation is over all sampled objects within the distance R, and wi is 
a suitable weight, such as the object's luminosity, corrected for sample selection 
bias. With increasing R, the monopole term tends to 4zr/VR, where /V is the 
average number density of objects and the peculiar velocity can be rewritten as 

W~c.LG(R) = 3 fl H o R  - -  
V(R) (5) 

Fig. 1 displays calculations of Ypec,LG(R), collated from different sources: a cat- 
alog of clusters of galaxies (Tini Brunozzi et al. 1995), an optical catalog of 
galaxies and a sample of IRAS galaxies (both after Scaramella et al. 1994). 
Each curve has been "scaled" by a different value of ~, namely: ~c = 0.30 for 
the cluster sample, flopt = 0.50 for the optical galaxies and flit = 0.85 for the 
IRAS galaxies. The scaling was chosen (somewhat arbitrarily) so that Vp~c,LG(R) 
would match a value near 630 km s-x for the two outermost points for which 
a calculation is available. The three trends differ somewhat. More than half the 
amplitude of Vpr162 is contributed by sources within h - i R  ,.~ 5000 km s -1 , 
in all the curves. However, while the IRAS galaxies suggest that convergence is 
reached below h - l R  .,, 104 km s -1 , the optical galaxies appear to not reach 
convergence even beyond that distance, and clusters may require integration to 
about h - l R  ,.~ 150 Mpc for convergence to be achieved. 
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Fig. 1. Illustration of convergence depth. Plots illustrate calculations via eqn. (5) of 
Vpr for: dusters of galaxies (solid circles; Tini Brunozzi et al. 1995), galaxies 
from optical an optically selected catalog (unfilled squares; Scaramella et al. 1994) and 
IRAS galaxies (asterisks; Scaramella et al. 1994). All curves have been scaled by the 
author, corresponding to values of fl as given in the text. 

2.3 P e c u l i a r  Veloci t ies  a n d  t h e  P o w e r  S p e c t r u m  

It is also useful to relate the statistical properties of the peculiar velocity field 
to the power spectrum of perturbations P(k). As above, let W(r) be a Gaussian 
window function and V(r)  the peculiar velocity field; the r.m.s peculiar velocity 
within a volume of radius R can be written as 

( v  ~) = (2~) -3  f v2(k)lW(k)l  2dk (~) 

where v(k) is the square of the Fourier transform of V(r)  and W(k) is  the Fourier 
transform of the window function. Using the relationship between the velocity 
field and the density field (2), and their respective Fourier transform, it can be 
shown that  the r.m.s, peculiar velocity can be written in terms of the power 
spectrum as 

Ho2121.2 f ( v  2) I~(k) l~P(k)k-2~ 
- (2~)~ J 

(7 )  
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The COBE results suggest that  P(k) o~ k at small k; at some value near k ,,~ 0.01- 
0.03 h Mpc -1, P(k) turns over and decreases for large values of k, as indicated 
by the correlation function of galaxies and clusters. CDM models require a power 
law drop at high k, while HDM models would require an exponential decay. We 
can compute (Y2) 1/2 using eqn. (7) and some approximation of P(k), e.g. that 
suggested by Bond and Efstathiou (1984), normalized via the COBE and APM 
results; the resulting values decrease rapidly as the size of the window function 
R increases: for h - l R  ,,~ 100 Mpc, r.m.s, bulk flows do not exceed values of 

200 km s -1 , for the range of generally accepted values of ~2o. If the LG moves 
at about  600 km s -1 , then either standard CDM models are inadequate, or 
the origin of our motion is local, or our corner of the universe is an unusually 
turbulent  one. 

3 O b s e r v a t i o n s  o f  L a r g e - S c a l e  M o t i o n s :  a B r i e f  S u r v e y  

3.1 T h e  C M B  D i p o l e  

The COBE measurements yield a value of 3.365 + 0.027 mK for the amplitude of 
the CMB dipole term, which is directed towards (l, b) = (264.4~ 0 .3~176 20 
(Kogut et al. 1993). If the anisotropy is due to the Doppler shift of the Earth 's  
motion relative to the CMB radiation field, the inferred velocity of the Sun is 
369.5 4- 3 km s -1 . Accounting for solar motion with respect to the LSR [20 
km s -1 towards (1, b) = (57 ~ 23~ and the galactic rotation of the LSR of 220 
km s -1 , the motion of the Galaxy with respect to the CMB is 552.2 + 5.5 
km s -1 towards (l, b) = (266.50 + 0.3 ~ 29.1 ~ 4- 0.40). The motion of the Galaxy 
with respect to the LG is a relatively uncertain quantity; when account for 
it is made, using for example the Yahil et al. (1977) solution, the LG moves 
with respect to the CMB at 627 + 22 km s -1 in the direction (lr bemb) = 
(2760 4- 3 ~ 300 + 3~ This direction is about 450 away from the Virgo cluster. 

3.2 M o t i o n s  at  t h e  Loca l  S u p e r c l u s t e r  Sca le  

The Yahil et al. (1977) solution for the solar motion with respect to the LG has 
Cartesian components of (-79,295,-37) km s-1 , directed respectively toward the 
galactic center, l -= 900 and the North galactic pole. Because the accuracy of 
this determination is poor, the de Vaucouleurs et al. (1976) simpler expression: 

Ygal : Yg~l "~ 300 sin l cos b (8) 

is also frequently used. 
While, as we shall see, there is substantial evidence for LG infall into the 

Virgo cluster, there appears to be little shear in the local peculiar velocity field 
(Faber and Burstein 1988). This characteristic has been referred to as the Local 
Anomaly. 
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De Vaucouleurs 3 (1958) pioneered the study of large scale structure in the 
local universe, promoting the idea of the existence of a Local Supercluster (LS). 
He also reasoned that  the mass concentration associated with the LS should 
be expected to locally slow down the Hubble expansion, and because the galaxy 
distribution in the LS appears flattened, he invoked global rotation of the system. 
His earlier estimates of both infall and rotational speeds were not comforted by 
reliable distance determination techniques, and have been superseded by more 
recent work. After an earlier study by Silk (1977), in 1980 Schechter produced 
a model of the Virgocentric flow using the linear approach briefly described in 
section 2 and assuming cylindrical symmetry for the supercIuster. He showed the 
flow to be unstable against shear only in the inner regions of the supercluster: 
for a mass density profile/~p ,-~ r -2, departures from radial motions would start  
occurring only inside the distance from Virgo subtended by the LG. 

In 1982, Aaronson et al. obtained an estimate of the Virgocentric infall ve- 
locity of the LG of Vro = 480 -4- 75 km s -1 , using distance measurements of a 
sample of spiral galaxies obtained via the TF  relation. A later determination by 
the same group, based on 306 spirals extending to a redshift distance of --~ 3000 
km s -1 , led to a revised value of the LG Virgocentric infall of 250 =t: 64 km s -1 . 
A re-analysis of the Aaronson et al. data by Kraan-Korteweg (1985) favored 
lower values of the Virgocentric infall, of about 200 km s -1 . Using the relative 
distance moduli of Virgo and nearby clusters, Jerjen and Tammann (1993) ob- 
tained a Hubble velocity of the LG relative to the center of the Virgo cluster of 
1179 + 17 km s -1 , and a Virgocentric infall velocity of 233 km s -1 . 

3.3 T h e  G r e a t  A t t r a c t o r  

The Local Supercluster alone cannot account for the motion implied by the CMB 
dipole moment: simple Virgo infall does not agree with either its magnitude or 
direction. Pure Virgocentric infall of 150 to 400 km s -1 would leave an unex- 
plained residual component of 400 to 500 km s -1 in the LG motion with respect 
to the CMB. As the complexity of the large~cale structure of the galaxian dis- 
tr ibution started to emerge, Shaya (1984), Tammann and Sandage (1985) and 
Lilje, Yahil and Jones (1986) suggested that the Hydra-Centaurus supercluster 
at a redshift of about 3000 km s -1 or supercluster structures hidden in the "zone 
of avoidance" in the general direction of (lomb, bomb) could play an important role 
in determining the gravitational field at the LG. 

Aaronson et al. (1986,1989) expanded their observations to include clusters 
at distances between 4000 and 11000 km s -1 , beyond the Local Supercluster 
and Hydra-Centaurus.  In their later work, they detected motions which they in- 
terpreted as produced by two main attractors, the Virgo cluster and a center just 
beyond the Hydra-Centaurus  region. Constraining the LG velocity with respect 
to the CMB to be fully explained by this geometry, they obtained components 
of the LG motion of 240 and 486 km s -1 , respectively in the direction of Virgo 
and of Hydra-Centaurus.  

3 We miss you, Gerard. 
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With an all-sky sample of about 400 elliptical galaxies, extended in redshift 
to about  6000 km s -1 , Dressier et al. (1987) claimed that  Hydra-Centaurus  
could not be the gravitational at tractor mainly responsible for the motion that  
causes the CMB dipole, because the supercluster itself appears to participate in 
the flow. In a more detailed study, Lynden-Bell et al. (1988) explored mainly two 
models : (a) one with a Virgo infall velocity at the LG of 250 km s -1 and bulk 
motion of velocity Vb of the entire sample towards direction (lb, bb), with respect 
to the CMB; (b) a second model, which in addition to Virgocentric and bulk 
flows includes that  produced by a mass concentration at a distance R~,  towards 
which the infall field at the LG has a velocity Vm. Option (b) fit better,  required 
a smaller Virgo infall velocity and made the bulk flow component superfluous. 
Their  best fit yielded a Virgo infall component at the LG of only 100 km s -1 , 
V~ = 570 km s -1 and R~ = 4350 km s -1 . The large mass concentration at 
the distance R~ appeared to be farther than the Hydra-Centaurus supercluster, 
which lies between 3000 and 4000 km s -1 . The name of "Great Attractor" (GA) 
was then tagged to the structure. 

The study of Lynden-Bell  et al. (1988) suggested a much reduced velocity 
of Virgo infall for the LG. Faber and Burstein (1988) corroborated that  result, 
suggesting that the magnitude of the Virgo infall at the LG might be as small as 
85 km s -1 . On the other hand, re-analyzing the Aaronson et hi. cluster sample 
within the framework of a bi-infall model (Virgo plus GA), Han and Mould 
(1990) found optimal solutions with Virgo infall velocities on the order of 200 
km s -1 , and GA infall solutions of the order of 400 km s -1 . The question of 
the true magnitude of the LG Virgo infall should be considered still open. 

The results of Lynden-Bell  et al. placed the GA near (lga, bga) -" (309 ~ 18~ 
at Rm = 4350 km s -1 , and recent applications of the Potent method yield 
(19a , bga) = (320 ~ 0~ at P ~  = 4000 km s -1 (Dekel 1994). In this region, the 
surface density of galaxies is greatly reduced by galactic extinction. In order to 
find a counterpart  to the dynamical GA, Dressler (1988) conducted a redshift 
survey over a wide region of sky centered roughly on (lga, bga), i.e. - 3 5  ~ < b < 
+45 ~ 290 ~ < I < 350 ~ which yielded a large overdensity between 2500 and 5500 
km s -1 . More recently, Kraan-Korteweg and Woudt (1995) have reported that  
the cluster A3627, located at l ,.~ 325 ~ b = - 7  ~ and cz = 4300 km s -1 (Abell, 
Corwin and Olowin 1989) is quite rich and may be an optical counterpart  to the 
GA. It should be however clear that,  while the search for massive structures in 
the GA region is extremely useful, the dynamical entity we refer to as the GA is 
likely to be the result of a complex superposition, reflecting the richness of the 
large-scale structure in the local universe. 
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3.4 B u l k  F lows  

In 1989 Scaramella et al. noted the presence of a large concentration of clusters 
of galaxies, near c z  ,~ 14,000 km s -1 (the "Shapley Supercluster"), located in 
the general direction of the GA. They postulated that  infall into that  overdense 
region may play an important  role in the determination of the local velocity 
field. While Dressier and Faber (1990) reported back flow into the GA beyond 
4500 km s -1 , Mathewson, Ford and Buckhorn (1992a) questioned their finding, 
as their independent data  set indicated continued outflow of galaxies beyond the 
location of the GA, out to the limits of their survey near 7,000 km s -1 , a result 
supportive of the of Scaramella et al. (1989) idea. 

The  report  of Willick (1990) that  the Pisces Perseus Supercluster (PPS),  at 
c z  ,'.. 5000 km s -1 and antipodal to the GA, has a peculiar velocity of about 
400 km s -1 in the general direction of the GA, appeared to corroborate the 
idea that  the whole volume of local universe engulfing the PPS, the LS and the 
Hydra-Centaurus -GA region is partaking of a b u l k  f l o w ,  roughly in the direction 
of the GA (or the Shapley supercluster), at a velocity of 400-600 km s -1 . The 
lack of a significant gradient in the motion appeared puzzling as was the recent 
report  of Mathewson (1995), that  the flow seemed to cease near 8,000 km s -1 , 
roughly half way between the GA and the Shapley supercluster, spurring him to 
suggest that  the source of the motion is not gravitational. 

An additional controversial piece of evidence was contributed in 1994 by 
Lauer and Postman. Using first ranked elliptical galaxies in 119 clusters as stan- 
dard candles, they reported a motion of 561 4- 284, km s -1 toward l = 220 ~ 
b = -280 (4-27~ of the Local Group with respect to the reference frame of 
the sample of clusters, which has an effective depth of about 10,000 km s -1 . 
This is largely discrepant from the direction of the apex of the CMB dipole, and 
would indicate that,  for a Doppler origin of the CMB dipole, the cluster sample 
as a whole is moving at 689 4- 178 km s -1 toward (l = 343 ~ b = +53 ~ (4-23). 
The dynamical implication of this result is that the LG motion and that  of the 
cluster sample are caused l a r g e l y  by mass concentrations beyond 10,000 km s -1 . 
The data  of Lauer and Postman have been re-analyzed independently by Colless 
(1995), who confirmed their results. 

Courteau et al. (1993) used a sample of northern spirals to confirm (a) the 
Willick detection of a 400 km s -1 motion of the PPS with respect to the CMB, 
directed toward the LG, and (b) outflow in the opposite direction of the sky. 
They interpret  the result as that  of a bulk flow at 360 4- 40 km s -1 in the 
direction l - 294 o 4- 5 ~ b = 0 ~ 4- 4 ~ averaged over a top-ha t  sphere of radius 
6,000 km s -1 centered on the LG. A sample of clusters of galaxies analyzed by 
Mould et al. (1993) yields very different results, i.e. a mostly quiescent velocity 
field, except for large infall in the region surrounding the GA. 
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4 R e d s h i f t - I n d e p e n d e n t  D i s t a n c e  

M e a s u r e m e n t  T e c h n i q u e s  

The techniques most extensively used in peculiar velocity surveys are the TF 
technique, applicable to spirals, and the D , - a  and Fundamental Plane (FP) 
techniques (Dressier et al. 1987b; Djorgovski and Davis 1987), applicable to 
spheroidal systems. Both the D , - ~  and FP methods are more accurate vari- 
ants of the earlier Faber-Jackson (1976) relation between the luminosity and 
velocity dispersion of elliptical galaxies. Lauer and Postman (1994) used a dif- 
ferent, purely photometric technique, applicable to brightest cluster E galaxies 
pioneered by Hoessel (1980). The average predictive accuracy of these methods 
is generally reported between 0.25 and 0.4 mag, i.e. between 12% and 20% on 
the distance, for an individual galaxy. Other techniques for the measurement 
of distances are also available, such as that  pioneered by Tonry and Schneider 
(1988) based on surface brightness fluctuations in ellipticals, direct measurement 
of variable star periods, supernovae, globular cluster luminosity functions, etc. 
(see the review by Jacoby et al. 1992). The application of these techniques does 
however not lend itself to extensive survey work, or distances in excess of a 
10-20 Mpc, yet. While some of them hold substantial promise, at this time the 
workhorses of peculiar velocity field surveys are the TF and FP or D,-c~. In the 
following, we shall concentrate on the former. 

4.1 T h e  T F  R e l a t i o n  

In 1977, R.B. Tully and J.R. Fisher proposed the relationship between luminosity 
and rotational speed of spiral galaxies, as a means of determining distances. 
Since then, the Tully-Fisher relation has been extensively used, both to map 
the peculiar velocity field and as a secondary method to measure the Hubble 
constant. TF distances have been estimated for several thousand galaxies, in 
their vast majority located within c z  < 7000 km s -1 . 

The technique relies on the combination of photometric and spectroscopic 
data, which jointly provide some or all of the following parameters : a spiral 
galaxy's redshift, rotational velocity, disk inclination to the line of sight, disk 
size and optical, infrared or HI line flux. After a set of corrections reduces a 
target galaxy's Doppler-broadened spectral line width to a rotational velocity, 
the latter is used to infer the expected luminosity or linear size of the object; flux 
or angular size are then used to obtain an estimate of its distance modulus. The 
essential tool of this exercise is a TF template relation: if it is assumed that a TF 
relation of universal validity for the spiral galaxy population exists, obtaining 
the best possible approximation of such a relation is generally the most delicate 
aspect of a TF program. 

The justification for the reliability of the TF relation as a distance indicator 
is based on a few simple scaling arguments. Consider a pure exponential disk of 
central disk surface brightness I(0) and scale length rd; its total luminosity is 
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Ld oc ,2dl(O ) (9) 

On the other hand, the mass internal to radius R is M ( R )  (x R V  ~, and if the 
rotat ion curve flattens in the outer regions of the disk as is usually the case for 
spiral galaxies, the total mass is 

Mtot oc rdY2max 

Combining eqns. (9) and (10), we can write 

(10) 

Ld oc ( M t o t / L d ) - 2 V 4 a ~ / I ( O )  

If a dark mat ter  halo is present so that  the disk mass is Md ---- FMtot, 

(11) 

Ld oc (Md /Ld ) -2F~V~ ,~ : / I (O)  (12) 

When the "standard" assumptions are made, i.e. that  F ,,~ eonst, M d / L d  "~ 
const and I(0) ,-~ const (Freeman's law, 1970), Ld (x V~a~, which resembles the 
T F  relation. In practice, none of the assumptions of constancy for M d / L d ,  F and 
I(0) apply; all those parameters exhibit mild dependencies on Vmax (or Ld), s o  

that  if Ld cx V~a~: , the actual value of the exponent n in empirical TF  relations 
is between 3 and 3.5. 

Early on, the TF  relation was studied and applied using blue band photome- 
try. In the early 1980's, the introduction of H band magnitudes was hailed as an 
important  step forward, in reducing the scatter produced by internal extinction 
corrections and differences among different spiral morphological types. More re- 
cently, it has become common practice to carry out surface photometry for TF  
work on I and R band CCD images. Sky background at those wavelengths is low, 
detectors have high efficiency and large fields and data acquisition is relatively 
fast even with small aperture telescopes. The population dominating the light at 
I band is comprised of stars several Gyr old. Thus disks are well outlined but of 
smoother appearance than farther in the blue, and their apparent inclinations to 
the line of sight can be more reliably determined. In addition, processes operat- 
ing in clusters, that  may alter the star formation rate in galaxies, will have little 
effect on the red and infrared light of disks; thus, smaller - -  if any - -  systematic 
differences are expected between the I and R TF  relation of cluster and field 
galaxies (Pierce and Tully 1992). 

The TF  relation is COlmnonly used in the form: M t l  = a + b log Vmax, where 
the coefficients (a, b) constitute the "template" relation. For an observed Vmax, 
one can then estimate the TF  magnitude MtI  obtained from the template. Its 
comparison with the magnitude Mobs, which is obtained from the observed flux 
by placing the galaxy at the distance indicated by its cz (e.g. as measured in 
the CMB reference frame), yields the difference 6m = Mobs -- Mty .  The radial 
peculiar velocity is defined by 

Vpec = czcmb[1 -- 10026"]. 

In this definition, positive peculiar velocities are directed away from us. 

(13) 
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4.2 The  TF  Relat ion:  Correct ions  and  Error  Budge t  

In its most widely used form, the TF relation correlates magnitudes and velocity 
widths. Important corrections need to be applied to those parameters before 
they are ready for use. The most important correction to the magnitudes is 
that due to extinction, which has two components: that produced in the disk 
of our Galaxy, and that which arises in the disk of the target object. The first 
part of that correction is relatively straightforward and uncontroversial. All- 
sky extinction maps produced by Burstein and Heiles (1978) are widely used. 
The corrections are generally small, except for very low galactic latitudes. The 
second component, internal extinction, is generally larger in amplitude and more 
a subject of controversy (see for example the proceedings of a recent conference 
on the subject, edited by Davies and Burstein 1995). A recent set of correction 
recipes is discussed in Giovanelli et al. (1994, 1995). 

The internal extinction correction is one that depends on the inclination, 
size, thickness and metallicity of the disk, and on the relative scale heights of 
the dust and stellar components. For use in TF work, it is customary to convert 
the observed magnitude to one in the face-on perspective, i.e., it is not required 
to solve for the total opacity of the disk, but only for the differential opacity 
between the observed and face-on aspect. The parametrization of the correction 
is simply 

m(0) = m - 7 log(a/b) (14) 

where 7 is a function of the luminosity of the galaxy, varying between 0.5 for the 
less luminous objects used in TF work, to about 1.2 for the brightest. This is 
due to the fact that both metallicity and path length of the line of sight through 
the disk tend to increase with luminosity. 

Failure to apply the correct internal extinction relation will produce a biased 
peculiar velocity field: inferred peculiar velocities will depend on the axial ratio 
of the sampled object; in addition, since intrinsically bright objects require larger 
values of 7, a luminosity-dependent bias (which also translates in a distance- 
dependent bias, since samples are seldom volume-limited) is introduced if ~" is 
assumed to be constant. 

Velocity widths are generally obtained from single-dish 21 cm line spectra, 
in which case the galaxy is generally not resolved by the telescope beam, or from 
emission line (e.g. Ha) optical long-slit spectra. In some studies, Fabry-Perot 
imaging spectroscopy has been adopted (e.g. Schommer et al. 1993; Amram et 
al. 1993); while Fabry-Perot spectra contain valuable two-dimensional spatial 
information, the simpler, faster to obtain single slit spectra are generally favored 
when optical spectroscopy is sought. Synthesis instruments such as the VLA, 
WSRT or AT, which can deliver the full velocity field in the 21 cm line, are not 
extensively used for TF work due to a combination of sensitivity and instanta- 
neous bandwidth limitations. This situation may change as currently planned 
upgrades materialize. 

Because the HI material generally samples farther out in the disks of spirals, 
the 21cm velocity widths tend to provide closer approximations to Vma= than 
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optical spectra, which terminate at the outermost star forming regions of disks, 
at which radius they are often still seen to be rising. On the other hand, 21 
cm single-dish spectra do not provide information on the shape of the rotation 
curve and on possible disturbances that might alter the spectral shape. 

The  impact of velocity width accuracy on the TF  error budget depends on 
the widths themselves. As measurement errors alone tend to be relatively inde- 
pendent  on the amplitude of the measurement, the relative error increases with 
decreasing width size. In addition, the relative importance of turbulent motions, 
vis-a-vis  tha t  of ordered rotational motions, increases as the width decreases. 
The correction for this contribution is quite uncertain. The relative error on Vop~ 
then, rises from values which can be as low as 1-2 %, for the larger measured 
widths, to as high as > 30% for the smaller widths. When the width error exceeds 
10-15%, the data becomes effectively worthless for TF  use. 

The  third important  ingredient of the TF  corrections menu is the disk incli- 
nation, i, which enters in the determination of the internal extinction correction, 
as well as in the correction of the observed width necessary to infer Vma=. Only 
objects with values of sin i larger than 30 ~ ~ are useful for TF  work. At the 
lower inclinations, the uncertainty introduced by errors in i in the estimate of 
Vma= can be quite substantial. 

Errors in the measured parameters and uncertainties in the correction recipes 
contribute between 0.15 and 0.30 mag to the seater of a good quality TF  relation. 
In addition, "cosmic" sources of scatter need to be considered, such as warps 
and other  velocity field distortions, disk and gravitational potential asymmetries, 
variations in the stellar population make-up and disk-to-bulge ratios of different 
galaxies, etc. The cosmic scatter of the TF  relation is estimated to be about 
0.2 mag. The addition in quadrature of the various sources of scatter produces 
an r.m.s, uncertainty in the TF  relation that varies between 0.22 and 0.4 mag 
(10% to 20% on the distance), this variation being roughly monotonic between 
the fastest and the slowest rotators. The use of a single figure of scatter for 
the T F  relation is a handy, but  imprecise manner of referring to the quality of 
the technique. These estimates of scatter assume the adoption of a good T F  
template,  of course. We consider the problems associated with obtaining such a 
tool, next.  

4.3 T F  Template  Relat ion  

Suppose the true TF  relation of a population of galaxies is given by Mr/ = 
atrt,~ + btrue 1ogVma=, and that  the cosmic scatter about that relation can be 
expressed in terms of a single figure ctru~. We derive estimates of atrue and 
bt~,~ from incomplete, limited samples. The quality of the resulting inferences 
on the peculiar velocity field will depend on how well our estimates approach 
the true value of the T F  relation coefficients. Alternatively, suppose that  our 
estimate of the offset is too low, i.e. a~,~ < ate,e; then all peculiar velocities will 
be biased negative, and the universe will appear to flow towards the observer 
from all directions. The  opposite will be true if aest > atrue. Suppose the slope 
is incorrect, so that  for example the estimated TF relation lies below the true 
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one at small widths and above it at large ones. The resulting bias in the peculiar 
velocity flow will produce apparent infall for objects of small width and apparent 
outflow for objects of large widths. Since most samples are closer to being flux- 
limited than to being volume-limited, it will appear as if the nearby volumes of 
space preferentially fall in, while the more distant parts of the sampled volumes 
flow out. All these biases have geocentric signatures, which assist the observer in 
their identification. However, when a sample does not cover the whole sky, but 
rather  only part  of a hemisphere or some restricted cone, the identification of a 
geocentric signature in the data  is more arduous, and confusion of the spurious 
product  of a biased TF  relation with a bulk flow can occur. 

How to construct a reliable TF  template relation? The safest approach is 
tha t  of utilizing a set of clusters of galaxies. For each cluster, a TF  relation 
can be constructed, as all objects in the cluster can be assumed to be at the 
same distance. After applying bias corrections that are different for each cluster, 
the optimal slope is selected for the global sample via a maximum likelihood 
technique. Let A m i  be the magnitude deviation of a given cluster from a TF  
relation of slope as just  determined and arbitrary offset. The offset of the TF  
template can then be obtained by imposing that  the average cluster deviation 
from the template over the whole cluster sample, (Am), be zero. This will also 
yield a set of individual cluster motions with respect to the template/reference 
frame. 

The  question of whether the clusters partake in bulk flow or not can be 
answered by measuring the dipole moment of the distribution of Am. The usual 
practical limitations apply to this approach: the number of clusters with well 
observed TF  relations is relatively small (two dozens or so); the volume they 
sample is not very deep (most distant ones near c z  ,~, 10,000 km s -1 , and the 
majori ty  are at c z  < 5000 km s -1 ), so that the influence of shear on the velocity 
field may be important;  sampling density per cluster is poor; cluster membership 
assignment is occasionally of arguable quality. The infamous case of A2634 well 
illustrates the pitfalls of this particular exercise (Lucey et al. 1991): TF  and 
D n - e  distances of the cluster have yielded values that are discrepant by more 
than 3000 km s -1 , which is more than 30% of c z  and several times the size 
of the error estimate associated with either of the two methods. This (extreme) 
example advises for use of much caution in the formal evaluation of distance 
errors. 

The exercise of obtaining a template relation is not complete without an ade- 
quate t reatment  of biases. Seminal work on the correction for biases in TF  work 
in clusters has been carried out by Bottinelli, Gouguenheim, Paturel and Teeriko- 
rpi, and analytical formulations have been sought by various workers (Bottinelli 
et al. 1986; Teerikorpi 1984, 1990, 1993; Willick 1994; Willick et al 1995 and refs. 
therein). A limitation of analytical treatments is that they require data sets to 
adhere to relatively simple selection biases, and their statistical properties to be 
well described by a few parameters. But scatter, as we have discussed, is mul- 
tivalued. In real life, samples tend to be haphazardly constructed, responding 
to whims of weather, time allocation committees, instrument performance and 
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availability, data  quality, etc. Since cluster samples tend to be constituted by 
fewer objects than one would desire, further stripping in order to conform to 
some set completeness criterion is usually not a viable alternative. The selection 
functions are then generally different for each cluster. 

An alternative to analytical modelling of bias effects is that  of constructing 
computer  simulations of the statistical process, and numerically obtaining expec- 
tat ion values for the bias corrections. One can then easily accomodate variable 
selection functions, variable scatter parameters, and the iterative nature of the 
bias correction process can be perhaps more accurately accomodated. 

How accurate are available TF  template relations? After all corrections are 
applied, currently available cluster samples can produce a TF  relation which 
approaches (at~,e, btr,,~) to within 0.05 to 0.07 magnitudes. This translates in 
a systematic error of about 140 km s -1 at distances of 5000 km s -1 . Since 
the flaw is in the calibration of the technique itself, the velocity of a given 
volume of space cannot be improved beyond that  limit, no mat ter  how dense the 
sampling. To a moderate extent, however, this calibration error can be further 
reduced, if a large, all-sky sample of objects is available. This can be done by 
judiciously minimizing the amplitude of geocentric solutions in the resulting 
peculiar velocity field. Ultimately, at any rate, the best approach to a bet ter  
template relation should be that  of observing a larger sample of distant clusters, 
well distributed over the sky. 

5 T h e  M o t i o n s  o f  N e a r b y  C l u s t e r s  

A collaboration including P. Chamaraux, L. da Costa, W. Freudling, M. Haynes, 
T.  Herter,  J. Salzer, M. Scodeggio, N. Vogt, G. Wegner, and this writer has ob- 
tained velocity widths and I band magnitudes for a sample of 600 cluster galaxies. 
They  have been combined with data published by others, to obtain a homoge- 
neous all sky set of distances for 24 clusters, which are listed in table 1. For each 
cluster, great care has been taken in ascertaining membership. When strong 
doubts existed on the definition of a cluster's structural parameters, as occurred 
with A2634, a redshift survey was carried out to improve on that  definition (e.g. 
Scodeggio et al. 1995). The cluster set was used to construct a template TF  
relation, and with respect to that,  peculiar velocities were estimated for each 
cluster. 

Table 1 lists for each cluster the center coordinates (cols. 2,3); the mean 
radial velocity measured in the CMB reference frame (col. 4); the mean peculiar 
velocity computed separately for a sample of strict members i ,  (V~c) , and for a 
larger, extended sample which includes both the strict members and about an 
equal number of peripheral objects (vi'~+] (cols. 5,6); the latter two values are 

x �9 p e c  / 

accompanied by the estimated errors in parentheses; the angle 0r in degrees, 
between the line of sight to each cluster and the CMB dipole apex direction 
(col 7); and finally V in+ cos 0r (col 8). The peculiar velocities are referred to 

�9 p e c  

the CMB reference frame, and their reliability depends on two factors: (a) the 
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Table 1. Motions of Clusters of Galaxies 

Cluster RA(1950) Dec(1950) czc,=b V~c V;~c + Oc,nb Vproi 
hhmmss.s ddmmss km s -1  km s -1 km s -1 o km s - l  

NGC 383 010430.0 +321200 4865 387(281) -68(182) 153 61 
NGC 507 012000.0 4-330400 4809 206(262) 44(217) 150 -38 
A262 014950.0 +355440 4660 0(187) 64(138) 144 -52 
A400 025500.0 +055000 6934 -411(406) -227(237) 121 118 
Eridanus 033000.0 -213000 1530 -370(090) -348(068) 99 57 
Fornax 033634.0 -353642 1321 -235(055) -338(056) 90 2 
Cancer  081730.0 4-211400 4939 0(225) -174(190) 63 -79 
Antfia 102745.0 -350411 3120 100(140) 202(095) I I  198 
Hydra 103427.7 -271626 4075 -332(172) -222(143) 7 -220 
NGC 3557 110735.0 -371600 3318 250(200) 388(147) 10 382 
A1367 114154.0 -{-200700 6735 -62(206) -109(200) 48 -73 
Ursa Major  115400.0 -{-485300 1087 -470(049) -495(049) 77 -113 
Cen 30 124606.0 -410200 3324 285(123) 341(090) 25 309 
Coma 125724.0 +281500 7185 228(214) 228(201) 62 108 
ESO 508 130954.0 -230854 3210 724(183) 540(107) 29 474 
A3574 134606.0 -300900 4816 44(264) 206(171) 35 168 
A2197 162630.0 4-410100 9162 -42(640) -42(314) 101 8 
A2199 162654.0 4-393800 8996 -42(640) -42(314) 100 7 
Pavo 2 184200.0 -632000 4443 447(297) 391(182) 76 94 
Faro 201300.0 -710000 4104 352(278) 318(199) 77 69 
MDL59 220018.0 -321400 2318 -554(151) -508(109) 119 244 
Pegasus 231742 .6  -{-075557 3519 16(168) -174(149) 161 164 
A2634 233554.9 4-264419 8895 61(378) -124(343) 173 123 
A2666 234824.0 +264824 7755 -199(440) 170 196 

statistical accuracy, which results from the number of objects in each cluster 
sample, the amplitude of the scatter in the data and the quality of the cluster 
parameters and membership, and (b) the degree to which the cluster template 
corresponds to a rest frame with respect to the CMB. 

The peculiar velocities derived from the extended sample of each cluster 
((Vpi~ + )  are statistically more reliable, due to the significantly larger number 
of objects leading to their definition. In the case of A2197/9, a single extended 
sample is used, since the two clusters are too close, both in the sky and in 
redshift, to allow separation into two different extended samples. In the case of 
A2666, its proximity in the sky to A2634 and the presence in the A2634 region 
of clumps at similar redshift as A2666 make the definition of an extended sample 
quite arduous, so a Vpi~ + for that  cluster is not given. 

Few clusters appear to have large, significant peculiar velocities: among those 
are Eridanus, Fornax, Antlia, Centaurus 30, ESO 508 and MDL59. Most of these 
clusters are nearby, within 2500 km s -1 of the LG; the more distant ones in that  
group - -  Antlia, N3557, Cen30 and ESO 508 - -  are close to the apex of the LG 
motion, and located in the foregorund of the putative CA. The remaining objects 
have peculiar velocities that  are, on the whole, statistically undistinguishable 
from rest in the CMB frame. It also appears that  the objects in the Pisces- 
Perseus supercluster region (A262, A400, N383 and N507) are not infalling as 
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claimed by Willick (1990). Finally, while Cen30, Antlia and ESO 508 suggest 
substantial  infall towards the GA region, Hydra and A3574, located at cz > 4000 
km s-1 , exhibit significantly milder motions. The evidence for large amplitude 
bulk flows is nil in this data set. 

The  general impression conveyed by this cluster sample is one of a relatively 
quiescent peculiar velocity field. Motions with respect to the CMB reference 
frame, with amplitude in excess of that of the LG, are not seen. While motions 
of comparable amplitude to that of the LG are detectable among objects near the 
LG, peculiar velocities become milder for more distant clusters. It should be kept 
in mind that  several nearby objects in Table 1 exhibiting high peculiar velocities 
are groups of low velocity dispersion, and therefore low mass, while more distant 
ones tend to represent, massive, main clusters in large supercluster aggregates. 
The latter are then more likely to be closer to the centers of large scMe density 
inhomogeneities, while nearby groups, peripheral structures of superctusters, are 
more likely to trace regions where the peculiar velocity field has large amplitude. 

6 A T e s t  o f  t h e  L a u e r  a n d  P o s t m a n  B u l k  F l o w  

As discussed in section 3.4, Lauer and Postman (LP) measured the dipole of the 
distribution of the brightest elliptical galaxies in 119 clusters, distributed over 
a volume of 15,000 km s -1 radius and with an effective depth of approximately 
10,000 km s -1 . They found that the reference frame defined by lhe group of clus- 
ters is in motion with respect to the CMB, at a velocity of 689 + 178 km s -1 , 
and towards the direction of galactic coordinates (3430 , +52~176 This mo- 
tion is roughly orthogonal to the CMB apex and in large disagreement with that 
reported by other surveys. 

In this section we use preliminary data  extracted from an all-sky sample of 
about 2000 field galaxies, of a collaboration which includes P. Chamaraux, L. 
da Costa, W. Freudling, M. Haynes, J. Salzer, G. Wegner and this writer, to 
inspect the motions of 268 spirals enclosed within two cones directed along the 
apex and antapex direction of the LP bulk flow. Each cone has a semi-aperture 
of 0.5 rad. Peculiar velocities are measured in bins of radial velocity, each 1000 
km s -1 wide, combining in opposition the apex and antapex data  sets. For each 
bin, a median value of the distribution of peculiar velocities is estimated. Every 
median value in figure 2 lies below the LP bulk velocity amplitude; in fact, not 
a single point exceeds half that amount. The component of the LG motion with 
respect to the CMB (as obtained from the CMB dipole), along the direction of 
the LP apex-antapex amounts to about 300 km s -1 . This compares well with 
the amplitude of the motions of the galaxies within 4000-5000 km s -1 , and is 
consistent with the idea that  those may be travelling companions of the LG with 
respect to the CMB. Beyond that distance, the amplitude of the motion appears 
more uncertain; a more detailed interpretation is hampered by the presence of 
large infall and backflow motions in the Perseus-Pisces supercluster at 5000 
km s -1 , which contributes part of the data in the LP antapex cone. An average 
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Fig.  2. Median peculiar velocities, "binned by shells of radial velocity 1000 km s - ]  wide; 
values refer to the total bulk velocity of the apex and antapex regions in each shell, 
added in opposition so that the sign is that of the net velocity in the LP apex direction. 
Thin error bars refer to the inner quartile range of the data around the median values, 
and thick error bars identify our best guess of the accuracy of the median value deter- 
mination, akin to a standard error. Numbers under each symbol identify the number 
of galaxies used in each bin. The LP bulk flow amplitude of 689 km s -1 is inset as a 
horizontal line for comparison. 

bulk flow with respect to the CMB as large as 689 km s -1 , of galaxies within 
the volume subtended by these data,  which extend out  to 8000 km s -1 , can be 
excluded. 

In summary ,  the prel iminary results presented in sections 5 and 6, bo th  for 
clusters and field galaxies, appear  consistent with a relatively quiescent picture 
of  the peculiar velocity field. While mot ions  of  individual galaxies, or small 
groups,  can achieve large velocities, especially in regions surrounding large mass 
aggregates,  such as superclusters, large clusters exhibit  relatively small velocities 
with respect to the CMB. 

The  author  wishes to thank the organizers of  the Laredo Summer  School, E. 
Mar t lnez-Gonzhlez  and 3. L. Sanz, for their hospital i ty in Cantabr ia ,  and for 
mak ing  a remarkable experience possible. This  work was supported in par t  by 
the NSF grant  AST94-20505.  
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Non-linear Evolution of Cosmological 
Perturbations 
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Abstract :  In these lecture notes I review the theory of the non-linear evolution of 
cosmological perturbations in a self-gravitating collisionless medium, with vanishing 
vorticity. The problem is first analyzed in the context of the Newtonian approximation, 
where the basic properties of the Zel'dovich, frozen-flow and adhesion algorithms are 
introduced. An exact general relativistic formalism is then presented and it is shown 
how the Newtonian limit, both in Lagrangian and Eulerian coordinates, can be re- 
covered. A general discussion on the possible role of possible relativistic effects in the 
cosmological structure formation context is finally given. 

1 I n t r o d u c t i o n  

An important  theoretical issue in cosmology is to understand the physical pro- 
cesses that  occurred during the gravitational collapse of the matter  which gave 
rise to the observed large-scale structure of the universe. A complementary issue 
is to reconstruct the initial conditions of the clustering process, e.g. the value 
of the cosmological parameters, the type of dark matter,  the statistics of the 
primordial perturbations, starting from observational data such as the spatial 
distribution of galaxies or their peculiar velocities. Much work has been recently 
done in the latter direction, since more and more data on peculiar velocities of 
galaxies, as well as very large and complete galaxy redshift surveys have become 
available. 

A:widely applied and well-motivated approximation when dealing with the 
dynamics of dark matter ,  either cold or hot, is to treat it as a system of particles 
having negligible non-gravitat ional interactions, a self-gravitating collisionless 
system. The dynamics of such a system is usually approached by different tech- 
niques, depending on the specific application. For instance, the evolution of small 
perturbations on a Friedmann-Robertson-Walker (FRW) background is followed 
by analytical methods. The non-linear evolution in cases where some symme- 
tries are present can also sometimes be followed analytically: typical examples 
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being the spherical top-hat model in the frame of the Newtonian approximation 
and the Tolman-Bondi solution in General Relativity (GR). There are also use- 
ful approximations valid in the mildly non-linear regime, such as the Zel'dovich 
approximation (Zel'dovich 1970). Besides this classical approach, a number of 
variants have been proposed, all trying to overcome the inability to follow the 
development of structures beyond caustic formation. Different approximations 
apply in the highly non-linear regime, such as the hierarchical closure ansatz 
for the BBGKY equations (e.g. Peebles 1980) . The most general problem of 
studying the fully non-linear dynamics of a collisionless system in Newtonian 
theory can only be followed by numerical techniques, such as N-body codes (e.g. 
Hockney & Eastwood 1981; Efstathiou et al. 1985). Finally, the non-linear rel- 
ativistic evolution of a pressureless fluid has been recently studied in a number 
of papers (e.g. Matarrese & Terranova 1995, and references therein). 

Here we review various methods, trying to show their possible interconnee- 
tions. Section 2 presents the Zel'dovich, frozen-flow and adhesion approxima- 
tions. Section 3 deals with the relativistic dynamics of a self-gravitating colli- 
sionless and irrotational fluid within GR. A final general discussion is given in 
Section 4. 

2 N e w t o n i a n  d y n a m i c s  o f  s e l f - g r a v i t a t i n g  

c o l l i s i o n l e s s  m a t t e r  

2.1 Genera l  fo rmal i sm 

Let us start by writing the Newtonian equations for the evolution of collisionless 
particles in the expanding universe (e.g. Peebles 1980). These can be written 
using suitably rescaled variables and in comoving coordinates. We shall assume 
that the universe is spatially flat and matter dominated, so that the scale factor 
reads a(t) = ao(t/to) 2/3 (a subscript 0 will be used to define quantities at some 
"initial time" to). A generalization of these formulae to tile open (and closed) 
universe case is given in (Catelan et al. 1995). The Euler equations read 

3 3 
d--a- + 7 a  u = - 

(1) 

d where u = dx/da is a rescaled comoving peculiar velocity field. The symbol 
stands for the total (convective) derivative 

d # 
- + . . v .  ( 2 )  

da Oa 

The continuity equation can be written in terms of the comoving matter 
density q(x, t) ~ e(x, t) aS(t)/eoa 3 (where e0 is the mean mass density at to) 

do 
d~ + ~ V . u  = 0, (3) 
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while the rescaled local (or peculiar) gravitational potential ~a - (3t~/2a3)~a (x, t) 
is determined by local density inhomogeneities 6(x, t) = q(x, t) - 1 through the 
Poisson equation 

V ~  = - .  (4) 
a 

We can restrict the analysis to initially irrotational flow. According to Kelvin's 
circulation theorem, in the absence of dissipation, vorticity is conserved along 
each fluid trajectory; in particular, a fluid with vanishing initial vorticity will for- 
ever remain irrotational. However, for a collisionless fluid such a property breaks 
down after caustic formation: a vorticity component is created in multi-stream 
regions, simply because the local Eulerian velocity field takes contributions from 
different Lagrangian fluid elements at the same position. Outside the regions of 
orbit mixing and/or  after applying a suitable low-pass filter one can define a 
velocity potential by u(x, a) = Vr a). It is then easy to derive from the Euler 
equation a Bernoulli equation relating the velocity potential r to the gravita- 
tional one ~, 

0+ 1 
Oa + ( v ~ ) 2  3 - -  = - - y a ( +  + ~ )  (5) 

By integrating along the particle trajectory x(a) one finds a formal solution 
of the continuity equation, 

{/.~ } , ( x , a )  = ,0 (q)  exp - da 'V-  u[x(q ,  a'), a'l �9 (6) 
0 

This can be compared with the formula obtained from mass conservation, 
~(x, a)d3x = r]o(q)daq, where q is the initial (Lagrangian) position of the parti- 
cle which has reached the (Eulerian) position x by the time a(t). One has either 
the well-known Lagrangian form 

0[q(x, a), a] = r]o(q)l]cgx/cOq~ -1, (7) 

where ~cgx/Oy~ is the Jacobian determinant of the transformation x --* y, or the 
Eulerian one 

, (x ,  a) = ,o(q)llOq/Ozll, (8) 

which however requires inverting the trajectory to find q(x, a). These solutions 
are only valid as long as no shell-crossing (caustic) has occurred, so that  there is 
a one-to-one correspondence between Lagrangian and Eulerian positions. Before 
caustic formation all these forms are identical. 

2.2 Ze l ' dov ich  a p p r o x i m a t i o n  

The simplest approximation is of course the linear one, which consists in neglect- 
ing the terms u . V u  in the Euler equations and V-(6u) in the continuity equation. 
The resulting expressions read uLig(x ,  a) = --Vqo0(x), ~LJN(X, a) = ~,0(X) and 
r/LZN(x, a) = 1 +aV2T0(x), having neglected the contribution of decaying modes. 
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The next step is the Zel'dovich approximation (ZEL), based on the ansatz 
of extrapolating the equation u = -~7~ (i.e. �9 = - ~ )  beyond linear theory; 
replacing this ansatz into the Euler equations gives 

d'---21 = 0, (9) 
da 

which has to be solved together with Eq.(3). The resulting system can be taken 
as the definition of ZEL. In this approximation a particle initially placed in q 
moves along a straight-line with constant "speed" u determined by the value of 
the initial peculiar gravitational potential in q, namely 

x(q, ra) = q - vaVq~0(q), (10) 

with Va = a - a0. The velocity field is conserved along each particle trajectory: 

u(x,  ra) = u0(q) = --Vq~'0(q). (11) 

The velocity potential, defined by u(x,T~) = Vx#(x ,  ra) = Vq#o(q),  which 
obeys the Hamilton-Jacobi equation 

04  1 (Vxr = O. (12) + 

The solution of Eq.(12) is 

#(x,  ra) = qh0(q) + (x - q)2/2Va. (13) 

The density field is usually represented in the Lagrangian form ~}(q, ra) = 
r/0(q)~l + r,  D0(q)[[ -1, where 1 is the unit matrix and Do the deformation ten- 
sor, with components Do,ij(q) = c32#o(q)/c3qiOqj. The deformation tensor can 
be locally diagonalized, by going to principal axes X1, X2, X3, with eigenvalues 
o~1, o~2, a3. We thus have 

rio(q) (14) 
r}(q, Va) ---- (i + Yacht(q)) (i + raa_-(q)) (I + Tac~3(q)) " 

According to the latter expression a singularity (caustic) in Lagrangian space 
would form at every point q where at least one eigenvalue, say ax, is negative. 

Besides being, by construction, consistent with the growing mode of linear 
perturbations at early times, ZEL provides a good approximation up to the 
time of first shell crossing. The inconsistency of ZEL can be seen as follows. 
Inserting the ansatz r -- -~ into the Poisson equation one gets an expression 
for the density fluctuation, $DVN ----- -aV �9 u, which is nothing but the linear 
theory relation between peculiar velocity and density fluctuation. This point has 
been discussed by Nusser et al. (1991), who refer to this determination of the 
density, ~TDVN = I + 6DYN, as dynamical density, to distinguish it from the 
continuity density obtained from Eq.(14). It is possible to go further this way by 
replacing this expression into Eq.(3): one gets the mass density in Lagrangian 
form T]DYN(q , "ra) = rt0(q)/(1 - ra6+(q)), where 6+(q) = -(Crl(q) + a2(q) + 
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o~3(q)), and the Poisson equation was used to relate ~0 to 50 and we defined the 
(scaled) initial growing mode 5+ - 5o/ao. 

It is then clear that  the Zel'dovich ansatz is only exact for one-dimensional 
perturbations, where the two above expressions for the density coincide; in 
the general three-dimensional case it fails. An alternative understanding of the 
Zel'dovich approximation might be obtained in the frame of perturbation theory 
in Lagrangian coordinates. This approach has been recently reviewed by Buchert 
(1995). 

2.3 Frozen-flow approximation 

The frozen-flow approximation (FFA) (Matarrese et al. 1992) can be defined 
as the exact solution of the linearized Euler equations, where in the r.h.s, the 
growing mode of the linear gravitational potential is assumed. Such an equation 
is solved by u(x, r~) = u0(x) -- -~7=~0(x), plus a negligible decaying mode. In 
this approximation the peculiar velocity field u(x, a) is frozen at each point to 
its initial value, that  is 

Ou 
0 ~  = 0, (15) 

which is the condition for steady flow. Such an equation can be used, together 
with the continuity equation to define FFA. Particle trajectories in FFA are 
described by the integral equation 

fo" = ' ' (16) x(q, q -  dToVx 0[x(q, to)]" 

particles during their motion update at each infinitesimal step their velocity to 
the local value of the linear velocity field, without memory of their previous 
motion, i.e. without inertia. This would be the case of a particle moving under 
the influence of a force in a medium with very large viscosity: the damping here 
is determined by the tIubble drag while the force is the gravitational one. 

As we shall see shortly, no caustics are formed at finite time in FFA, so that 
all expressions for the density can be used interchangeably. It is nevertheless 
interesting to write the comoving mass density as given by Eq.(6), namely 

fo "~ To) = exp [x(q, (17) 

having assumed r/0(x,) ~ 1. The logarithm of the density in x is given by the 
integral of the linear density field over the trajectory of the particle which has 
arrived to x at time r~, starting from the Lagrangian position q. 

FFA is, by construction, consistent with linear theory, so it follows correctly 
the evolution at early times (precisely as it happens for ZEL). The assumption 
of keeping the linear approximation for the velocity potential beyond the linear 
regime is justified by the fact that  this quantity is more sensitive to large wave- 
length modes than the density, it is therefore less affected by strongly non-linear 
evolution. Stream-lines are frozen to their initial shape, so multi-stream regions 
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cannot form, unless they were already present ill the initial velocity field. FFA 
therefore avoids the formation of caustics at finite va, so one can try to extrap- 
olate the approximation after the time at which the first shell-crossing would 
have appeared according to ZEL. A particle moving according to FFA has zero 
component of the velocity in a place where the same component of the initial 
gravitational force is zero, it will then slow down its motion in that  direction 
approaching such a position: particles in FFA need infinite time to reach those 
places where a pancake, a filament or a knot will occur. Moreover, since, unlike 
ZEL, these particles move along curved paths, once they come close to pancake 
configurations they curve their trajectories, moving almost parallel to them, try- 
ing to reach the position of filaments. Again they cannot cross it, so they modify 
their motion, asymptotically approaching them, to finally fall, for r~ --* oc, into 
the knots corresponding to the minima of the initial gravitational potential. Alto- 
gether, this type of dynamics implies an artificial thickening of particles around 
pancakes, filaments and knots, which mimics the real gravitational clustering 
around this type of structures. The physical thickening of the particle density 
around pancakes, filaments and knots, caused by the damped oscillations around 
these structures is replaced by an approximately exponential slowing down of 
particle motions, which however overestimates the actual particle deceleration. 
In the specular process of evacuation of initially underdense regions, FFA over- 
shoots the actual dynamics. Provided one gives up resolving the trajectories of 
individual particles, these effects produce a density field which looks roughly sim- 
ilar to the real one; in this sense the method should be considered intrinsically 
Eulerian. 

Matarrese et al. (1992) have considered the evolution of structures on large 
scales as described by FFA and compared it with the results of ZEL and of a N -  
body simulation, assuming a standard Cold Dark Matter model. Compared to 
the PM results, FFA recovers all the main structures in the correct places, even 
though they look thicker and the voids appear more empty and conspicuous. 
FFA leads to an excess of sub-structure, which is left on the way during the 
evolution instead of being erased by the hierarchical clustering process as in 
the true dynamics. The structures obtained by the Zel'dovich approximation, 
instead, are less prominent and more fuzzy, as the particles have diffused away 
from the caustic positions after shell-crossing. These results suggest that FFA is 
able to reproduce, at the statistical level, the clustering properties of the universe 
even on scales reached by the non-linear action of gravity. 

2.4 A d h e s i o n  a p p r o x i m a t i o n  

In the adhesion approximation (e.g. Gurbatov, Saichev & Shandarin 1989; Kof- 
man, Pogosyan & Shandarin 1990; Weinberg & Gunn 1990; Williamset al. 1991; 
Kofman et al. 1992) one modifies tlle Zel'dovich approach by adding an artificial 
viscosity term to Eq.(9), which is thus replaced by 

du 
_ v V 2 u .  (18) 

d a  
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The viscosity is introduced to mimic the actual sticking of particles around 
pancakes, caused by the action of gravity even in a collisionless medium. The 
parameter  v plays the role of a coefficient of kinematical viscosity, which controls 
the thickness of pancakes. 

The previous equation is the vector generalization of the well-known non-  
linear diffusion or Burgers equation of strong turbulence (e.g. Burgers 1974). One 
can still define a velocity potential through u = V~, which can be determined 
through the Hopf-Cole substitution 6i = - 2 v  In U; the scalar field U satisfies the 
linear diffusion or Fokker-Planck equation, OU/Or, = vV2U, with the initial 
condition U0(x) = exp[ -~0(x) /2v] .  The resulting velocity potential reads 

�9 (x,r,)=-2vln[(4rv!,)3/2fd3qexp(-1S(x,q, ra))], (19) 

where one defines the action S(x, q, ra) =- r  + (x - q)2/2ra, satisfying the 
Hamil ton-Jacobi  Eq.(12). The corresponding velocity field is easily obtained 
by differentiation; the Eulerian positions of the particles are found by direct 
integration of the integral equation 

j0 TM x(q,  to) = q + (2o) 

while the density field can be obtained from Eq.(7). 
The Burgers equation is usually considered in the limit of small (but non-  

vanishing) v, which corresponds to the limit of large Reynolds numbers, T~0 = 
uoeo/v, uo and t0 being the characteristic amplitude and scale of the initial 
velocity field. The product u0g0 can be estimated either from the rms initial 
velocity potential smoothed on some scale R, (~bo(R)) 1/~, if this is convergent, 
or from the square root of the structural function of qh0 

/5 D(r) = ([4i0(x)-O0(x+r)]  2) = ( 1 / r  ~) dkk2P~(k)W2(kR)[1-jo(kr)], (21) 

evaluated at a suitable lag, e.g. r ~ R. Here P~ is the power-spectrum of the 
initial gravitational potential and W(kR) a suitable low-pass filter. 

In the small v case the solution takes a simplified form which can be obtained 
from Eq . ( l l )  through a saddle-point approximation, 

~(x, ra)~-2vln[~ J(q~)-l/2 exp(-~--~S(x,q~,ra))], (22) 

where J ( q )  = ~1 + raD0(q)]], Do is the deformation tensor and q~ are the La- 
grangian points which minimize the action S at given x and r , .  The Zel'dovich 
approximation is recovered in the limit v ~ 0. This model has been applied to 
perform numerical simulations of the large-scale structure of the universe or to 
obtain some physical insight into the structure formation process in simplified 
cases. The model allows to obtain the skeleton of the large-scale matter  distribu- 
tion by a geometrical technique based on the insertion of osculating paraboloids 
into the hypersurface ~00(q). 
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Let us finally mention that a detailed statistical comparison of the various 
approximation schemes discussed here against full numerical simulations has 
been recently performed by Sathyaprakash et al. (1995). 

3 R e l a t i v i s t i c  d y n a m i c s  o f  a s e l f - g r a v i t a t i n g  

c o l l i s i o n l e s s  f l u i d  

3.1 G e n e r a l  f o r m a l i s m  

We start  by writing the Einstein's equation for a perfect fluid of irrotational 
dust. The  formalism outlined in this section is discussed in greater detail in 
(Matarrese & Terranova 1995). With the purpose of studying gravitational in- 
stability in a FRW background, it is convenient to factor out the homogeneous 
and isotropic FRW expansion of the universe and perform a conformal rescaling 
of the metric with conformal factor a(t), the scale-factor of FRW models, and 
adopt the conformal time r ,  defined by dr  = d t /a( t )  (r, not to be confused with 
the variable va of the previous section, is proportional to t 1/3 in the Einstein-de 
Sitter case). 

The line-element is then written in the form 

ds2 = a 2 ( 7 " ) [ -  c~dr2 + 7 ~ ( q ,  v)dq~'dq ~] . (23) 

For later convenience let us fix the Lagrangian coordinates qa to have physical 
dimension of length and the conformal time variable v to have dimension of time. 
As a consequence the spatial metric 7 ~  is dimensionless, as is the scale-factor 
a ( r )  which must be determined by solving the Friedmann equations for a perfect 
fluid of dust 

= 3 eba2 -- ac2 ' (24) 

- -  - + ~c 2 = 0 ,  (25) 
a 

where t~b(V) is the background mean density. Here primes denote differentiation 
with respect to the conformal time r and Jr represents the curvature parameter of 
FRW models, which, because of our choice of dimensions, cannot be normalized 
as usual. So, for an Einstein-de Sitter universe ir -- 0, but for a closed (open) 
model one simply has g > 0 (g < 0). Let us also note that the curvature 
parameter  is related to a Newtonian squared time-scale ~N through gN -- gc 2 
(e.g. Coles & Lucchin 1995); in other words ~ is an intrinsically post-Newtonian 
quantity. 

By subtracting the isotropic Hubble-flow, one introduces a peculiar velocity- 
gradient tensor 

1 ~ , 
~ = 7 7  7 ~  - (26) 

Thanks to the introduction of this tensor one can write the Einstein's equa- 
tions in a more cosmologically convenient form. The energy constraint, i.e. the 
t ime- t ime  component of the Einstein's equations, reads 
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a ! 

v q2 -- d~tg~ + 4--~ + c2(T~ - 6~) --= 16~rGa2~b6, (27) 
6t 

where T~(3 ' )  is the conformal Pdcci curvature of the three-space, i.e. that  
corresponding to the metric 7a~; for the background FRW solution -FRW 7~p 
(1 + ~ q 2 ) - 2 ~ ,  one has T ~ ( 7  FRW) -- 2 ~ .  We also introduced the density 
contrast ~ - (~ - eb)/~,- 

The momentum constraint, i.e. the time-space components of the Einstein's 
equations, reads 

~ l l ~  = ~,~" (28) 

To avoid excessive proliferation of symbols, the double vertical bars are used here 
and in the following for covariant derivatives in the three-space with metric 7a~. 

Finally, after replacing the density from the energy constraint and subtracting 
the background contribution, the evolution equation, coming from the space- 
space components of the Einstein's equations, becomes 

a' ( ] t g ~ , + 2 _ _ d S + t g 0 5  1 d ~ d ~ _ O  2 ~ + _ ~  4T~5_(T~+2,~)~ ~ = 0 (29) a "4-5 

The Raychaudhuri equation for the evolution of the peculiar volume expan- 
sion scalar t9 becomes 

d' + a't9 + d~ , ?~  + 4rGa2Qb~ = O. (30) 
a 

The main advantage of this formalism is that there is only one dimensionless 
(tensor) variable in the equations, namely the spatial metric tensor 7aZ, which 
is present with its partial time derivatives through ~9~, and with its spatial 
gradients through the spatial Ricci curvature 7 ~ .  The only remaining variable 
is the density contrast which can be written in the form 

~(q, ~) = (1 + ~0(q))[7(q, ~)/70(q)]- ' /~ - 1, (31) 

where 7 - det "7~. A relevant advantage of having a single tensorial variable, for 
our purposes, is that  there can be no extra, powers of c hidden in the definition 
of different quantities. 

Our intuitive notion of Eulerian coordinates, involving a universal absolute 
time and globally flat spatial coordinates is intimately Newtonian; nevertheless it 
is possible to construct a local coordinates system which reproduces this picture 
for a suitable set of observers. Local Eulerian - FRW comoving - coordinates x A 
can be introduced, related to the Lagrangian ones qa via the Jacobian matrix 
with elements 

Ox A 
,TA~(q, v) -- COq" =- dfA + D~(q ,  v) ,  A 1, 2, 3, (32) 

where / )A(q ,  r) is called deformation tensor. Each matrix element ,TA, labelled 
by the Eulerian index A can be thought as a three-vector, namely a triad, defined 
on the hypersurfaces of constant conformal time. They evolve according to 
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s~o'= aLs L , (33) 

which also follows from the condition of parallel transport of the triads relative 
to q along the world-line of the corresponding fluid element D(a f fa~) /Dt  = O. 

Our local Eulerian coordinates are such that the spatial metric takes the 
Euclidean form 6aB, i.e. 

7o~(q, 7") = 6aBJa(~(q, r )J%(q,  7"). (34) 

Correspondingly the matter density can be rewritten in the suggestive form 

o(q, r) = ~b(r)(1 + 60(q))[if(q, r) /J0(q)]-1 , (35) 

where J -_- det3"a~. Note that, contrary to the Newtonian case, it is generally 
impossible in GR to fix 3"o = 1, as this would imply that the initial Lagrangian 
space is conformally flat, which is only possible if the initial perturbations vanish. 

3.2 Linear  approx ima t ion  in Lagranglan  coordinates  

We are now ready to deal with the linearization of the equations obtained above. 
Let us then write the spatial metric tensor of the physical (i.e. perturbed) space- 
time in the form 

7~a = %~ + w~z, (36) 

with ~q~ the spatial metric of the background space - in our case the maximally 
.FRW _ and a small perturbation. The only symmetric FRW one, %~ = 7~p w,~ 

non-geometric quantity in our equations, namely the initial density contrast 60, 
can be assumed to be much smaller than unity. 

As usual, one can take advantage of the maximal symmetry of the background 
FRW spatial sections to classify metric perturbations as scalars, vectors and 
tensors. One then writes 

1 (37) 
w ~  = x % ~  + ~ l ~  + 7 ( ~ 1 ~  + ~ 1 ~ )  + ~ - ~ ,  

with 

~" I o = ~~ = ~",Jo = 0 , (3s)  

where a single vertical bar is used for covariant differentiation in the background 
three-space with metric %~. In the above decomposition X and ( represent 
scalar modes, ~ vector modes and 7r~ tensor modes (indices being raised by 
the contravariant background three-metric). 

Before entering into the discussion of the equations for these perturbation 
modes, let us quote a result which will be also useful later. In the 0 9 evolution 
equation and in the energy constraint the combination T'~ -- 4U~ - (U+2n)6~ 
and its trace appear. To first order in the metric perturbation one has 

7)~(w) = - 2 [ ( V  2 -  2h:)7r~ + X l ~ +  ~r (39) 
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where ~72(.) ~ (')l~" Only the scalar mode X and the tensor modes contribute 
to the three--dimensional Ricci curvature. 

As well known, in linear theory scalar, vector and tensor modes are indepen- 
dent. The equation of motion for the tensor modes is obtained by linearizing the 
traceless part of the z?~ evolution equation. One has 

a t 

+ - c 2 ( v  2 - = o ,  (40) 
a 

which is the equation for the free propagation of gravitational waves in a FRW 
background. The general solution of this equation is well-known (e.g. Weinberg 
1972) and will not be reported here. 

At the linear level, in the irrotational case, the two vector modes represent 
gauge modes which can be set to zero, ~" --- 0. 

The two scalar modes are linked together through the momentum constraint, 
which leads to the relation X = X0 + ~(( - (0). The energy constraint gives 

(V2 + 3~)[~( '  + (47rGa2~b-~c2)((-(o)-c~xo] =87rGa2~b6o , (41) 

while the evolution equation gives 

C +  2"-'(' = c 2 x .  (42) a 

An evolution equation only for tile scalar mode ( can be obtained by com- 
bining together the evolution equation and the energy constraint; it reads 

(V2-i-3g)[ r162 =-8rGa2eb6~ " (43) 

On the other hand, linearizing the solution of the continuity equation, gives 

6 = 60 - ~(V ~ + 3 ~ ) ( ( -  (0),  (44) 

which replaced in the previous equation gives 

,5,, + a'6~ _ 47rGa~ ~b 6 = 0 . (45) 
a 

This is the well-known equation for linear density fluctuation, whose general 
solution can be found in (Peebles 1980). Once 6(V) is known, one can easily 
obtain ( and X, which completely solves the linear problem. 

Eq.(43) above has been obtained in whole generality; one could have used 
instead the well-known residual gauge ambiguity of the synchronous coordinates 
to simplify its form. In fact, ( is det.ernained up to a space-dependent scalar, 
which would neither contribute to the spatial curvature, nor to the velocity- 
gradient tensor. For instance, one could fix (0 so that (~72 + 3~:)(0 = -260, so 
that  the ( evolution equation takes the same form as that for 6. 
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In order to better understand the physical meaning of the two scalar modes 
X and ( ,  let us consider the simplest case of an Einstein-de Sitter background 
(to = 0), for which a(v) o c r  2. By fixing the gauge so that U2(0 = -260 one 
obtains X(r) = X0 and 

c 2 
( ( r )  = - ~ x o r  2 + Bor  -3 , (46) 

where the amplitude B0 of the decaying mode is an arbitrary function of the spa- 
10 tial coordinates. Consistency with the Newtonian limit suggests X0 - -~-/~tP0, 

with ~0 the initial peculiar gravitational potential, related to 60 through V ~ 0  : 
4rGa2o~ob6o. One can then write 

1 2 
( ( r )  = - -~oor  + Bor  -a . (47) 

This result clearly shows that,  at the Newtonian level, the linearized metric 
is 3'r = 6a~ + (1~ ,  while the perturbation mode X is already post-Newtonian. 

These results also confirm the above conclusion that in the general GR case 
the initial Lagrangian spatial metric cannot be fiat, i.e. J0 # 1, because of the 
initial "seed" post-Newtonian metric perturbation X0. 

3.3 R e c o v e r i n g  t h e  N e w t o n i a n  a p p r o x i m a t i o n  
in t h e  L a g r a n g i a n  p i c t u r e  

The Newtonian equations in Lagrangian form can be obtained from the full 
GI:L equations by an expansion in inverse powers of the speed of light; as a 
consequence of our gauge choice, however, no odd powers of c appear ill tile 
equations, which implies that  the expansion parameter can be taken to be 1/c 2. 

Let us then expand the spatial metric in a form analogous to that used in 
the linear perturbation analysis above. 

7 ~ p = ~ + O ( ~ ? ) .  (48) 

To lowest order in our expansion, the evolution equation and the energy 
constraint imply that # 9  - P%(9)  = 0, and recalling that ~ = ~N/c ' ,  one 

gets g ~  = Tr = 0: in the Newtonian limit the spatial curvature identically 
vanishes. This important  conclusion implies that  9~/~ can be transformed to 6AB 
globally, i.e. that  one can write 9~m = 6AB~q~,qB~, with integrable aacobian 
matr ix  coefficients. In other words, at each time r there exist global Euleria.n 
coordinates x A such that 

x(q,  : q + S(q,  (49) 

where S(q, r)  is called the displacement vector, and tile deformation tensor be- 
comes in this limit 

t%_ c3qa (50) 
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The Newtonian Lagrangian metric can therefore be written in the form 

oSB(q, 3'ao(q'r):~AB(SA+OSA(q'r))( a 0q'  r ) ) .  (51) 

One can rephrase the above result as follows: the Lagrangian spatial met- 
ric in the Newtonian limit is that  of Euclidean three-space in time-dependent 
curvilinear coordinates qa, defined at each time r in terms of the Eulerian ones 
x A by inversion. As a consequence, the Christoffel symbols involved in spatial 
covariant derivatives (which will be indicated by a single bar or by a nabla op- 
erator followed by greek indices) do not vanish, but the vanishing of the spatial 
curvature implies that  these covariant derivatives always commute. 

Contrary to the evolution equation and the energy constraint, the Raychaud- 
huri equation and the momentum constraint contain no explicit powers of c, and 
therefore preserve their form in going to the Newtonian limit. These equations 
therefore determine the background Newtonian metric 7a~, i.e. they govern the 
evolution of the displacement vector S. 

The Raychaudhuri equation becomes the master equation for the Newtonian 
evolution; it takes the form 

0'+ a'o + ,~5,)~ + 4,~Ga~L,~ (~, -~/~ - 1) : O, (52) 
a 

where 
- 1 a')" - t  

- ( 5 3 )  

and, for simplicity, 60 = 0 was assumed (a restriction which is, however, not at all 
mandatory).  We also used the residual gauge freedom of our coordinate system 
to set ~a~(r0) = 5a~, implying ,~0 = 1, i.e. to make Lagrangian and Eulerian 
coordinates coincide at the initial time. That  this choice is indeed possible in 
the Newtonian limit can be understood from our previous linear analysis, where 
this is achieved by taking, e.g., (0 = 0. 

The momentum constraiut, 0~b ' = 0,u, is actually related to the irrotation- 
ality assumption. 

Let us also notice a general property of our expression for the Lagrangian 
metric: at each time T it can be diagonalized by going to the local and instanta- 
neous principal axes of the deformation tensor. Calling "~a the eigenvalues of the 
metric tensor, , ~  those of the Jacobian and de, those of the deformation tensor, 
one has 

q , (q ,  T) = 2•(q, r) = (1 + dr(q,  r)) ~" �9 (54) 

From this expression it becomes evident that,  at shell-crossing, where some of 
the Jacobian eigenvalues go to zero, the related covariant metric eigenvalues just 
vanish. On the other hand, other quantities, like the matter density, the peculiar 
volume expansion scalar and some eigenvalues of the shear and tidal tensor 
will generally diverge at the location of the caustics. Tiffs diverging behaviour 
makes the description of the system extremely involved after this event. Although 
dealing with this problem is far outside the aim of the present notes, let us just 
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mention that  a number of ways out are available. One can convolve the various 
dynamical variables by a suitable low-pass filter, either at the initial time, in 
order to postpone the occurrence of shell-crossing singularities, or at the time 
when they form, in order to smooth the singular behaviour; alternatively one 
can abandon the perfect fluid picture and resort to a discrete point-like particle 
set, which automatically eliminates the possible occurrence of caustics, at least 
for generic initial data. At this level, anyway, we prefer to take a conservative 
point of view and assume that  the actual range of validity of this formalism is 
up to shell-crossing. 

3 . 4  R e c o v e r i n g  t h e  N e w t o n i a n  a p p r o x i m a t i o n  i n  t h e  E u l e r i a n  p i c t u r e  

As demonstrated above, it is always possible, in the frame of the Newtonian 
approximation, to define a global Eulerian picture. This will be the picture of 
the fluid evolution as given by an observer that,  at the point x --- q + S(q, r) 
and at the time r observes the fluid moving with physical peculiar three-velocity 
v = dS/dr. From the point of view of a Lagrangian observer, who is comoving 
with the fluid, the Eulerian observer, which is located at constant x, is moving 
with three-velocity dq(x, r)/dr = -v .  

The line-element characterizing the Newtonian approximation in the Eule- 
rian frame is well-known (e.g. Peebles 1980) 

[ ( 2!ag(x'r)) c2dr2+SABdxAdxB], (55) ds 2=a2(r) - 1+ c2 

with ~a the peculiar gravitational potential, determined by the mass distribution 
through the Eulerian Poisson equation, 

V ~ g ( x ,  r) : 4~Ga2(r)Qb(r)5(x, r ) ,  (56) 

where the Laplacian V~, as well as the nabla operator V, have their standard 
Euclidean meaning. The perturbation in the t ime-time component of the metric 
tensor here comes from the different proper time of the Eulerian and Lagrangian 
observers. 

It is now crucial to realize that all tile dynamical equations obtained so far, 
being entirely expressed in terms of three-tensors, keep their form in going to 
the Eulerian picture, only provided the convective time derivatives of tensors of 
any rank (scalars, vectors and tensors) are modified as follows: 

D 0 dS 
- -  ~ - -  + v . V  v = (57)  
Dr Or ' dr 

This follows from the fact that, for the metric above,/~~ B =/~0ae = /~A c = 0, 
which also obviously implies that covariant derivatives with respect to x A reduce 
to partial ones. 

The irrotationality assumption now has the obvious consequence that we can 
define an Eulerian velocity potential ~ through 
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v(x, = Wv(x ,  (58) 

The  Newtonian peculiar velocity-gradient tensor then becomes 

a2 v (59) 
J A ~ -  OxAOz~ , 

because of which the momentum constraint gets trivially satisfied and the mag- 
netic Weyl tensor becomes identically zero in the Newtonian limit. 

We can now write the Raychaudhuri equation for the Eulerian peculiar vol- 
ume expansion scalar 3, and use the Poisson equation to get, as a first spatial 
integral, the Euler equation 

a p 

v ' + v �9 ~Tv + - - v  = - V ~ g  . (60) 
a 

This can be further integrated to give the Bernoulli equation 

a' 

All these equations would of course recover the form of Section 2, if the time 
variable and the peculiar velocity were rescaled as described at the beginning 
of that  section. Having shown the equivalence of this method, in the Newtonian 
limit, with the standard one, it would be also trivial to recover the Zei'dovich 
approximation in this frame. This point is further discussed by Matarrese & 
Terranova (1995). 

4 C o n c l u s i o n s  a n d  d i s c u s s i o n  

Aim of these notes was to introduce the reader to the theory of the dynamics of 
cosmological perturbations beyond the linear approximation. Let me spend this 
final section to discuss what I consider an open issue ill this field. The issue is 
whether there exists a range of scales where relativistic effects and non-linear 
evolution both come into play. The standard Newtonian paradigm states that 
the lowest scale at which the approximation can be reasonably applied is set by 
the amplitude of the gravitational potential and is given by the Schwarzschild 
radius of the collapsing body, which is negligibly small for any relevant cosmo- 
logical mass scale. What  is completely missing in this criterion is the role of the 
shear, which causes the presence of non-scalar contributions to the metric per- 
turbations. A non-vanishing shear component is, in fact, an unavoidable feature 
of realistic cosmological perturbations and affects the dynamics in at least three 
ways, all related to non-local effects, i.e. to the interaction of a given fluid element 
with the environment. First, at the lowest perturbative order the shear is related 
to the tidal field generated by the surrounding material by a simple proportion- 
ality law. Second, it is related to a dynamical tidal induction: tile modification of 
the environment forces the fluid element to modify its shape and density. Third, 
and most important  here, a non-vanishing shear field leads to the generation 
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of a traceless and divergenceless metric perturbation which can be understood 
as gravitational radiation emitted by non-linear perturbations. Note that  the 
two latter effects are only detected if one allows for non-scalar perturbations in 
physical quantities. Truly tensor perturbations are in fact dynamically generated 
by the gravitational instability of initially scalar perturbations, independently 
of the initial presence of gravitational waves. 

Using a post-Newtonian expansion in Lagrangian coordinates, Matarrese & 
Terranova (1995) obtained a general formula for the tensor modes tAB pro- 
duced by non-linear evolving perturbations. In the standard case, where the 
cosmological perturbations form a homogeneous and isotropic random field, 
they obtained a heuristic perturbative estimate of their amplitude in terms of 
the rrns density contrast and of the ratio of the typical perturbation scale ,X 
to the Hubble radius r H = e H  -1 (where H is Hobble's constant). They found 
7rrrns/C 2 "~ 62ms (A/rH) 2. These tensor modes give rise to a stochastic background 
of gravitational waves which gets a non-negligible amplitude in the so-called 
eztremely-low-frequency band (e.g. Thorne 1995), around 10-14 _ 10-15 Hz. One 
can roughly estimate that the present-day closure density of this gravitational- 
wave background would be I2gw(,X) ~ 4 t~rms()t/rH) 2. In standard scenarios for 
the formation of structure in the universe, the closure density on scales 1 - l0 
Mpc would be I2g~0 -,~ 10 -5 - 10 =-6. The amplitude of this gravitational-wave 
contribution, 7r ,-, 82()~/rH)2 , is an important  counter-example to the standard 
paradigm stated above, according to which relativistic effects should be propor- 
tional to ~g/c 2 ,~ ~()~/rH) 2. 
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Cosmological Applications of Gravitational 
Lensing 

P e t e r  S c h n e i d e r  

Max-Planck-Institut fiir Astrophysik, Postfach 1523, D-85740 Garching, 
Germany 

A b s t r a c t :  The last decade has seen an enormous increase of activity in the field of 
gravitational lensing, mainly driven by improvements of observational capabilities. I 
will review the basics of gravitational lens theory, just enough to understand the rest 
of this contribution, and will then concentrate on several of the main applications in 
cosmology. Cluster lensing, and weak lensing, will constitute the main part of this 
review. 

1 I n t r o d u c t i o n  

Gravitational light deflection has been one of the key tests of Einstein's Theory 
of General Relativity. Several authors in the 1920's have pointed out that  this 
effect may give rise to spectacular effects, such as multiple images or ring-like 
images of distant sources, but no one expressed his vision so clearly as Zwicky 
in 1937, when he claimed that  the observation of the gravitational lens effect 
will be 'a certainty'; he also estimated the probability of a distant source to be 
multiply imaged to be a few tenth of a percent, very close to modern estimates, 
and he predicted that  the lens effect will allow the determination of the mass of 
distant cosmic objects and, due to the magnification effect, allow deeper looks 
into the universe (for an account of the history of this field and for references, 
see Chap. 1 of Schneider, Ehlers & Falco 1992, hereafter SEF). These predictions 
were eventually verified when Walsh, Carswell & Weymann (1979) discovered the 
first lensed QSO, where two QSO images with redshift zs -- 1.41, separated by 
6", have nearly identical spectra from radio to X-ray frequencies, with a giant 
elliptical galaxy at redshift Zd = 0.36, situated in a cluster of galaxies, between 
the images. Today, the number of multiply-imaged QSOs is about 15; in addition, 
6 ring-shaped radio images have been found, in some cases with a (lower-redshift) 
galaxy at the ring center (for a recent review of the observational situation, see 
Refsdal & Surdej 1994). The discovery of giant luminous arcs in 1986 by Lynds 
& Petrosian (1986) and Soucail et al. (1987) has shown that  dusters  of galaxies 
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can act as efficient lenses; cluster lensing today is one of the most active fields 
of gravitational leasing (for a recent review, see Fort & Mellier 1994). Finally, 
the impressive demonstration (Alcock et al. 1993, Aubourg et al. 1993, Udalski 
et al. 1993) of the feasibility of the suggestion by Paczyfiski (1986) to search 
for compact dark objects in the halo of our Galaxy, has led to an active and 
successful search of Galactic microlensing events, both towards the LMC and 
the Galactic bulge (for a recent review, see Paczyfiski 1996). 

These discoveries have opened up a new road towards investigating massive 
structures in the universe. Since gravitational light deflection is insensitive to the 
nature and physical state of the deflecting mass, it is ideally suited to study dark 
matter in the universe. In this review, only some aspects of this exciting research 
field can be treated; whereas strong lensing applications will be discussed in 
Sect. 3, I will describe cluster lensing and weak lensing in Sect. 4 in somewhat 
more detail. However, the necessary tools must be prepared, which will be done 
in Sect. 2. 

2 L e n s i n g  g e o m e t r y  

2.1 T h e  lens equat ion  

The formal description of gravitational lensing is basically simple geometry. Con- 
sider a mass distribution (the deflector) at some distance Dd from us, and some 
source at distance Ds (see Fig. 1). Then, draw a reference line ('optical axis') 
through lens and observer, define planes ('lens plane' and 'source plane') perpen- 
dicular to this optical axis through lens and source, and measure the transverse 
separations of a light ray in the source and lens plane by 7/and ~, respectively. 
Then from simple geometry, the relation between these two vectors is 

D s ~ _  Das&(~) , (1) 
1/= Dd 

where &(t~) is the deflection angle. Since all deflection angles one is interested in 
are very small (even in clusters of galaxies, the deflection angles are well below 
11), and thus the gravitational fields are weak, the linearized field equation of 
General Relativity can be employed, which implies that the deflection angle is 
a linear functional of the mass distribution. Since the deflection angle of a light 
ray passing a point mass M at separation r is 4GM/(rc2), the deflection angle 
at position t~ caused by a mass distribution descibed by the surface mass density 
2~(~) becomes 

2 , ( 2 )  

where the integral extends over the lens plane. 
The simple description of a gravitational lens situation can be justified much 

more thoroughly from Relativity; the reader is referred to SEF, Chap. 4, and 
Seitz, Schneider & Ehlers (1994) for a rigorous treatment. Here it suffices to 
note that for all situations encountered in this review, the gravitational lens 
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Fig.  1. The geometry of a gravitational lens 

equations provide excellent approximations; in particular, the simple geometrical 
derivation of (1) remains valid in a Friedmann-Lemaitre universe if the distances 
are interpreted as angular-diameter distances. 

It is convenient to replace the physical lengths in (1) by angular variables, 
by defining fl = ~/D~, 0 = ~/Dd, 

Dd~ ^ 1 /l~ d20' a(0') 0 -- 8' 
a(O)  ---- --~---s oe(DdO) ----- ~ 2 IO_ Oil ' ' ' - ' ' ' ' ' ~  ' 

with the dimensionless surface mass density 

c 2 Da 
a(0) _- X(Dd0) with Z= = 

~cr 4~G DdsDd 

then the lens equation simply reads 

f~ = o - , ~ ( 0 )  

(3)  

(4)  

(5)  

The critical surface mass density ~cr is a characteristic value which separates 
strong from weak lenses; if ~ << 1 everywhere (i.e., ,U << Zer), then the deflector 
is weak, whereas if ~ ~ 1 for some 0, the lens may produce multiple images 
and is called strong. Multiple images occur if the lens equation (5) has multiple 
solutions e for the same source position/3. 
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2.2 T h e  de f l ec t ion  potent ia l ,  and  the  t ime-de lay  

Using the identity V In Ix[ = x / Ix [  2, one sees that  the deflection angle a can be 
written as the gradient, 

1 f l t  d20t ~(0') In [0--  0'[ , (6) (~(0) = Vr with r  : ~ 2 

of the deflection potential r If we define the Fermat potential 

10 - 1312 r  then Vr  = 0 (7) r ~)  := 2 

is equivalent to the lens equation (5). In fact, one can show that  ~b(0; fl) is, up to 
an affine transformation, the light travel time along a light ray from the source 
at f~ via a point 0 in the lens plane to the observer. Hence, (7) expresses the fact 
tha t  physical light rays are those for which the light travel time is stationary - 
which is Fermat's principle in gravitational lens theory. 

If a source has multiple images, the light travel time along the different rays 
will be different. Prom the interpretation of r it is clear that  the time delay At 
is proportional to the difference of the Fermat potential at the image positions. 
One finds: 

DdDs~ (1 

2.3 Magn i f i ca t ion  and i m a g e  d i s tor t ion  

Light bundles are not only deflected as a whole, but differential deflection oc- 
curs. Hence, in a first approximation, a circular light bundle aquires an elliptical 
cross section after passing a deflector. The differential deflection changes the 
solid angle subtended by a source. Since the surface brightness (or the specific 
intensity) is unchanged by light deflection - this follows from Liouville's theo- 
rem, or the fact tha t  light deflection neither creates nor destroys photons - the 
change in solid angle leads to a change of observed flux from a source: the flux 
of an infinitesimally small source with surface brightness I and solid angle Aw is 
S = I Aw. If Aw0 is the solid angle subtended by an infinitesimally small source 
in the absence of a deflector, then the observed flux of an image of this source 
at 0 is S = #(O) So, where the magnification # of an image of an infinitesimally 
small source is 

#(O) = ldetA(O)1-1 where A(O)= Of} ' 0--O (9) 

is the Jacobian matrix of the lens equation1; in components, Aij = Ofli/OOj - 
~i,j. The  matrix A describes the locally linearized lens mapping. Note that  

1 The magnification of a source is then the sum of the magnifications of its images; the 
magnification of an extended source is the surface-brightness averaged magnification 
of its source points. 
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trA(0) = 211 - n(0)] --- 2 - V2r i.e., the deflection potential r satisfies 
a Poisson-like equation. The fact that  the two eigenvalues of A will be different 
in general implies that  a circular source will be imaged, to first approximation, 
into an ellipse. We can write the components of A as 

( ) (cos(2~o) sin(2~o) ) 
A =  1 - n - T x  -72 = ( 1 - g ) 2 7 - [ 7 [  sin(2~o) -cos(2~o) -')'2 1 - ~ + 7 2  

( 1 0 )  
where "7 is called shear and describes the tidal gravitational forces ( I  is the two- 
dimensional identity matrix). The components of the shear are given by second 
partial derivatives of the deflection potential, 

1 1 
71 = ( r  - r  , 72  = r  = ( r  + �9 ( 1 1 )  

The eigenvalues of A are 1 - ~ + [-),[, where 13,1 = x/~tl 2 + ~,2, the axis ratio of the 
elliptical image of a circular source is given by the ratio of these two eigenvalues, 
and the orientation of the major axis is described by the angle ~o. We shall later 
discuss the image distortion for a general source. 

Note that  det A can vanish, which formally implies a diverging magnification. 
Of course, real magnifications remain finite. A real source is extended, and the 
magnification averaged over an extended source is always finite. Even if we had a 
point source, the magnification would remain finite: in this case, the geometrical 
optics approximation breaks down and light propagation had to be described by 
wave optics, yielding finite magnifications (see Chap. 6 of SEF). Astrophysically 
relevant situations involve sufficiently large sources for the geometrical optics 
approximation to be valid. The closed curves on which det A = 0 are called crit- 
ical curves; the corresponding curves in the source plane, obtained by inserting 
the critical points into the lens equation, are called caustics. An image close to 
a critical curve can have a large magnification; also, the number of images of a 
source changes by +2 if and only if the source position changes across a caustic. 
In this case, two images merge at the corresponding point of the critical curve, 
thereby brightening, and disappear once the source has crossed the caustic. The 
caustic is not necessarily a smooth curve, but it can develop cusps. A source 
close to, and inside a cusp has three bright images close to the corresponding 
point of the critical curve, whereas it has one bright image if situated just ouside 
the cusp. 

3 A p p l i c a t i o n s :  S t r o n g  l e n s i n g  

In this section I will discuss some of the cosmological applications of gravitational 
lensing which are related to galaxy-sized deflectors and those of smaller mass, 
keeping cluster-size lenses for the next section. The list presented here is of 
course non-exhaustive; I refer the interested reader to the review by Blandford 
& Narayan (1992) and the other reviews mentioned in the introduction. 
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3.1 M a s s  d e t e r m i n a t i o n  

The perhaps most obvious application of gravitational lensing is the determi- 
nation of the mass of the deflector. The simplest situation in which a mass 
can be determined is tha t  of a spherical deflector, with a source right be- 
hind the lens' center. If the lens is sufficiently strong, the source will form 
a ring-shaped image ('Einstein ring'), of which several examples have been 
found. For an axi-symmetric mass distribution, the deflection angle becomes 
&(0) = 4 G M ( <  O)/(C2Dd8), and so the lens equation, with the source at the 
origin, reads ODs = &(0)Dds. Combining the last two equations, one finds 

M ( <  0) = lr (Dd0) 2 Z'r (12) 

Hence, the mean surface mass density inside the Einstein ring is the critical sur- 
face mass density, and thus the mass inside the Einstein ring can be determined 
once its angular diameter and the redshifts of lens and source are measured. 

In fact, even if no ring-shaped image is observed, a mass estimate based 
on the preceding ideas is often useful and surprisingly accurate. For example, 
a quadruple image system allows to trace approximately the Einstein 'circle', 
and a mass estimate can be obtained from (12). However, more detailed mod- 
elling is warranted in such cases. It should be mentioned that  the mass inside 
the inner 0'.'9 of the lensing galaxy in the quadruple QSO 2237+0305 (the so- 
called 'Einstein cross') has been determined with an accuracy of a few percent 
(Rix, Schneider & Bahcall 1992), with the largest uncertainty being due to the 
Hubble constant. For modelling extended images, such as radio rings, elaborate 
techniques have been developed (Kochanek & Narayan 1992) and successfully 
been applied (Kochanek et al. 1989; Kochanek 1995a; Chen, Kochanek & Hewitt 
1995; Wallington, Kochanek & Narayan 1995). 

Whereas the mass determination from strong lensing events is the most ac- 
curate extragalactic mass determination (again: this method does not depend 
on the nature or state of the matter),  the limitations of this method should be 
kept in mind: it measures the mass inside 'cylinders', i.e., the projected mass, 
and it measures the mass only in the inner part of a lensing galaxy. 

3.2 M e a s u r i n g  t h e  H u b b l e  c o n s t a n t  

Refsdal (1964) pointed out that  a gravitational lens system can be used to de- 
termine the Hubble constant. The basic argument is as follows: all observables 
in a gravitational lens system are dimensionless (angles, flux ratios - although 
fluxes are measured, they provide no constraint on the geometry since the intrin- 
sic luminosity of the source is unknown -,  redshifts etc.), except the time delay 
between any pair of images. Now consider the size of the universe to be scaled 
by a factor L; then, all dimensionless observables were unchanged, but the t ime 
delay would also change by a factor L. Thus, a measurement of the time delay 
enables one to determine the absolute size of the lensing geometry, and thus the 
Hubble constant. 



154 

l%om (8) we see that  the time delay can be factorized as follows: 

At = ~----~F (lens model, Zd, zs, cosmology) (13) 

The  dimensionless function F depends on the cosmological parameters /2 and 
A, but  this dependence is not very strong if the source and lens redshifts are 
smaller than ,-~ 2 and ,.~ 0.5, respectively. The redshifts of source and lens are 
assumed to be known. The largest uncertainty is the construction of a reliable 
lens model; we shall discuss this further below. 

The second problem which occurs is the measurement of the time delay itself. 
For the double QSO 0957+561, monitoring of the two QSO images has been done 
in the optical (e.g., Vanderriest et al. 1989, Schild & Thomson 1995) and the radio 
(Roberts et al. 1991, Haarsma et al. 1996) wavebands for over 15 years. Despite 
this enormous observational effort, there has been no agreement on the value 
of At,  with values between 410days and 540days occurring in the literature, 
because: (i) the QSO has not been very cooperative, i.e., it has not varied strongly 
in the last 15 years; (ii) some variability of the images must be at t r ibuted to 
microlensing2; (iii) the QSO is observable from the ground with optical telescopes 
for only 8 months a year, so that  the lightcurves have gaps; this does not apply 
to the radio lightcurves, but due to the changing configurations of the VLA, 
the radio lightcurves also have gaps. A cross-correlation of the two lightcurves is 
thus subject to windowing effects. Furthermore, data  points with underestimated 
errors can affect the resulting time delay and thus require the usage of robust 
statistical methods (for a thorough discussion of these issues, see Press, Rybicki 
& Hewitt 1992, Pelt et al. 1994). 

Nevertheless, even if the time delay in 0957+561 is measured, its use for the 
determination of the Hubble constant will be limited, due to the uncertainty of 
the lens model. The large angular separation of this system (--~ 6") implies that  
the image splitting is caused by a combination of the main (elliptical) galaxy at 
Zd = 0.36 and a cluster in which that  galaxy is embedded; in addition, there is 
a second concentration of galaxies in the field, at a redshift of z --~ 0.5. The de- 
scription of the mass distribution thus requires more parameters than available 
constraints from the observations, leaving a large freedom for the function F 
in (13) (see, e.g., Bernstein, Tyson & Kochanek 1993). In addition, if to0(0) de- 
scribes a mass distribution for the lens which is compatible with all observational 
constraints [image positions, relative magnification matrix A(O (1)) A-t(0(2))] ,  

2 Since the matter in the lensing galaxy consists partly of stars, the mass distribution is 
grainy; the emitting region of the optical continuum light of QSOs is sufficiently small 
to be sensitive to the gravitational field of stars in the lensing galaxy, down to about 
Jupiter mass. Whereas the stellar gravitational field does not noticibly affect the 
angular position of the QSO images, it affects the magnifications, and thus the flux 
of the images. This effect has been clearly observed in the quadruple QSO 2237+0305 
(Houde & Racine 1994, and references therein), as in this system the fluxes of the 
four QSO images vary independently, whereas any intrinsic variation of the QSO 
must show up in all four images within the expected time delay of ~ I day. Note that 
this microlensing has led to interesting upper bounds on the size of the QSO emitting 
region (tLauch & Blandford 1991; Jaroszyfiski, Wambsganss & Paczyfiski 1992) 
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then the whole family ~(0) = A~0(0) + (1 - A) of mass distributions satisfies the 
observational constraints, but the function F in (13) scales like A, thus affecting 
the resulting value of H0 (Gorenstein, Falco & Shapiro 1988). This mass sheet 
degeneracy is always present, but is particularly severe in a case like 0957+561 
where the presence of a mass sheet is in fact concluded from the presence of a 
cluster. The mass sheet degeneracy then implies that  gravitational lensing can 
strictly yield only upper bounds on the Hubble constant. 

Perhaps the most promising system currently known for the determination 
of H0 is the Einstein ring B0218+35.7 (Patnaik et al. 1993), which contains 
two compact flat-spectrum image components. These compact components are 
expected to vary, thus enabling the measurement of the time delay, whereas the 
ring can be used to construct a detailed lens model. Since an extended image 
yields much more information about the lensing geometry than multiply imaged 
point-like sources, this system will be much better for constraining the function 
F in (13), also because the small image separation (0'/35) points towards lensing 
by an isolated (spiral) galaxy. Furthermore, the compact radio components are 
sufficiently extended (they have been resolved with VLBA observations - see 
Patnaik, Porcas & Browne 1995) as to not be affected by microlensing. Indeed, 
from the variability of the polarized flux, a preliminary value for the time delay 
(At = 12 + 3 days) has been obtained (Corbett, Browne & Wilkinson 1996). 

A value of H0 measured from lensing would be valuable for several reasons: it 
is a measurement which is completely independent of any local 'distance ladder', 
it would measure Ho on a truly cosmic scale, and thus being independent of local 
peculiar velocity fields, and also because an agreement between measurements 
on cosmic scales with those measured locally would provide a strong support for 
the validity of standard Friedmann-Lemaitre cosmological models. 

3.3 Galactic  microlens ing 

Among the currently most active fields of lensing research is Galactic microlens- 
ing, i.e., lensing by stars in our Galaxy. Paczyfiski (1986) suggested that  a search 
for such microlensing events may lead to the discovery of, or to an upper limit on 
the density of compact objects in the halo of our Galaxy, which are dark matter  
candidates. In this case, stars in the LMC are sources which are lensed by halo 
objects. As a 'control experiment', he suggested (Paczyfiski 1991) to observe 
stars in the Galactic bulge; in this case, the lenses are known to exist, namely 
the disk stars. The signature of microlensing is a characteristic lightcurve of the 
lensed star which is described by only four parameters. However, the difficulty of 
both experiments is the incredibly small lensing probability: about 1 out of 10 -~ 
stars in the LMC is lensed at any given time if the halo of our Galaxy is made 
of compact objects. This implies that  millions of stars have to be monitored, 
and the microlensing events have to be extracted from these many lightcurves 
which include many variable stars. It therefore came as a surprise when three 
groups announced their detection of microlensing events in the second half of 
1993. Today (Oct. 1995), more than hundred microlensing events are known, 
most of them towards the Galactic bulge (see Paczyfiski 1996 for a review). The 
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main result of these experiments is that  the microlensing rate towards the LMC 
is smaller than expected, by about a factor of 5, but that  the event rate towards 
the Galactic bulge is larger by a factor of three than expected from naive Galac- 
tic mass models. The latter fact is interpreted as indicating that  our Galaxy 
has a bar  which is pointing nearly towards us, and that  this bar constitutes a 
major  fraction of the microlensing optical depth (Zhao, Spergel 8, Rich 1995). 
A variation of the optical depth to microlensing with angular position will allow 
detailed mass models for the Galaxy. The small microlensing event rate towards 
the LMC indicates that  the halo of the Galaxy is not mainly composed of com- 
pact objects, its best-fitting mass fraction being about  20% (Alcock et al. 1995). 
However, at least part  of the lensing optical depth can be provided by objects 
in the LMC itself or nonhalo Galactic objects. 

The incredibly large frequency of publications on galactic microlensing events 
indicates that  this research will continue to yield important  results; e.g., on the 
Galactic mass distribution, the frequency of binary stars, on the dynamics within 
the Galactic bar, and can even be used to search for planetary systems. It should 
also be borne in mind that  the results from such experiments provide an eldorado 
for people working on stellar variability! 

3.4 L e n s i n g  s t a t i s t i c s  a n d  c o m p a c t  d a r k  m a t t e r  in t h e  u n i v e r s e  

The fraction of all high-redshift QSOs which are multiply imaged is proportional 
to the number density of lenses in the universe; hence, from the observed fraction 
of multiply imaged QSOs it is possible to constrain the statistical properties of 
the lens population. 

The probability that  a QSO is multiply imaged depends on its redshift (the 
larger the redshift, the more likely is a lens in the line-of-sight), its luminosity 
(because of the magnification biasa), the number density of galaxies (and its 
possible cosmological evolution), the mass and mass profiles of galaxies, and 
the cosmological model. Furthermore, the angular separation statistics of the 
multiple images depends on the masses and redshifts of the lenses, as well as 
on the cosmological model. The observed angular separation statistics depends 
furthermore on the observational selection function, which takes into account the 
finite angular resolution of the observations and the dynamic range of flux ratios 
which can be observed, depending on the angular separation of the images. 

3 QSO samples are flux limited. If a source is magnified, it can enter the flux-limited 
survey, although its unlensed flux may be below the flux threshold of the sample. 
Since multiply imaged QSOs are always magnified - typically by a factor of .-~ 4 for 
double QSOs, and by a factor --~ 10 or higher for quadruple QSOs - multiply imaged 
QSOs are overrepresented in flux-limited samples. This effect is called magnification 
bias, and it is larger for steep source counts: the steeper the counts, the more faint 
QSOs are there for any bright QSO, and thus the reservoir out of which sources can 
be magnified above the flux threshold is larger. QSO counts are very steep for bright 
QSOs with m ~ 19, and flatten considerably for fainter magnitudes (see Hartwick & 
Schade 1990); hence, the magnification bias is large for bright QSOs. 
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Several lens surveys have been completed in recent years (for references, see 
Kochanek 1995b), both in the optical and radio. In order to make use of the 
magnification bias, and thus to increase the probability that a QSO is multiply 
imaged, these surveys were performed for the apparently most luminous QSOs, 
i.e., for bright high-redshift QSOs. For these surveys, the selection function can 
be reasonably well determined (Kochanek 1993a). 

A statistical analysis of the results of these lens surveys consists in a 
parametrized description of the lens population. Kochanek (1993b) modelled 
the lensing galaxies as singular isothermal spheres, used a Faber-Jackson re- 
lation for the dependence of velocity dispersion (the parameter characterizing 
the leasing properties of an isothermal sphere) on luminosity, a/a. (x (L/L.) '7, 
where L.  is the characteristic luminosity which enters the (Schechter) luminosity 
function of galaxies. He then used a maximum-likelihood analysis to obtain the 
best-fitting parameter values from the lens surveys, assuming a constant comov- 
ing lens population. A similar analysis was carried out by Maoz & Rix (1993), 
who investigated also different mass profiles for the lensing galaxies. 

The main results of these studies can be summarized as follows: the observed 
statistics of multiply imaged QSOs is fully compatible with the 'standard as- 
sumptions' about the galaxy population and cosmology. The best fit value of a.  
is 245 =t= 30 km/s, very much in agreement with dynamically consistent models of 
early-type galaxies (spirals, though more numerous, contribute only little to the 
lensing probability), and the best-fit values for the Faber-Jackson index and the 
faint-end slope a of the Schechter function are 7/,~ 4 and a ,~ -1.1, again fully 
compatible with the canonical values. For fiat universes with ~2 + A = 1, the 
best-fit value is A --- 0, and a formal upper limit of A < 0.66 (95% confidence) 
can be obtained (Kochanek 1995b). Models in which elliptical galaxies have no 
dark halo do not reproduce the observed statistics; they predict too few large 
separation systems. 

There is not much room for compact 'dark' lenses with mass in excess of 
1011Mo, given that in the majority of the multiple QSOs a (luminous) lens 
'between' the images is detected. However, the constraints are less strong for 
lower-mass objects. For lens masses larger than about 106Mo, these can in prin- 
ciple be detected (or ruled out) with radio-interferometric observations. Kassiola, 
Kovner & Blandford (1991) analyzed available VLBI observations to put an up- 
per limit of/2c < 0.4 on the cosmological density of compact objects in the 
mass range 107M| g M g 109Mo; this limit and the corresponding mass range 
will very soon be dramatically improved, following dedicated VLBI surveys (Au- 
gusto, Wilkinson 8z Browne 1996; Patnaik et al. 1996). The image splitting by 
lenses with M g 10SMo cannot be resolved even with VLBI; nevertheless, a 
significant cosmological density of lenses with M ~ 103Mo can be ruled out if 
gamma-ray bursts are at cosmological distances; in that case, leasing of bursts 
would lead to multiple bursts with delay of ,,~ 2 • IO-5(M/Mo)seconds (Blaes 
& Webster 1992), and no obvious candidates for such multiple bursts have been 
identified yet. Following an early idea of Canizares (1982), Schneider (1993) 
has obtained upper limits on the density of compact objects in the mass range 
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3 • 10-4Mo g M g 10-1M| down to a limit of T2c g 0.1, from constraints on 
the variability of high-redshift QSOs: a cosmological population of such lenses 
would lead to the magnification of high-redshift QSOs, and since sources and 
lenses are moving, the magnification will change in time, leading to lens-induced 
variability. If the preceding limits on ~c are violated, QSOs would be more vari- 
able than observed [the lower mass limit is due to the finite size of QSOs; lenses 
with M g 10-4Mo cannot magnify the continuum flux of QSOs significantly; 
the upper mass limit is due to the finite time of observations from which these 
constraints were obtained - the Hawkins & V@ron (1993) sample of variability- 
selected QSOs]. Since the continuum source of QSOs is much smaller than the 
broad line region, lenses with 10-aMo ~ M ~ 102M@ can magnify the contin- 
uum flux, but not the line flux; a cosmologically significant density of compact 
objects in this mass range would thus lead to small line-to-continuum fluxes of 
some high-redshift QSOs. The observed lack of this effect has led Dalcanton et 
al. (1994) to obtain an upper limit of/2c g 0.1 for lenses in the above mentioned 
mass range. 

4 C l u s t e r  l e n s i n g  a n d  w e a k  l e n s i n g  

When giant luminous arcs were first explicitly mentioned by Lynds & Petrosian 
(1986) and Soucail et al. (1987) 4, they came as a surprise. Whereas alternative 
explanations for them have been put forward, the redshift determination of the 
arc in the Abell cluster A370 with redshift Zd = 0.37, yielding zs = 0.724 (Soucail 
et al. 1988), clearly verified the lensing hypothesis. Many giant arcs have been 
discovered since, and systematic surveys have been carried out (for a recent 
review on giant arcs and cluster lensing, see Fort & Mellier 1994). For example, 
Luppino et al. (1995) found giant arcs in 8 out of 40 X-ray-selected clusters 
with redshift > 0.15, and the fraction of arc clusters increases with increasing 
X-ray luminosity. In Sect. 4.1 below I will discuss some selected results from 
the analysis of arcs in clusters. If a few background galaxies are so strongly 
distorted as to form these giant luminous arcs, it appears evident that many 
more background galaxies are more weakly distorted; Fort et al. (1988) were the 
first to discover so-called arclets in A370: images near the cluster center, still 
with a large axis ratio, and aligned in the tangential direction relative to the 
center of the cluster. Spectroscopy verified the lensing origin of the brightest of 
these arclets, situated at zs = 1.305 (Mellier et al. 1991). Later, Tyson, Valdes & 
Wenk (1990) found several tens of aligned images of (presumably background) 
galaxies in the clusters A1689 and CL 1409+52. These discoveries then opened 
up the possibility to study the mass distribution in clusters, using giant arcs for 
the innermost part of the clusters, and the weakly distorted images in the outer 
parts. The finding of Kaiser & Squires (1993) of a parameter-free reconstruction 
of the surface mass density from observed image distortions has marked the 
beginning of a new and extremely promising field of research, of which some 

4 though arcs have been observed previously by several researchers 
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aspects and results are discussed in Sect. 4.2. The rest of this section is then 
devoted to other aspects of weak gravitational lensing, including the discovery 
of groups of galaxies through weak image distortions and magnification bias, the 
investigation of statistical properties of the mass distribution of galaxies, and the 
possibility to measure the power spectrum of density fluctuations in the universe 
from weak lensing. 

4.1 R e s u l t s  f r o m  g i a n t  l u m i n o u s  arcs  

Giant arcs are the result of very strong distortions of light bundles from back- 
ground sources. Such strong distortions require tha t  the locally linearized lens 
mapping, described by the matrix A (10), is nearly singular. In other words, 
giant arcs are formed near a critical curve of the cluster lens. Assuming for a 
moment that  the cluster mass distribution is axially-symmetric, then the mass 
estimate as given by eq. (12) is valid, where now 8 is the distance of the arc 
from the cluster center, and Zcr can be determined if the redshift of the arc is 
measured, or estimated from the color of the arc. This mass estimate is the most 
basic parameter  one can infer from the observation of a single arc, and in the 
absence of additional information and assumptions, it is the only quantity that  
can be derived. Depending on the geometry of the cluster, this mass estimate is 
fairly robust; it loses its accuracy if the cluster is highly eccentric or has signifi- 
cant substructure. From a sample of numerically generated clusters, Bartelmann 
(1995a) has shown tha t  this simple mass estimate typically overestimates the 
mass of the cluster within the arc distance by about 30%, however with a large 
scatter.  

The  discovery of arcs was a surprise, because it has been thought that  clusters 
are not compact enough to produce critical curves. To understand this, consider 
a cluster mass profile; keeping the outer profile fixed, by reducing the core size 
(i.e., the length scale within which the cluster mass profile is roughly flat) the 
central surface mass density is increased. Clusters become critical (i.e., possess 
critical curves) only if the dimensionless sin-face mass density n is of order unity 
at the center; this requires the core size to be sufficiently small. The core radius of 
clusters as estimated from X-ray observations of the intracluster gas was thought 
to be considerably larger than needed for critical clusters. The occurrence of arcs 
in clusters immediately demonstrated that  the core size of clusters must be small, 
much smaller than estimated before. 

The preceding discussion has been rather vague, since the concept of a 
core size of a cluster is not very well defined. Basically, it is a parameter in 
a parametrized profile, either of the mass or the X-ray emissivity, and differ- 
ent parametrizations can yield different values for the core radius. However, the 
differences between the core size as estimated from X-ray studies (typically in 
excess of 100h -1 kpc) and that  estimated from leasing are larger than can be 
easily explained as being due to semantic problems. To wit, if the mass profile of 
a cluster is described by an isothermal sphere with a finite core radius, in order 
for the cluster to be critical, the core radius must be smaller than half the Ein- 
stein radius of the cluster. Since the arc roughly traces the Einstein radius, the 
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core radius must be smaller than half the separation of the arc from the cluster 
center. Given that most arcs have a separation of ~ 20" from the cluster center, 
this argument implies core radii g 30h -1 kpc, in marked conflict with the results 
from X-ray imaging. These qualitative remarks have been substantiated in de- 
tail by Miralda-Escud6 & Babul (1995) who have investigated three arc clusters 
in detail for which X-ray observations are available. They also outlined several 
possible origins for the discrepancy, e.g., projection effects (which they consider 
unlikely), non-thermal pressure support of the intracluster gas, or a multiphase 
medium. When judging the seriousness of this discrepancy, one should always 
bear in mind the large number of assumptions entering the X-ray investigations, 
e.g., hydrostatic equilibrium, symmetry, isothermal gas distribution, whereas 
the lensing investigation is simple and purely geometrical. Recently, Waxman 
& Miralda-Escudd (1995) and Navarro, Frenk & White (1995) showed that the 
discrepancy may be reduced if the dark matter halo profile in clusters follows 
a universal density law, which allows an isothermal X-ray gas in hydrostatic 
equilibrium to develop a flat core well outside the radius where giant arcs form. 

For some clusters, the observations of arcs permit a much more detailed 
study of their (projected) mass density. This is the case if multiple images can be 
identified, or if several arcs show up, or if the brightness profile of the arc permits 
the identification of multiply imaged components. In the cluster C12137-23 
(Zd ---- 0.313), two arcs have been discovered (Fort et al. 1992): a tangential arc 
15~/5 away from the central cD galaxy and 12" long, and a radial arc about 
5" long and also 5" away from the center of the cD galaxy. The importance 
of this radial arc cannot be overstated, since its position clearly indicates the 
turnover of the mass profile; in other words, its position directly yields the core 
radius of this cluster, quite independent of any details of the lens model; the 
resulting value is rcore = 25h -1 kpc. A detailed model of this arc system was 
performed by Mellier, Fort & Kneib (1993). Amazingly, an elliptical isothermal 
mass profile (with finite core) with the same ellipticity and orientation as the 
cD galaxy yields an acceptable model for the tangential and the radial arc. This 
model then predicts the locations of two additional images corresponding to the 
source of the tangential arc, and one additional image of the source of the radial 
arc, and these predicted locations are impressively close to observed arclets in 
the cluster (within ff.~6). Hence, in this case the lens model has predictive power, 
and can be safely assumed to yield a realistic description of the mass distribution 
within the inner ~ 15" of the cluster. In the cluster A370, the detailed structure 
of the giant arc and several multiple image candidates were used to construct a 
detailed mass model for this cluster (Kneib et al. 1993); also in this case, a mass 
model which follows closely the distribution of light yields a satis~factory fit to 
the observations. The giant arc in the cluster Cl 0024+16 is split up into three 
segments; this is caused by a clump of cluster galaxies near the arc which locally 
perturb the lens potential significantly. Satisfactory models of this arc system 
were derived by Kassiola, Kovner & Fort (1992), and a lens inversion, using 
techniques similar to those used for inverting radio ring images (see Sect. 3.1), 
has been performed by Wallington, Kochanek & Koo (1995). In this case, the 
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mass of the perturbing galaxies can be estimated fairly accurately. As a final 
example, refurbished-HST images of the cluster A2218 (Kneib et al. 1995) have 
revealed a most amazing collection of arcs in the central parts of this cluster; 
together with several redshifts measured for these arcs, the most detailed mass 
model for the central part of a cluster currently available has been constructed. 

Several heroic attempts have been made to predict the frequency of occur- 
rence of giant luminous arcs from the observed number density of clusters, us- 
ing analytical models (e.g., Wu & Hammer 1993, Bergmann & Petrosian 1993, 
Miralda-Escud@ 1993, Grossman & Saha 1994). The results of these studies, in 
particular those which consider mainly spherically symmetric mass profiles for 
the clusters, are to be interpreted with great care, as shown by the numerical in- 
vestigation by Bartelmann & Weiss (1994), and Bartelmann, Steinmetz & Weiss 
(1995); the probability for forming arcs in these numerically generated cluster 
mass profiles is substantially higher than that of more symmetric mass profiles, 
say with the same mass. The reason for that is that asymmetries and substruc- 
ture increases the total length of the caustic curve. Another way to view this 
fact is that the shear is increased by substructure, such that critical curves can 
occur in regions where ~ is considerably less than unity (Bartelmann 1995a). 

4.2 Clus te r  mass recons t ruc t ion  f rom weak lenslng 

The fact that the sky is densely covered by faint galaxy images allows the sta- 
tistical study of distortions of light bundles from these high-redshift sources. 
The basic idea here is that the shape of a galaxy image is affected by the tidal 
gravitational field along its corresponding light bundle. This tidal field causes 
a circular galaxy to form an elliptical image. Since galaxies are not round in- 
trinsically, this effect can not be detected in individual galaxy images (except 
when the distortion is so strong as to lead to the formation of arcs), but since 
the intrinsic orientation of galaxies can be assumed to be random, a coherent 
alignment of images can be detected from an ensemble of galaxies. In this and 
the next two subsections, we shall discuss several aspects of this general idea. 

If one considers the line-of-sight towards a cluster of galaxies, one can assume 
that the main contribution to the tidal gravitational field along light bundles 
corresponding to galaxies behind the cluster comes from the cluster itself, unless 
there are other clusters near this line-of-sight. The tidal field, or the shear, is 
then related to the gravitational potential r of the cluster, as given in (11). 
Combining eqs.(ll) and (6), and defining the complex shear 7 by 7 = '~1 4- i'~2, 
one finds the relation between shear and surface mass density ~ to be 

1/r~ d20' ~(0 - 0') t~(O') , (14a) -~(0) = ~ 

with the complex function 

[ol 
(14b) 
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Since the relation (14a) between shear and surface mass density is a convolution- 
type integral, it can be inverted, e.g., by Fourier methods, to yield (Kaiser & 
Squires 1993) 

1 
/ R  d26' 7~e[:D* (0 - 8')7},(0')] + no (15) n ( o )  = 2 

where the asterisk denotes complex conjugation, and Re(x) is the real part of 
the complex variable x. Hence, if the tidal field ~ can be measured, the surface 
mass density of the cluster can be obtained from (15) up to an overall constant. 
The reason for this constant to occur is that  a homogeneous mass sheet does not 
cause any shear. 

One can think of several methods to characterize the shape of a galaxy im- 
age. A convenient method is provided by using the matrix of second brightness 
moments, 

Qij = f d20 I (0 )  (Oi - 0i) (0i - Oj) 
f d20 I(0) ' (16) 

where I(• is the surface brightness distribution, and 0 is the center of light of the 
galaxy image, defined such that  f d20 I(O) (0 - 0) = O. Defining in analogy the 

tensor of second brightness moments O!S ) of the intrinsic brightness distribution " ~ t j  

of the galaxies, one finds from the lens equation (5) and the conservation of 
surface brightness, I (0 )  = I(s)(f}(0)) that  Q(~) = A Q A ,  where A is given by 
(10). 

In the following, we shall for simplicity restrict our attention to non-critical 
clusters only, i.e., we shall assume that  detA > 0 everywhere. The reader is 
referred to Schneider & Seitz (1995) and Seitz & Schneider (1995a) for the treat- 
ment of critical clusters. One then defines the complex ellipticity of an image 
as 

QII - Q22 + 2iQ12 
= , ( 1 7 )  

Q l l  + Q22 - 2 /Q11Q= - 

and correspondingly the ellipticity c(~) of the intrinsic brightness profile of the 
galaxy in terms of O!S ) For example, if an image has elliptical contours of axis ~ 7 .  3 �9 

ratio r < 1, then lel =- (1 - r)/(1 + r). From the relation Q(~) = A Q A one then 
derives the transformation between intrinsic and observed ellipticity (Schneider 
1995) 

e(~) = e - g (18) 
1 -- g*~ ' 

where 
g - -  ~ (19) 

1 - n  

is the (complex) reduced shear. Finally, averaging over a set of galaxy images, to- 
gether with the assumption that  the intrinsic ellipticity distribution is isotropic, 
so that  (e (s)) = 0, one finds that  

g = ( 2 o )  
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Several comments have to made at this point: 
(a) The definition (16) of the quadrupole moments cannot be applied to real 
images, as the integration extends to infinity. In order not to be completely 
dominated by noise, a weighting function has to be included in the integrals. 
However, with an angle-dependent weight function, the relation between Q and 
Q(S) no longer has a simple form and is only approximately given by Q(S) = 
A Q A; the deviations from this law depend on the intrinsic brightness profile 
of the source and the weighting function. Even worse is the effect of seeing 
and an anisotropic point-spread-function (PSF), in particular if the latter is not 
known very precisely. Several methods to deal with these complications have 
been discussed in the literature (e.g., Bonnet & Mellier 1995; Kaiser, Squires 
& Broadhurst 1995). In particular, a calibration of the relation between ~ and 
e(s) is obtained from numerical simulations and from applying these methods 
to degraded HST images. It is clear that  HST images with their unprecedented 
angular resolution are best suited for this kind of work, and that  ground-based 
images are much more difficult to analyse. Future ground-based observations will 
make use of the calibration that  can be obtained from HST images, in particular 
if an HST field is centered on the ground-based image. 
(b) The fact that  the observable g has to be obtained from averaging over an en- 
semble of galaxy images implies that  this method has a finite resolution. I.e., the 
averaging process is performed over the galaxy images within a certain smooth- 
ing length from the point of interest. Several methods of smoothing have been 
discussed (Kaiser & Squires 1993, Seitz & Schneider 1995a); we prefer smoothing 
with Gaussian weights. Since the number of images over which the average is 
perfomed is finite, the relation (e(s)) = 0 is not strictly valid due to the finite 
width of the intrinsic ellipticity distribution; only the expectation value of e (~) 
vanishes. The smoothing length need not be kept constant, but can be adapted 
to the local 'strength of the signal'. 
(c) It is clear from (20) that  only the reduced shear is an observable, but not the 
shear itself as needed in the inversion equation (15). If the lens is weak in the 
sense a << 1, then g ~ % and (15) can be applied directly. In general, one can 
replace ~/in (15) by (1 - a)9, which then yields an integral equation for a(0). As 
shown in Seitz & Schneider (1995a), this integral equation can be easily solved in 
a few iteration steps. If this nonlinear correction is taken into account, then a(0) 
is no longer determined up to an overall additive constant as implied by (15), 
but there exists a global invariance transformation (Schneider & Seitz 1995) 

A (o) + (1 - (21) 

which leaves all image shapes invariant. Note that  this invariance transformation 
is the same as the mass sheet degeneracy discussed in Sect. 3.2. Of course, the 
allowed values of ,k are restricted by the requirement that  the resulting mass 
distribution is non-negative. Hence, this constraint always allows to obtain a 
lower limit on the mass. An alternative way to obtain a lower limit to the mass 
inside circular apertures has been discussed by Kaiser (1995a) - the so-called 
aperture densitometry - which also allows a rigorous estimate of the uncertainty 
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of this lower limit. Also, if the data  field is sufficiently large, one might expect 
that  a decreases to near zero at the boundary of the field, which then yields a 
plausible range for A; this in fact is one of the arguments to demand wide-angle 
fields. 

(d) The integral in (15) extends over the whole sky; on the other hand, data  are 
given only on a finite data  field (CCD field)/4. If the field/4 is not sufficiently 
large, and the contributions of the integral (15) from outside the data  field 
are neglected, the estimate of the surface mass density is no longer unbiased, 
but boundary artefacts occur. Kaiser (1995a) noticed that  there exists a local 
relation between the gradient of ~: and certain combinations of first derivatives 
of the shear components (which is due to the fact that  both of these quantities 
are third derivatives of the deflection potential r Performing averages over 
line integrations of this local relation allows the construction of unbiased finite- 
field inversion formulae (Schneider 1995, Kaiser et al. 1995, Bartelmann 1995c, 
Seitz & Schneider 1995b). In the latter of these papers, an inversion formula has 
been derived which filters out a particular noise component in the data  which 
is readily identified as such, and a quantitative comparison with other inversion 
formulae has been performed. 

(e) The transformation (21) leaves all image shapes invariant, but affects the 
magnification, # ~ #/A 2. Hence, this invariance transformation can be broken 
if the magnification can be measured. Two possibilities have been mentioned in 
the literature: Broadhurst, Taylor & Peacock (1995) noticed that  the magnifica- 
tion effect changes the local number density of galaxy images (see footnote 3), 
n(S) = no(S/#)/p, where n(S) are the cunmlative number counts, and no(S) are 
the counts in the absence of lensing. Assuming a local power law, no(S) (x S -'~, 
then n(S)/no(S) = p,~-l. The blue galaxy counts have ~ ~ 1, and so no mag- 
nification bias effect is observable. However, counts in the red have a flatter 
slope, a ~ 0.75, and a number density decrease should be seen in regions of 
high magnifications. The number counts of galaxies with a red color has an even 
flatter slope, and the magnification effects become stronger. Indeed, this effect 
has been clearly seen in the cluster A1689 (Broadhurst 1995). The magnifica- 
tion effect also changes the redshift distribution at fixed apparent magnitude. 
Bartelmann & Narayan (1995) noticed that  individual galaxy images become 
apparently brighter, at fixed surface brightness. Assuming a sufficiently tight 
intrinsic magnitude - surface brightness relation, the magnification can be ob- 
tained locally. The additional information coming from the magnification effects 
cannot be incorporated easily in a direct inversion formula such as (15), and 
there are two possibilities to make use of it: one could obtain the surface mass 
distribution from a direct inversion, such as (15), and use the magnification infor- 
mation afterwards to fix the transformation parameter A in (21). Or, one could 
use a reconstruction method which takes into account the local magnification 
information. One possibility for the latter is a maximum-likelihood approach 
(Bartelmann et al. 1995) for the reconstruction of the deflection potential r 

(f) We have implicitly assumed that  all sources have the same redshift, i.e., that  
the critical surface mass density Ecr is the same for all sources. This assump- 
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Fig. 2. The WFPC2 image of the cluster C10939-F4713 (A851); North is at the bottom, 
East to the right. The coordinates are in arcseconds. The cluster center is located at 
about the upper left corner of the left CCD, a secondary maximum of the bright 
(cluster) galaxies is seen close to the interface of the two lower CCDs, and a minimum 
in the cluster light is at the interface between the two right CCDs. In the lensing 
analysis, the data from the small CCD (the Planetary Camera) were not used 

tion is not too bad if the cluster is at a sufficiently low redshift, since then the 
ratio Dds/Ds can be assumed constant for faint galaxies. In general, however, 
the redshift distribution of galaxies has to be taken into account. In the weak 
lensing regime (a << 1, h'l << 1), only the mean value of Dds/D~ enters the recon- 
struction. The non-linear case is more complicated (Seitz & Schneider 1996) and 
requires the functional form of the redshift distribution. On the other hand, this 
dependence may also allow to obtain constraints on the redshift distribution of 
the faintest galaxies. Alternatively, Barte lmann & Narayan (1995) pointed out 
tha t  the expected strong dependence of surface brightness on the redshift of 
galaxies, together with the dependence of the lensing strength on source red- 
shift, may  allow to determine the redshift distribution of galaxies by studying 
the variation of lensing strength (i.e., mean ellipticity) as a function of surface 
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brightness. Also, the comparison of lens reconstruction of clusters at different 
redshifts might allow conclusions about the redshift distribution as a function of 
magnitude (Small, Ellis & Fitchett 1994). 

The cluster construction method described above has been applied to several 
clusters. Fahlman et al. (1994) analyzed the shear field of the cluster MS1224 
and obtained a mass-to-light ratio of N 800h, where h is the Hubble constant in 
units of 100 km/s/Mpc; in particular, the mass derived is much larger than that 
obtained from a virial analysis. For the cluster A1689, an M/L-ratio of about 
450h was found by two independent groups (Kaiser 1995b; Tyson & Fischer 
1995). A similar value for the M/L-ratio was found for two clusters by Small et 
al. (1995). 

We (Seitz et al. 1995) have recently analyzed the 'weak' lensing effects in the 
cluster C10939+4713 (A851), using WFPC2 data (Dressier et al. 1994). Since 
the WFPC2 field is fairly small, we have data only in the center of the cluster, 
where the lensing is not weak. Also, the small field requires the use of an un- 
biased finite-field inversion technique, and we used the one derived in Seitz & 
Schneider (1995b). Fig. 2 shows the WFPC2 inaage of the cluster, and the recon- 
structed mass distribution, together with results from a bootstrapping analysis, 
is shown in Fig. 3. From the latter figure, one infers that the reconstruction 
yields basically four significant features in the mass map: a maximum close to 
the position where the cluster center is predicted from optical observations, a 
secondary maximum roughly in the lower right CCD, an overall gradient in the 
lower two CCDs increasing 'to the left', and a pronounced minimum at the 
interface between the two right CCDs.  Comparing these features with the im- 
age (Fig. 2) one sees that the maximum is clearly visible in the bright (cluster) 
galaxies, but also the secondary maximum and the minimum in the light dis- 
tribution. In addition, the two maxima may be traced by the X-ray emission, 
as indicated by the ROSAT PSPC-map. Hence, in this cluster we have strong 
evidence of significant substructure in the mass, and that the light distribution 
on average follows this substructure. It will be interesting to compare the mass 
map with a detailed HRI map which will be obtained soon (S. Schindler, private 
communication). The M/L-ratio of the cluster within the WFC field depends 
on the assumed redshift distribution of the background galaxies. Assuming that 
the mean redshift of galaxies with 24 _< R < 25.5 is about unity, we find that 
M / L  ~ 200h, a value significantly lower than for, e.g., MS1224. However, this is 
not too surprising, since A851 is the highest-redshift cluster in the Abell cata- 
log which clearly biases towards high optical luminosity. In this cluster, we also 
have detected the magnification effect discussed above, which has allowed us to 
obtain not only a strict lower limit on the mass inside the data field, but also to 
obtain an estimate of the mass, which led to the above value for the M/L~ratio. 
Note, however, that this mass calibration is uncertain due to the fact that an 
(unknown) fraction of the faint galaxies are cluster members which renders the 
estimate of the magnification effect uncertain. 
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Fig. 3. The lower right panel shows the reconstructed mass distribution of A851, as- 
suming a mean redshift of the N = 295 galaxies with 24 < R _< 25.5 of (z) = 1. 
The other three panels show reconstructions obtained from the same data set via 
bootstrapping, i.e., selecting randomly (with replacement) N = 295 galaxies from the 
galaxy sample. The similarity of these mass distributions shows the robust features of 
the reconstruction, i.e., a maximum, a secondary maximum, an overall gradient, and 
a pronounced minimum; these features can be compared with the light distribution as 
shown in Fig. 2 

4,3 M a g n i f i c a t i o n  e f fec t s  in  h i g h - r e d s h i f t  Q S O  s a m p l e s  

The magnification bias which has been discussed in footnote 3, can affect the 
number  counts of objects, provided the optical depth (or lensing probability) is 
sufficiently large, and the number  counts of these sources are sufficiently steep�9 
Whereas there has been a long debate  of estimating the importance of this mag- 
nification bias on QSO counts, it now appears  that  the counts are not dramati-  
cally changed by lensing (for references and a detailed discussion, see Sect. 12.5 
of SEF). Nevertheless, the fraction of magnified sources in a flux-limited sample 
can still be appreciable. A sign of a magnification bias could be found if high- 
redshift QSOs were associated with potential  lenses along their lines-of-sight. 
Such associations have been found: on scales of a few arcseconds, several claims 
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have been made of a detection of a statistically significant overdensity of galax- 
ies around high-redshift QSOs (for references, see Sect. 12.3 of SEF), though the 
situation is not without controvercies (Wu 1996, and references therein). 

Here I want to concentrate on associations on much larger scales: Tyson 
(1986) and Fugmann (1988, 1989) discovered a statistically significant overden- 
sity of galaxies around high-redshift quasars on an angular scale of about o n e  

arcminute (but see Fried 1992 for a negative result). Later, Fugrnann (1990) 
started a series of investigations to search for an overdensity of foreground mat- 
ter near the lines-of-sight to high-redshift radio quasars from the 1-Jy catalog on 
scales of ten arcminutes and larger. Indeed, a statistically significant overden- 
sity of galaxies from the Lick catalog (Fugmann 1990, Bartelmann & Schneider 
1993), the IRAS catalog (Bartelmann & Schneider 1994, Bartsch, Schneider & 
Bartelmann 1996), and the APM catalog (Benitez & Martinez-Gonzalez 1995), 
with clusters from the Zwicky (Seitz & Schneider 1995c) and Abell (Wu &Han 
1995) catalogs, and with diffuse X-ray emission from the ROSAT All Sky Sur- 
vey (Bartelmann, Schneider & Hasinger 1995) were found. Further evidence for 
large-scale associations has come from other QSO samples (Rodrigues-Williams 
& Hogan 1994; Hutchings 1995). If these associations were to be explained by a 
lensing effect, then the lenses cannot be individual galaxies, whose 'lens-scale' is 
only at most a few arcseconds, but groups, clusters, or even larger-scale struc- 
tures must be responsible; in fact, such an explanation works at least qualita- 
tively (Bartelmann 1995b). If there are indeed large-scale matter overdensities 
in the lines-of-sight to these QSOs, they might cause a systematic distortion of 
background galaxies. This was the motivation for Fort et al. (1995) to image the 
faint galaxies around several high-redshift 1-Jy QSOs. For several of them, they 
obtained clear evidence for a coherent shear pattern around these QSOs, which 
can also be spatially related to local concentrations of faint galaxies. These con- 
centrations may indicate the presence of a group or a cluster, but they are so 
faint optically that they would not appear in any cluster catalog. What this 
might suggest is that there exists a population of clusters with a much larger 
mass-to-light ratio than those clusters which are selected because of their high 
optical luminosity, i.e., which appear in optically-selected cluster catalogs. If 
these findings are confirmed (e.g., by HST observations), one has found a way 
to obtain a mass-selected sample of clusters and/or groups. 

4.4 Galaxy-ga laxy  leasing 

The shear field around clusters is sufficiently strong to measure their mass distri- 
butions - see Sect. 4.2. One can easily show that, assuming an isothermal mass 
profile, the 'detection efficiency' of a lens scales like a a, where a is the velocity 
dispersion. This scaling then implies that individual galaxies are too weak for 
their presence to be detected in their shear field 5, but one should be able to 

5 assuming a number density of 50 galaxies/arcmin 2, the minimum velocity dispersion 
for which a 3-a detection would be possible is about 350 km/s (Miralda-Escud6 1991, 
Schneider & Seitz 1995). 
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detect this effect from a large ensemble of galaxies, if the signals from the indi- 
vidual galaxies are added statistically. The signal one would expect is a slight 
tangential alignment of background galaxies relative to the direction connecting 
this background galaxy with a near foreground galaxy. 

Tyson et al. (1984) have investigated this effect using ,~ 60000 galaxies; they 
obtained a null result. More recently, Brainerd, Blandford & Small (1995) have 
analyzed a deep field; they have divided their galaxy sample into 'foreground' and 
'background' galaxies, according to the optical magnitudes, and then studied the 
angle between the major axis of the background galaxy and the line connecting 
the background galaxy with the nearest foreground galaxies. The distribution 
of this angle shows a deficit at small angles, and an excess at large angles, in- 
dicating the expected tangential alignment. Since an accurate measurement of 
image ellipticities from the ground is very difficult, only galaxies brighter than 
r -- 24 were used; the effect disappears for fainter galaxies, which most likely 
shows the effect of the PSF on small images. Brainerd et al. have then simulated 
data, treating galaxies as truncated isothermal spheres, and distributing them 
in redshift, and they showed that the effect they observe is in accordance with 
expectations from their modelling. Recalling that this effect was detected (at 
a 3-a level) with 'only' 506 'background' galaxies, it appears that one can use 
galaxy-galaxy lensing as a tool to investigate statistically the mass distribution 
in galaxies, since larger samples will become available soon (also, ground-based 
images with a smaller and/or more stable PSF will allow the use of fainter galax- 
ies). Schneider & Rix (1995) have proposed a maximum likelihood method for 
the analysis of galaxy-galaxy lensing, which is very sensitive to the characteris- 
tic velocity dispersion of the galaxies, and which can also yield significant lower 
bounds on the halo size of galaxies. 

4.5 Lensing by the large-scale s t ruc tu r e  

The cosmological density fluctuations out of which the structure in the universe 
has formed (at least in the conventional model of gravitational instability - which 
has received impressive support from the detection of microwave background 
fluctuations by COBE) can also distort the images of high-redshift galaxies. The 
corresponding distortions have been calculated by Blandford et al. (1991) and 
Kaiser (1992 and references therein), and are expected to be small; neverthe- 
less, depending on the cosmological model, these distortions are measureable in 
principle, either by averaging the ellipticity of galaxy images over large fields, or 
by considering the two-point correlation function of galaxy ellipticities on large 
scales. If such an effect can be measured, it will allow a direct measurement of the 
power spectrum of the density fluctuations on the appropriate scales, very much 
like COBE has done. What is important to note is that the power spectrum of 
the density fluctuations in cosmogonies is normalized either by the amplitude of 
fluctuations in the microwave background, or by rms variations of galaxy num- 
bers in 'big volumes'. Both of these normalizations are such that relative density 
fluctuations (fp/p are normalized. However, the lensing effect depends of (ip, and 
not on the ratio 5p/p. This implies that the gravitational distortion of images of 
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background galaxies is proportional to the mean cosmic density ~ (Villumsen 
1995a). 

The same data from which galaxy-galaxy lensing was detected by Brainerd 
et al. (1995) have been used to search for the 'cosmic shear'; keeping in mind the 
difficulties to measure accurate ellipticities of very faint images from the ground, 
it is not surprising that Mould et al. (1994) did not find a statistically significant 
shear signal on a field of 4(8 radius. Using the same data, but a different method 
for analyzing the image ellipticities (basically, giving less weight to 'small' im- 
ages, which are most contaminated by the PSF), Villumsen (1995b) obtained 
a shear signal with a formal 5-a significance. Further observations are needed 
to confirm this result; as mentioned before, the observations are very difficult 
to carry out, and the expected effects are so small that even tiny systematical 
effects which escape detection can mimic a significant detection. 

5 O u t l o o k  

Predicting the future is a dangerous business; however, it is easy to foresee 
that the current developments in observational astronomy will continue to in- 
crease the usefulness of gravitational lensing for studying the universe. Concern- 
ing strong lensing, new big lens surveys, such as the CLASS survey (see, e.g., 
Myers et al. 1995), will allow to set much stronger constraints on the density 
of galaxy-mass objects in the universe. Hopefully, some of the newly discovered 
multiply-imaged systems will turn out to be useful for determining the Hubble 
constant. MACHO-type searches for compact objects in our Galaxy will continue 
and expand, allowing to get stronger constraints on the density of compact ob- 
jects in our halo, and to measure the mass distribution in the central part of 
the Galaxy. Concerning weak lensing, we have just scratched the surface. On 
the observational side, wide-field cameras and imaging with 8m-class telescopes 
will dramatically increase the rate and quality of data, allowing surveys for dark 
matter concentrations. The refurbishment of the HST has enabled images of 
faint galaxies with unprecedented image quality and resolution. These images, 
together with new theoretical developments, will allow us to understand better 
the relation between observed image shapes and the true image shapes, before 
degradation with a PSF. The combination of dark matter maps from weak lens- 
ing and X-ray and dynamical studies of clusters will yield fresh insight into the 
structure, dynamics, and history of these systems. If the systematic effects of 
ground-based imaging can be understood sufficiently well, we might be able to 
obtain the cosmic density and the power spectrum of density fluctuations directly 
from lensing. 
I would like to thank M. Bartelmann for carefully reading this manuscript. This 
work was supported by the "Sonderforschungsbereich 375-95 ffir Astro-Teilchen- 
physik" der Deutschen Forschungsgemeinschaft. 
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Background Anisotropies 

at Large and Intermediate Angular Scales: 
Data Analysis and Experimental  Results  

L a u r a  C a y 6 n  
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Cyclotron Road, build. 50, room 205 Berkeley, CA 94720 USA 

Abst rac t :  The first detection of Cosmic Microwave Background (CMB hereinafter) 
anisotropies was claimed by the COBE/DMR team in April 1992. Since then, eight 
groups have published detections: Saskatoon, Tenerife, ACME/SP94, IAB, Python, 
ACME/MAX3-4, MSAM and Argo. It is the aim of this contribution to review the 
experimental setups, data analyses and results of these experiments. The COBE/DMR 
experiment and the implications of its observations are considered in detail. 

1 Des ign ing  an E x p e r i m e n t  to Measure  
C M B  Anisotrop ies  

An experiment built to measure CMB anisotropies is basically a radiotelescope 
(radiometer) consisting of an antenna, a receiver and a data  collecting system. 
The power reaching the receiver is directly related to the antenna temperature 
TA. The temperature detected by the antenna is determined by its effective area 
A (the effective area of an antenna is usually defined by the Full Width at Half 
Maximum (FWHM) of its gaussian fit) and the intensity of the source (Iv): 

Ta(~,)o~ / f dm~A(S~), (1) 

where v refers to the working frequency and the integral is evaluated over the 
solid angle viewed by the antenna. The CMB radiation detected by us is emit- 
ted in different directions from the last scatering surface, and not from a point 
source. It is therefore very important  to control all the possible contaminants that  
could affect the CMB data. Lets start  this section by describing all the possible 
sources that  can contribute to the observations (Sect. 1.1). These contaminants 
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are taken into account in the final design of an experiment. The experimental se- 
tups commonly used by the existing CMB anisotropy experiments are described 
in Sect. 1.2. 

1.1 C o n t a m i n a n t s  

Radiation coming from the g r o u n d  and from a s t r o n o m i c a l  s o u r c e s  (moon, 
sun, etc) can contaminate data taken at microwave wavelengths. In order to 
avoid this, first of all, it is important to design antennas with very low sidelobes 
so that no radiation outside the effective area can enter the telescope. Moreover, 
a shield is normally build up around the experiment in order to protect it from 
any radiation coming from these sources. 

Ground-based and balloon experiments collect data that are affected by at-  
m o s p h e r i c  e m i s s i o n .  As can be seen in Fig. 1, although the atmospheric contri- 
bution is reduced at high balloon altitudes ( ~  30 km), it is at best approximately 
two orders of magnitude larger than CMB anisotropy level (,,~ 10-5).  Working 
frequencies are chosen among those that are less affected by the atmospheric 
emission. Double beam switching or four beam techniques (see below) have been 
developed to reduce this contamination. 
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Fig. 1. Contribution of different contaminants to the antenna temperature as a function 
of the working frequency. As an example, working frequencies of some of the ACME 
experiments are indicated in the figure. 

The area sampled by all experiment could include some e x t r a g a l a c t i c  fore-  
g r o u n d  sources  that may produce observable signal. Catalogs are used to check 
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the possible existence of this type of sources, as well as to extrapolate the am- 
plitude that  a certain experiment could be detecting in case they are in the field 
of view. 

Among all the possible contaminants that  can be affecting the CMB 
anisotropy data, the radiation coming from the G a l a x y  is the main concern for 
anyone involved in the design of these experiments or in the data analysis pro- 
cess. The sources of this contribution are synchrotron and free-free emissions and 
dust. Synchrotron radiation is produced by relativistic electrons moving in the 
magnetic field of the Galaxy. It is characterized by an intensity that varies with 
frequency as v ~ with/~ ,~ -0 .7  (spectral index). Free-free emission is produced 
by interactions of electrons with ions. The spectral index that  characterizes this 
is/~ -,~ -0 .15.  The dust present in the Galaxy is found to be at temperatures 

20.4 K (warm) and ,,- 4.77 K (cold) and it is characterized by an spectral 
index/3 ,,~ 2. Contributions from these processes at different wavelengths are 
presented in Fig. 1. As the amplitudes of these three sources change with wave- 
length, a way to determine the amount  of contamination in the observed data  
is to take measurements at different frequencies. Unfortunately, there are not 
many observations of these processes at several wavelengths. To establish the 
possible amplitude of synchrotron and free-free emissions, in a certain set of 
CMB anisotropy data, extrapolations are taken from sky surveys at 408, 820 
and 1420 MHz. Free-free contributions are also extrapolated from H~ observa- 
tions. Possible dust contribution have been extrapolated from the IRAS map at 
100 pm. 

1.2 E x p e r i m e n t a l  S e t u p s  

In this subsection we briefly describe the different types of telescopes and re- 
ceivers used by the CMB anisotropy experiments. For detailed technical infor- 
mation one can see Marton 1976, Christiansen and Hogbom 1985 or any of the 
references indicated in Sect. 2 for the different experiments. An explanation of 
techniques used to measure CMB anisotropies is included at the end. 
. -Te le scopes  CMB anisotropy experiments require measurements of fluctua- 
tions that  are < 10 -5. Absolute measurements of the temperature of the CMB 
radiation would require a very high sensitivity. The technique normally used is 
based on differences of the temperature observed in two or more positions of 
the sky (as we will see at the end of this subsection). Therefore, telescopes are 
designed so chopping can be performed without changing the orientation. 

A very common design consists if an aluminium chopping flat that reflects 
the CMB photons to a parabolic mirror at who's focus the receiver is located. 
This is the type of telescope used, for example, in the Python experiment. A very 
similar design is used by the Tenerife experiment where the mirror is substituted 
by horn antennas with the receiver located behind them. Experiments such as 
Argo or MSAM use Cassegrain telescopes with a chopping secondary mirror. 
Gregorian telescopes, also including a chopping secondary mirror, are used by 
the ACME experiments. In both types of telescopes the receiver is located behind 
the primary (avoiding direct pointing to possible sources of contamination like 
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the earth). In Cassegrain telescopes the secondary is a convex hyperbolic mirror 
situated in front of the primary's focus. The secondary of a Gregorian telescope 
is a concave mirror located behind the focus of the primary. 
. -Rece ivers  The main elements that  comprise a receiver are a filter (or filters) 
used to select bandwidth at which the observations are performed, a detector, 
amplifiers and a data  acquisition system. The detector used is a function of the 
working frequency. Observations at high frequency (> 100 GHz) use bolometers 
(MSAM, Python, etc) while low frequency observations are performed using 
other types of detectors as square-law detectors, diodes, etc. In the case of sys- 
tems operating at low frequencies two types of configurations are considered. 
In the case of the ACME/SP and Saskatoon experiments, the receiver is de- 
signed including the following elements: Inmediately after the filters, a mixer 
(SIS-Superconductor-Insulator-Superconductor) is used to reduce the input fre- 
quency. HEMT (High Electron Mobility Transistor) amplifiers sensitive to low 
frequencies are used to amplify the signal that  would be sent into the detector. 
In the Tenerife and COBE/DMR experiments Dicke switch elements are intro- 
duced at the begining to perform differences with a reference signal. After the 
difference is detected a synchronous demodulator would give the output value 
of the signal. 
. - O b s e r v a t i o n a l  S t r a t e g i e s  As indicated above CMB anisotropy measure- 
ments are normally performed by taking differences of the CMB temperature 
at two or more positions on the sky. Different strategies together with the effec- 
tive area of the antenna, determine the scales at which an experiment would be 
sensitive. To understand this, lets consider the expansion of the CMB tempera- 
ture in spherical harmonics: 

T(n,o'b) = ~ ~ a,.,~Yz..e-~ ('+1/2)~ , (2) 
I r n = - I  

where n is the unit vector in the direction of observation, ~rb is the dispersion 
of the beam related to the F W H M  by c% _~ 0.425FWHM, the at,~ refer to 
multipole coefficients and the Ytm are spherical harmonics. The RMS value of 
the temperature fluctuations averaged over the sky is given by 

ATRMs = <  AT(r,, ab) 2 >,ky= ~ (2 /+  1) 
47r 

I=1  

- -  < latin] 2 >,~y Wt , (3) 

where the window function Wt = e -~ determines the range of multipoles 
(l values) at which an experiment is sensitive. However, this would be the case 
when the experiment is taking absolute measurements of temperature of CMB 
photons (this is only the case of the COBE/DMR data in which after taking 
data as differences between two directions separated in the sky sixty degrees, a 
sky map of absolute temperatures is constructed, see Sect. 4). 

Single beam switching techniques perform differences in between two direc- 
tions n l ,  n2 separated a certain angle ~ = cos-l(nln2). In this case, the RMS 
value would be: 
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/ 4 ' T R M S  --~< ( z ~ i T ( n l ,  fib) --  A T ( n 2 ,  O'b)) 2 ~ ' :  

(2t + 1) 
< lazml  2 (1  - P,(cos ))e , ( 4 )  

I----1 

where the window function is given by WI = 2(1 - Pt(coso:))e -a~(l+l/2)~ and Pt 
are the Legendre polinomials. 

In order to reduce atmospheric and terrestial contributions, double beam 
switching and four beam difference techniques are used by some experiments 
(Tenerife and Python respectively). In the former case, the central temperature 
is compared with the temperatures of two positions symmetrically located on 
the right and the left: 

A T n M  s =< (0.5[(AT(n1, O'b) - -  z~T(n2,  ab))-  (AT(ha, fib) - -  A T ( n 1 ,  fb))]) 2 >=  

~-~ (2/+ 11 4 ~  < lalm[2 >,ku 0.5(3  - 4Pl(cosa) + Pl(cos2c~))e -a~(t+l/2)" (5)  
1=1 

w h e r e  l'i.l'n, 2 : n l n 3  : co8o l .  F o u r  b e a m  d i f f e r e n c e s  a r e  c o n s i d e r e d  by calculating 
- 0 . 2 5 T ( n l ) + O . 7 5 T ( n 2 ) - O . 7 5 T ( n 3 ) + O . 2 5 T ( n 4 )  where n , n 2  = nun3  = nan4  = 
cosa.  The window function introduced by this technique would be 

Wt = [5 /4 -  15/8Pt (cose)  + 3/4P,(cos2o~) - 1/SPt(cos3c~)]e -a~(z+l/2)~ �9 (6) 

The window functions of the CMB anisotropy experiments, considered in 
this contribution, are plotted in Fig. 2. As can be seen from this figure, the only 
experiment sensitive to very low multipoles is the COBE/DMR experiment. 
Difference techniques filter out low and very high multipoles as it occurs for the 
rest of the experiments. The angular scale 0 subtended by a proper length ,~o at 
present depends on the density parameter of the Universe 12o as well as on the 
Hubble parameter g o  = 100h -a km/sec/Mpc, O -- 34".4(12oh)(,\o/1Mpc). The 
Hubble radius at decoupling z -~ 1000 subtends an angle of ~ 1 ~ This angular 
scale corresponds to )% ~ 100Mpc and multipoles of the order of 60. Experiments 
working at angular scales above or approximately 1 degree would be observing 
CMB temperature anisotropies that are directly connected to the primordial 
matter density fluctuations. Temperature anisotropies at smaller scales would 
be affected by physical processes that took place during recombination. 

2 Data Analysis 

The aim of this section to explain how the results of the CMB anisotropy ex- 
periments are presented and discuss the main assumptions in the data analyses 
performed. Up to approximately two years ago or so, most of the experimental 
results were given in terms of the RMS value of CMB temperature fluctuations 
observed, applying maximum likelihood techniques (Lasenby and Davies 1988, 
Martin 1971) (see Sect. 2.1). The need for comparing detections obtained by 
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Fig.  2. Window functions of the experiments that have claimed the detections of CMB 
anisotropies 

different experiments working at differeut angular scales initiated the practice 
where in experimental results are quoted by their band powers (Bond 1995) (see 
Sect. 2.2). 

2.1 M a x i m u m  L i k e l i h o o d  

Given a set of data  A T  = (AT1, AT2,. . . ,  ATnd), where ATi refers to the observed 
CMB temperature fluctuations at nd different directions hi .  Assuming that  CMB 
temperature fluctuations are gaussian distributed, the probability of measuring 
such data  set if produced by a cosmological signal of dispersion o'~ is given by 
the likelihood function 

L( ZlT/(z~ ) (x I Y l - ~  w v- ix) ,  (7) 

where X _= z l T  and V is the covariance matrix. The elements of the covariance 
matr ix  are built taking into account the experimental noise that would appear 
in the observations. Modeling the noise by a Gaussian of dispersion ai and as- 
suming that  it is independent from one position to another, V would be given 
by V - N + M. N is the noise covariance matrix of elements (N) i j  = a~ if 
i = j and 0 otherwise. The elements of the "model" matr ix M are given by the 
theoretical correlation of CMB temperature fluctuations (M) i j  = C(O, ab, r  
where n i n j  = cosO and Crb refers to the beam dispersion (as defined above). 
This theoretical correlation function is very often assumed to be gaussian, 
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parametrized by the amplitude Co (related to o',) and the coherence angle 
o~ = ( - c ( o ,  ~ ) / c" (o ,  ~))~ 

2 
C(O, ~rb, Co) - Co0r . ...2.2~r~ ,~2~-2--a2exPt-tq t b + 0 ~ ) ) .  (8) 

Another functional form assumed for the theoretical correlation depends on the 
amplitude A and the spectral index n of the matter power spectrum. At large 
angular scales the temperature fluctuations are directly related to the matter  
density fluctuations at last scattering surface (Sachs and Wolfe 1967). If these 
are assumed to be gaussian with mean value zero (as predicted by Inflation), it 
is enough to define the second order moment to characterize them. If 6k is the 
Fourier transform of the matter density fluctuation 6, the second order moment 
is given by the matter  power spectrum P(k) = <  ]6 - k] > =  Ak '~. In this case, 
the theoretical correlation is given by: 

C(O, c%) = Z ( 2 / +  1)f(A, n)Pl(cose)Wi , 
1---2 

(9) 

where Pl are the Legendre polinomials, Wt is tile window function introduced in 
the previous section and the dependence on the matter power spectrum goes as: 

2._1 /1 (3  --  n ) r ( l  + (n - 1 ) / 2 )  (lO) 

One can also refer to the quadrupole of the radiation power spectrum Qrms-PS 
as related to the amplitude of the matter power spectrum by: 

4~r Q2 / ' ( (9  - n ) / 2 ) V ( 2  - n/2 )  2 
A - 2 ~ , 5  rm,-~S >-((~ ~ 7 ~ ( ~ - - ~ 5  (11) 

Therefore, the result obtained from a certain data set, would be quoted by 
the values of (Co, 0c) or (Qrrns-ps, n), depending on the assumed theoretical cor- 
relation function, at which the likelihood function has a maximum. A detection 
occurs when the likelihood function presents a significant maximum. Otherwise, 
the values of the parameters are just upper limits of the cosmological signal. 
The confidence interval of the detected signal is estimated from the probability 
of having the detected value of the cosmological signal considering the observa- 
tional data  set P ( r  or L(aT/cr,)P(o' , ) ,  where P(~,)  is a prior probability 
(Baye's formula). Assuming a uniform prior probability, the confidence interval 
is directly obtained from the likelihood function. 
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2.2 Band Power 

The RMS value of the CMB temperature fluctuations is given by (3), where 
the dispersion of the multipole coefficients < lat,, 12 >, averaged over the whole 
statistical ensemble, can be theoretically calculated for different cosmological 
models. The radiation power spectrum is given by 1(i + 1) < laam] 2 > /2~r = 
l(l + 1)Ct/27r. In order to compare different experiental results with a certain 
theory one can assume < Ct >bp = 1(1 + 1)CJ27r to be constant over the range 
of multipoles at which a certain experiment is more sensitive. This is called the 
band power and it is related to the experimental measured RMS value A T o M s  
by 

( A T R M 8 )  2 
< Ca >bp= ~_~,a:7=.,.(2/+ 1)WJ21(21 + 1) ' (12) 

where (/mira, l,nax) indicate the range of multipoles viewed by a considered ex- 
periment. To compare with theory it would be enough to substitute the RMS in 
(12) by the expression giverL in (3). 

3 D e t e c t i o n s :  Charac ter i s t i c s  and Resu l t s  o f  

C M B  A n i s o t r o p y  E x p e r i m e n t s  

As previously mentioned, the detection of CMB anisotropies has been claimed 
by eight groups up to now. 

Five experiments are mounted on the ground:  Tenerife, Saskatoon, Python, 
IAB and ACME/SP94. For details about the Tenerife experiment see the con- 
tribution by R. Rebolo in this proceedings. Saskatoon is an experiment built 
by a group from Princeton University that has taken data twice. It takes its 
name from the observing site, Saskatoon in Canada. The first set of observa- 
tions were presented in Wollack et al 1993. The analysis and observations of the 
data taken in 1994 can be found in Netterfield et al 1995. P y t h o n  does not 
have any other meaning than "a large, nonvenomous Old World snake that coils 
around and suffocates its prey", as defined by its designers. This experiment 
has taken data twice from the Amudsen-Scott South Pole Station in Antarctica. 
Both set of observations are presented in Dragovan et al 1994 and Ruhl et al 
1995. IAB is a ground based experiment that collected data from 1991 Decem- 
ber 30 to 1992 January 16, from the Italian Antartic Base. These observations 
were presented in Piccirillo and Calisse 1993. The A C M E  (Advanced Cosmic 
Microwave Explorer) experiment was build by P. Lubin's group at the Univer- 
sity of California, Santa Barbara, in collaboration with R. Wilson's group at Bell 
Laboratories. The A C M E / S P 9 4  experiment refers to the observations taken 
by this experiment from the South Pole during the 1993-1994 austral summer 
(Gundersen et al 1995). 

Four detections have been claimed from data taken from balloons: 
ACME/MAX3, ACME/MAX4, Argo and MSAM. The A C M E / M A X  (MAX 
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stands for Millimeter-wave Anisotropy eXperiment) experiment is a collabora- 
tion between P. Lubin's group and the Berkeley group (P. Richards/A. Lange). 
Unlike the ACME/SP experiment, this experiment uses bolometric detectors. 
This experiment has been flown already five times. Detections have been claimed 
from the data taken in :January 1991, MAX3 (Gundersen et al 1993) and in 
3anuary 1993, MAX4 (Devlin et al 1994, Cl'app et al 1994). At the time this 
proceedings were written, no public announcement has been made in relation 
to MAX5 flight. Argo is an Italian experiment developed by F. Melchiorri's 
group in Rome (De Bernardis et al 1994). The analysis of the observations taken 
by the M S A M  (Medium Scale Anisotropy Measurement) experiment in :June 
1992 were presented by Cheng et al 1994. A confirmation of the detection of 
anisotropies has come through the analysis of the data taken during the second 
flight of this experiment (Cheng et al 1995). 

The C O B E / D M R  (COsmic Background Explorer/Differencial Microwave 
Radiometer) experiment is a NASA experiment that was taking data from the 
COBE satel l i te  from November 1989 to January 1994. A detailed discussion of 
this experiment is given in Sect. 4. 

Brief descriptions of the experimental characteristics and of the data of these 
experiments are given in the following subsections. 

3.1 Setups 

- Saskatoon: Off-axis parabola coupled to an aluminium fiat oscillating around 
a vertical axis ( F W H M  ~ 1 ~ Observational strategy: Double beam switching 
(a = 2 ~ Receiver: Radiometer using HEMT amplifiers. Working frequencies: 
1993 observations were taken in three channels working at 26-29, 29-32 and 32-35 
GHz. 1994 observations taken in six channels working at 26 - 29, 29 - 32, 32 - 36 
(Ka band), 36 - 39.5, 39.5 - 43 and 43 - 46 (Q baud) GHz. 
- P y t h o n ;  Off-axis primary coupled to a vertical switching flat ( F W H M  = 
0~ Observational strategy: Four differences (o~ = 2~ Receiver: Bolome- 
ter. Working frequencies: Four channels working at 90 GHz. 
- IAB: Off-axis chopping parabolic primary coupled to an off-axis hyperbolic 
secondary ( F W H M  = 50~). Observational strategy: Single beam switching (c~ = 
1~ Receiver: Bolometer. Working frequencies: 150 GHz. 
- A C M E / S P 9 4 :  Off-axis Gregorian telescope with a chopping secondary 
( F W H M  = (1/0.425)(0~ + 0 ~ for Ka band and F W H M  = 
(1/0.425)(0~ + 0 ~ for Q band. Observational strategy: Single 
beam switching (c~ = 3~ Receiver: Radiometer with HEMT amplifier. Work- 
ing frequencies: 27.25, 29.75, 32.25, 34.75 (Ka band), 39.15, 41.45, 43.75 (Q band) 
GHz. 
- A C M E / M A X 3 :  Off-axis Gregorian telescope with a chopping secondary 
( F W H M  = 0~ Observational strategy: Single beam switching (c~ : 1~ 
Receiver: Bolometer. Working frequencies: 180, 270 and 300 GHz. 
- A C M E / M A X 4 :  Off-axis Gregorian telescope with a chopping secondary 
( F W H M  = 0~ + 0~ at 105 GHz and F W H M  = 0 ~ + 0~ for the 
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other frequencies). Observational strategy: Single beam switching (a = 1~ 
Receiver: Bolometer. Working frequencies: 105, 180, 270 and 360 GHz. 
- Argo :  On-axis Gregorian telescope with a chopping secondary ( F W H M  = 
52'). Observational strategy: Single beam switching (a = 1~ Receiver: 
Bolometer. Working frequencies: 150,250,375 and 600 GHz. 
- M S A M :  Off-axis Cassegrain telescope with a chopping secondary ( F W H M  = 
30'). Observational strategy: Single beam switching (a = 80') and double beam 
switching (a = 40'). Receiver: Bolometer. Working frequencies: 168, 270, 495 
and 675 GHz. 

- C O B E / D M R :  Corrugated horn antennas ( F W H M  = 7 ~ separated 60 ~ on 
the sky. Observational strategy: Differencies projected into a temperature sky 
map. Receiver: Radiometer with HEMT amplifier. Working frequencies: 31.5, 53 
and 90 GHz. 

3.2 S a m p l e d  A r e a  o f  t h e  Sky 

- Saska toon :  Fixed declination 8 = 85~ right ascension 0-25 hours. 
- P y t h o n :  Two scans separated 2~ in elevation and with seven positions 
separated 2 ~ .75 in azimuth, each. Survey centered at right ascension 23.32 hours, 
declination -490 .5. 
- IAB:  Fixed declination -85  ~ and right ascensions 0.25,2.25,4.25,...,22.25 
hours. Field at 11.25 hours is not considered in the analysis (coinciding with 
3He recycling process). 
- A C M E / S P 9 4 :  Fixed declination -62  ~ right ascension 2 3 -  67 degrees. 
- A C M E / M A X 3 :  Fixed declination 72~ ' (epoch 1991), right ascension 224-  
242 degrees. Sampled field near Gamma Ursae Minoris. 
- A C M E / M A X 4 :  Three fields sampled centered at Near Gamma Ursae Mi- 
noris (declination 71~ ', right ascension 15h20 '~.7), Sigma Hercules (declination 
42~ ', right ascension 16h30 m and Iota Draconis (declination 59~ ', right as- 
cension 15h25m). Sampling -4-3 ~ in azimuth from the center. 
- Argo:  Centered at Hercules region stapling 63 positions separated from each 
other 1~ in azimuth. 
- M S A M :  Two strips at fixed declination 82 ~ from right ascension 14h.44 to 
16h.89 and from 17h.18 to 20h.33. 
- C O B E / D M R :  Full sky coverage. 

3.3 R e s u l t s  

- Saska toon :  Maximum likelihood (bayesian) analysis assuming Gaussian cor- 
relation: Data taken in 1993 C 1/2 = 41+11~pK at 0c = 1~ and spectral index 

- 0  ~+0.7 data taken in 1994 crl/2 60+12/~K at Oc = 1 ~ ~ -  .V_l. 2, ~ o  ~-- _ 

- P y t h o n :  Maximum likelihood (bayesian) analysis assuming Gaussian correla- 
,.-,1/2 t ion :vo  ~ 9 5 p K a t O ~ = l  ~ 

- IAB:  Maximum likelihood (bayesian) analysis assuming Gaussian correlation: 

Clo/2 ~ 122pK at 0~ = 40'. 
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- A C M F , / S P 9 4 :  Maximum likelihood analysis assmning fiat power spectrum: 
R M S  = 42.0+~.58S#K. 

- A C M E / M A X 3 :  Maximum likelihood (bayesian) analysis assuming Gaussian 
correlation: c',.,ol/2 ~ 115+~6#K (95%) at O~ = 25'. 
- A C M E / M A X 4 :  Maximum likelihood (bayesian) analysis assuming Gaussian 
correlation at 0c = 25 ~ (95%) for the three scans centered at: Gamma Ursae 
Minoris ~7 +gs ,r v _3spiX, Sigma Hercules ~o+s2 . 83+94 - ~ ._37#~ and Iota Draconis _ss#~.  
- A r g o :  Maximum likelihood (bayesian) analysis assuming Gaussian correlation: 
38 < Co 1/2 < 82#K (90%) at 0r = 30'. 

- M S A M :  Maximum likelihood (bayesian) analysis assuming Gaussian cor- 

relation: 16 < Co 1/2 < 60#K (90%) at 0c = 30' for single differences and 

30 < ,-,o < 84#K (90%) at 0c = 0~ for single differences. 
- C O B E / D M R . :  R M S  = 44.4 -t- 7.5#K analysing data taken during the first 
two years of observations. Other results are presented in the section dedicated 
to the C OB E/DMR experiment. 

As indicated above, since the final aim of measuring CMB anisotropies is 
to determine the cosmological model that  gives the best fit to the data, one 
way to present the experimental results is by their band powers. In Fig. 3 one 
can see the band power of the experiments that  have claimed the detection of 
anisotropies. The situation is not very clear at present and new measurements 
at around l ~ 200 would tell us much more (see the contribution by W. Hu) in 
the (near ?) future. 

4 C O B E / D M R  

April 1992 was a very exciting month for anyone interested in cosmology, spe- 
cially for all the groups involved in CMB research. This was the time when 
the first detection of CMB anisotropies was claimed by the COBE/DMR group 
(Smoot et al 1992). The COBE (Cosmic Background Explorer) satellite was 
build at the NASA's Goddard Space Flight Center and it was launched by a 
Delta rocket in November 18, 1989. Three different instruments are on board of 
this satellite: DIRBE (Diffuse Infrared Background Experiment), FIRAS (Far 
InfraRed Absolute Spectrophotometer) and DMR (Differential Microwave Ra- 
diometer). They cover the wavelength range in between 1 #m and 1 cm. The 
satellite is orbiting around the earth at an altitude of 900 km and spinning 
around its axis at 0.8 r.p.m. The sky coverage is complete in approximately five 
months. 

The COBE/DIRBE experiment was dedicated to study the infrared radiation 
coming from stars, interestellar dust and the background. It was working at 
wavelengths in between 1 pm and 0.03 cm. Characteristics of the Galactic dust 
are presented in Berriman et al 1994. Analysis of COBE/DIRBE data has also 
provided information about the stellar population and the main properties of 
the disk and the bulge of the Galaxy (Arendt et al 1994, Weiland et al 1994). 
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Fig. 3. Band powers of the experiments that have claimed tile detection of CMB 
anisotropies. For comparison, the predictions of the Cold Dark Matter model are indi- 
cated by the solid line 

The results from the C O B E / F I R A S  experiment have confirmed the black 
body nature of the CMB radiation spectrum. The value of the temperature  of 
the CMB radiation at the 95% confidence level is 2.726 + 0.01 K (Fixen et al 94, 
Mather  et al 94). Moreover, distortions of the CMB spectrum provide informa- 
tion about  energy release processes that  could have happenned above redshifts 
of -,, 103. Any energy release taking place between z = 3 • 106 and z = 105 
would produce a Bose-Einstein distortion characterized by the # parameter .  If  
the energy release occurs at z < 105 there would be no conservation of the kinetic 
equilibrium and a Compton  distortion would appear  in the spectrum. This dis- 
tortion is characterized by the y parameter .  Analysis of the C O B E / F I R A S  data  
has provided strong upper limits for these two distortions: It < 3.3 • 10 -4 and 
y < 2.5 x 10 -5 at the 95% confidence level. These results have been compared 
with the ones obtained by other experiments (Wright et al 1994a) finding a good 
agreement among all of them. The range of wavelengths for this experiment was 
from 0.01 to 1 cm. Interesting results have been obtained about  the type of dust 
present in our Galaxy (Reach et al 1995) and for the first t ime a detection of 
the Infrared background has been claimed (Puget et al. 1995). 

The rest of this section focusses on the C O B E / D M R  experiment and what 
we have learned from its observations. Although the COBE satellite is still orbit- 
ing around the earth, the C O B E / D M R  experiment stopped working in January  
1994. At present, the data  analysis of the four years of observations is being 
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performed by the COBE group. Results are expected to be released together 
with the data  by the end of 1995. Analyses performed on the first two years of 
observations are presented in the next subsections. Sect. 4.1 presents some ex- 
perimental  characteristics and how the construction of sky maps is performed. 
The results obtained from a direct analysis of the CO BE/D MR sky maps are 
shown in Sect. 4.2. What  the C O B E / D M R  data have shown about different cos- 
mological models is presented in Sect. 4.3. Sect. 4.4. and Sect. 4.5. are dedicated 
to the works that  have been done on identifying individual features in the sky 
maps and on comparing with other large scale experimental results, respectively. 

4.1 C O B E / D M R  Sky  M a p s  

The C O B E / D M R  experiment consists of three differential microwave radiome- 
ters working at 31, 53 and 90 GHz. Each of them has two channels that  provide 
data  of CMB temperature  differences taken in two directions of the sky (averaged 
over the antenna beam width FWHM = 7 ~ separated 60 degrees. The receiver 
consists of basically a Dicke switch, a square law detector, a synchronous filter 
and an integrator that  provides a differential power each 0.5 seconds. Therefore, 
the da ta  aquiered from the radiometers are temperature differences. Tile con- 
struction of the absolute temperature sky maps is a complicated process that,  
very briefly explained, consists of the following (for a detailed explanation see 
Lineweaver 1994): Each differential measurement S(m) can be written as (Kogut 
tel al 1992, Bennett  et al 1994) 

S(m) = (1/a(m))(zaT(m) + A(m) + O(m) + ~ Wk(m) , (13) 
k 

where m refers to a certain measurement taken by one of the channels of one of 
the radiometers. G is the instrumental gain. Its value is determined during the 
calibration process. The radiometers are calibrated each two hours by reference 
to an internal known noise source. Other calibrations are performed by pointing 
to the Moon and by comparing with the dipole produced by the movement of 
the satellite (Earth) around the Sun. AT refers to the real cosmological tem- 
perature difference. The instrumental noise is represented by A. O is the offset 
that  is removed by a fit to the baseline appearing in tim data. The sum ~k  Wk 
accounts for all the known systematic effects as internal effects produced by ther- 
mal and voltage changes, magnetic changes in the ferrite switch or the effects 
produced by the presence of the FIRAS and DIRBE instruments. There aJ'e also 
external known systemat ic  effects caused by microwave emission from the Sun 
and the Earth (possible contaminations entering the shield that  sorrounds the 
three instruments on board of the COBE satellite), interferences caused by other 
satellites as well as emission from the Moon and planets. Therefore, after cali- 
bration, baseline subtraction and correction of systematic effects, one is left with 
the "true" array of temperature differences and the instrumental noise. Taking 
into account the directions at which each of the temperature differences were 
observed, on can minimize the following Chi-square to determine the value of 
the absolute temperature  at different directions on the sky T:  
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m l o l  
X2 = ~ (D(m) -- ~T(m))  2 (14) 

r n = l  0"2  ' 

where mtot would be the total number of measurements taken by one of the 
channels (denotted by A or B) of a certain radiometer (31, 53 or 90 GHz). The 
array D refers to the data differences after calibration, offset and systematic 
errors corrections. This mtot array can be written as a function of the variables T 
that  one wants to determine, D = [V]T+Zt.  The matrix [V] consists of zeros and 
ones which are ordered in a manner, so as to take into account the corresponding 
positions of the observed measurements. If the celestial sphere is pixelized in Npix 
with an associated direction each of them, T is a Npi,: dimension vector and IV] 
is a mtot• Npix matrix. Finally, 0-r~ is the disperison of the instrumental noise 
corresponding to the m observation. Solving (14) encounters certain problems 
that  can affect the final solutions T.  Inversion of large matrices is solved by 
iteractive methods inducing problems in the convergence of the solution. Noise 
affecting different pixels is considered independent from each other. This fact has 
been probed to the first order in Lineweaver et al 1995. The antenna pointing 
adds error through the whole process and it is also known that the amplifier 
introduces correlations between consequtive outputs. 

The next step is to get a two dimensional projection of the celestial sphere. 
If a cube is located inside a sphere, one can project each point of the sphere 
on a pixel on one of the six faces of the cube. Deformated pixels on the sphere 
would correspond to equal area pixels on the surface of the cube. Therefore, if 
we want to have a projection with 1024 pixels/cubic face, taking into account 
tha t  a sphere covers 4 r  strad, one would have 6144 pixels of area ~ 2 ~ x 2 ~ 
per pixel. 

Solving (14) one gets the best fit absolute temperature at each pixel. Exper- 
imental noise should also appear at each pixel. The fact that  each radiometer 
observes two independent channels is used to get the value of the instrumental 
noise. The RMS value of the differences between data taken by two channels 
at the same frequency (dispersion of the (A - B)/2 map) corresponds to the 
dispersion of the noise observed in the (A + B)/2 map. Considering the number 
of observations Nob, that  have been performed at each pixel i, the dispersion of 

o .5/Nob,(i)o.5. the noise associated to this pixel would be RMS(A_B)/2 

4.2 G e t t i n g  I n f o r m a t i o n  f r o m  t h e  C O B E / D M R  Sky  M a p s  

The C O B E / D M R  experiment works at angular scales of --~ 7 ~ that  correpond 
to proper lengths larger than the Hubble radius at decoupling time. At these 
scales, CMB temperature  anisotropies are given by 

16 T ( , , )  - To  _ , ' , , ,   r + , (15) 
AT(n)/To =_ To c 

where To is the absolute temperature of tile CMB radiation at present. The 
first term on the right hand side of (15) is the Doppler effect produced by the 
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movement of the observer v relative to the CMB. The second and third terms 
constitute the Sachs-Wolfe effect. In the case of adiabatic fluctuations, photon 
density fluctuations are related to mat ter  density fluctuations and this effect 
can be written as --(1/3)6~LS with eLS being the gravitational potential at 
the last scattering surface. Notice that  in this case, overdensities in the mat ter  
distribution (6r > 0) would produce cold temperature fluctuations (AT < 0). 
How do all these effects appear in the C O B E / D M R  maps?. 

A C OB E/DMR  map of absolute temperatures,  right after the construction 
processes explained above, is presented in Fig. 4a (this map, as well as any other 
appearing in this contribution, is presented in Galactic coordinates with the 
Galactic plane occupaying the central part. Positive latitudes would be in the 
upper part, longitudes from 0 to 1800 cover the band from the center to the 
left and from 0 to -1800 from the center to the right). The observed field of 
temperatures is perfectly homogeneous with a mean value of To = 2.726K. If 
the fitted monopole is removed we are left with a map like the one presented in 
Fig. 4b. A clear dipole can be observed corresponding to the kinematic Doppler 
effect appearing as the first term in (15). The absolute value of the kinematic 
dipole is 3.365-4- 0.027mK (Smoot et al 1992) from the analysis of the first year 
of observations and 3.363 -4- 0.024mK (Bennett  et al 1994) from two years of 
observations. This dipole is pointing to the direction (in Galactic coordinates) 
(l,b) = (264~ 4-0.2,48~ 4-0.4) (Bennett  et al 1994). The kinematic dipole 
can be removed from the map and one would observe the features shown in 
Fig. 4c. The main feature in this map is the central hot spot covering the Galac- 
tic plane. This is the contribution coming from tim Galaxy. At present, removing 
the Galactic contribution as well as any other foreground sources, in the exper- 
imental CMB anisotropy data is one of the most challenging problems. Bennett 
et al 1992 discuss three different ways of removing the Galactic emission from 
the maps. None of these methods subtract the Galactic contribution completely 
and the way usual to proceed, before any data  anlysis is performed on the maps, 
is to cut the Galactic band removing the pixels with latitudes Ibl < 20 - 30 ~ 
Other foreground contributions to the C O B E / D M R  maps have been estimated 
to be very small (Bennett  et al 1993, Kogut et al 1994). The rest of the fea- 
tures observed in the map correspond to intrinsic CMB anisotropies produced 
by the Sachs-Wolfe effect. Expanding the temperature fluctuations in spherical 
harmonics (see (2)), the intrinsic dipole corresponding to l = I is much smaller 
than the kinematic quadrupole. However, one can fit the temperature fluctu- 
ations observed in the map up to l = 2 and obtain the value of the intrinsic 
quadrupole (larger than the kinematic one). Analysis of the first year of data 
provided a value of the quadrupole Qrm~ = 13 + 4pK (Smoot et al. 1992). Sub- 
traction of the Galaxy was performed in the first plus second year analyzed maps 
and a value of Qrms : 6 4- 3#K was estimated (Bennett et al. 1994). The large 
scale Galactic signal away from the plane is predominantely quadrupolar and 
subtraction could also remove part  of the intrinsic cosmological quadrupole. 

Direct analysis of the C O B E / D M R  maps would also provide us with the 
RMS value of the observed temperature fluctuations. The estimated value of the 
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Fig. 4. 53 GHz COBE/DMR sky maps of two years of observations, a) After construc- 
tion. b) Monopole subtracted, c) Dipole subtracted. 
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RMS2k~ = (RMS~A+B)/~ - RMS~A_B)/2 ) for the 53 GHz first plus second year 
map is 44 + 7.5pK (Bennett  et al. 1994). 

4.3 Compar i son  wi th  C o s m o l o g i c a l  M o d e l s  

Cosmological models predict the average values of the multipole coefficients 
Cs = <  lalml 2 > (average performed over the entire statistical ensemble) by 
solving the corresponding Boltzman equation (see Hu's constribution in these 
proceedings). However, experimental data  sets have to deal with three main 
problems. The observed temperature fuctuat ions are always contaminated by 
instrumental noise. In the best case, our data would cover the whole celestial 
sphere, being such a sample only one realization of the whole statistical ensem- 
ble (over which the theoretical predictions are given). The error produced by 
this fact on any measurement is called cosmic variance. Moreover, not even in 
the case of the C O B E / D M R  experiment, is the whole sky covered (the Galactic 
plane is removed from the maps) and an additional error would appear in the 
data  (sampling variance). In order to take into account these experimental con- 
straints as well as all the experimental setup details, Monte Carlo realizations 
are required. 

Considering that  aim = (1/v'~)(bt,,~ - ibt,-m), the temperature fluctuations 
observed at each pixel (fixed direction n)  would be given by 

IrrL~x 

AT(n)  = [ ~  I((b,,,,cos(mr 
1=2 

bt _msin(mr ) ) g ~  Wt P~(cosO)] + A,oise(n) , (16) 

where the constant K = v ~  if m r 0 and K = 1 if m = 0, Ni m = 
( (2 /+  1 ) ( / -  m)!/4r( l+ m)!) 1/2, P~  are Legendre polinomials and A,oi,e repre- 
sents the noise per pixel. In the case of COBE/DMR the window function is not 
exactly a Gaussian although it is often approximated by one with F W H M  = 70 
(Wright et al. 1994b). lma= is approximately 40 for this experiment. Monte 
Carlo simulations are done by assuming a certain distribution for the mul- 
tipole coefficients bt,m,bt-m and a Gaussian noise per pixel with dispersion 
(Ri..q(A_B)/2/Nobs(n)) 1~2. As Inflation predicts a Gaussian distribution of the 
arm, the real and imaginary parts are usually drawn from a normal distribution 
with mean value zero and variance given by the theoretical predicted value Ct. 
Several realizations of sky maps are performed for a certain cosmological model 
and the values of different quantities oll the simulated maps are statistically 
compared with the theoretical predictions. Many functions have been used to 
make predictions from the C O B E / D M R  data: correlation functions, RMS value, 
topological descriptors (number, area of spots, total curvature), etc. 

From the Sachs-Wolfe effect and assuming a power law for the power spec- 
t rum of mat ter  density fluctuations, the Cz are given by (10) and (11) as a 
function of Qrms-ps and the spectral index n. The predictions of these two 
parameters have been worked out by different groups using different techniques. 
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There is a correlation between n and Qrm,-PS principally introduced by the 
noise and the variance (cosmic plus sampling variance) that  affect the observa- 
tional data. Some fits given in the literature are presented in Table 1. 

Table  1. Q r m s - P S ,  n fits to the COBE/DMR data. Second column presents the results 
obtained including the quadrupole in the analysis. Third column gives the estimations 
based on analysis of data after subtracting the quadrupole (* Estimations based on the 
RMS)  

References ( Qr ,~ , -p s#K ,  n)ine.quad. (Qrm,-Psi~K, n)excl.quad. 

Smoot  et al. 1992 (16 4- 4, 1.1 4- 0.5) 
Seljack and Bertschinger 1993 
Bennett  et al. 1994 

Banday et al. 1994 
Smoot et al. 1994" 
Smoot et al. 1994 
Torres et al. 1995 
Gorski et al. 1994 

1 A~+0.41 Wright et al. 1994c n . . . . . .  o.44 

Qrm,-PS = (15.7 4- 2.6)exp(0.4611 -- n])+o 6 
(12 4 +5.2 1 59 +~ / ,~ n,  -, : ,.21_0:55 ) \ " - - 3 . 3 ~  " - 0 . 5 5 1  I l u . u T ~ . o - - 5 . 2 ,  x 

(17+~:~, 1) ,(19.-_2.1,4+23 1) 
(13.2 • 2.5 1 7+22) 

Qr m, -ps  = (15.7 4- 2.2) - (6.6 4- 0.3)(n - 1) 
Q r , , , - p s  = (22.2:1: 1.7) - (4.7 4- 1.3)n 

(17+76-4.8, x''"--0.5211 90+0.46~ (20.0+1755,_. 1.02+o.53_0.59) 

Different cosmological models have been tested by CO BE/D MR data  anal- 
ysis. These data  predict a normalization for the Cold Dark Matter  model of 
Qrrns-Pa ,'~ 20#K. This normalization would produce matter  density fluctua- 
tions at 8 Mpc that  are larger than observed. In the case of Mixed Dark Mat- 
ter models (incorporating a neutrino component) COBE/DMR would imply a 
RMS value of the mat ter  density fluctuations at 8 Mpc in agreement with the 
observations. However, too small velocity dispersions are predicted (Stompor, 
Gorski and Banday 1995, Bunn, Scott and White 1995). As a possible solu- 
tion to fit the large scale structure observations with the normalization given 
by the C O B E / D M R  data, a cosmological constant A has been considered in 
a flat model (Stompor, Gorski and Banday 1995, Bunn and Sugiyama 1995). 
The C O B E / D M R  data  favoure models with A = 0. Open models with different 
primordial power spectrum have been studied in comparison with C O B E / D M R  
first and second year data  (Gorski et al. 1995, Cay6n et al. 1995). The conclusion 
is that  this data  can not rule out any ~ < 1 models. The only theoretical mod- 
els that  seem to have very strong constraints in order to fit the C O B E / D M R  
data  are the Primordial  Isocurvature Barionic models (Hu, Bunn and Sugiyama 
1995). 
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4.4 Fea tu re  Ident i f ica t ion  

As all the CMB anisotropy experiments are constrained to observe the same 
sky, experiments working at comparable angular scales should detect the same 
features if these have a cosmological origin. The features appearing in the 
COBE/DMR sky maps are contaminated by noise and it is difficult to say which 
of them correspond to real cosmological signal. 

The three COBE/DMR maps in Fig. 5 show all the connected pixels appear- 
ing above and below O'(A_B)/2 in the 31, 53 and 90 GHz maps of two years of 
observations. In a first attempt to identify real spots, Cay6n and Smoot 1995 
considered all the spots that appear in coincidence at the three frequencies and 
compared their area (number of connected pixels) and signal-to-noise ratio (mean 
value of the ratio of the temperature over noise observed at each of the connected 
pixels) to predictions of noise Monte Carlo simulated maps. Two cold and one 
hot spots were pointed out as being produced by cosmological signal at the 95% 
confidence level. These are the spots located at (!, b) = (-99 ~ 57~ (-21 ~ -45 ~ 
for the two cold spots and (l, b) = (-81 ~ -33 ~ for the hot one. 

Special methods to remove the noise from the data have been used to predict 
the spots that would be observed in the COBE/DMR maps assuming a cer- 
tain cosmological model. Bunn et al. 1994 presented a Wiener filtering analysis 
(Press et al. 1992) of the first year data. The predictions of three models are 
presented considering Sachs-Wolfe effect and a power law for the matter density 
fluctuations with (Qrm,-ps(pK,  n) = (12.5, 1.5), (15.7, 1.0), (19.8,0.5). Two of 
the more significant spots coincide with the two cold spots predicted to have a 
cosmological origin in Cay6n and Smoot 1995. 

4.5 Compar i son  wi th  o ther  Exper imen t s  

CMB anisotropy level observed by the COBE/DMR experiment require obser- 
vations at large angular scales to be confirmed. The first confirmation appeared 
through a comparison with the FIRS (Far Infra-Red Survey) observations. This 
is a balloon experiment characterized by an antenna of F W H M  = 3~ The 
observations were performed in October 6, 1989 at four different frequencies 
170, 273, 477 and 682 GHz. An upper limit of the amplitude of the CMB tem- 
perature fluctuations assuming a Gaussian correlation function with coherence 
angle of 130 was set to ,,~ 43pK (Meyer, Cheng and Page 1991). A posterior 
analysis comparing with theoretical models was presented in Ganga et al. 1994 
set t ing (Qrms-PS, n) = (19~K, 1) using a maximum likelihood analysis. Cross- 
correlations with the COBE/DMR data that cover the same region of the sky as 
the one observed by the FIRS experiment, compared with Monte Carlo simula- 
tions, indicate that both experiments should be observing the same cosmological 
signal (Ganga, Cheng, Meyer and Page 1993). 

The COBE/DMR data have also been cross-correlated with the Tenerife data 
(Lineweaver et al. 1995). The same feature seems to observed in both data sets 
in the region scanned by the Tenerife experiment. This hot spot appears above 
cr(A_B)/2 at 53 GHz but it is not observed at the other two frequencies. 
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Fig.  5. Connected pixels above la(A_B)/2 in tile COBE/DMR sky maps of two years 
of data. a) 31 GHz. b) 53 GHz. c) 90 GHz. 
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O b s e r v a t i o n s  o f  C M B  S t r u c t u r e  
w i t h  t h e  T e n e r i f e  E x p e r i m e n t s  

Carlos M. Guti6rrez, Rafael Rebolo 

I n s t i t u t o  de Ast roffs ica  de Cana r i a s ,  38200 La Laguna .  Spa in  

A b s t r a c t :  The Tenerife Cosmic Microwave Background (CMB) experiment is map- 
ping a region of 5000 square degrees on the sky. Several beam-switching radiometers at 
frequencies 10, 15 and 33 GHz have been operating in the Teide Observatory (Tenerife) 
for more than ten years. Our experiment discovered the first features in the CMB in 
a strip at Dec.=+40 ~ The region analyzed was free of strong radio sources and the 
spectral  properties of the features ruled out the possibility of a Galactic origin. The 
most probably origin of the signal detected was cosmological, representing the first di- 
rect observation of intrinsic CMB structure. For the case of fluctuations described by a 
Gaussian auto-correlation function, a likelihood analysis of our combined results at 15 
and 33 GHz implies an intrinsic rms fluctuation level of 48+~ #K on a coherence scale 
of 4~ the equivalent analysis for a Harrison-Zel'dovich model gives a power spectrum 
normalisation of Q R M S - P S  "~ 22+~ ~ iLK. A comparison with the COBE DMR two-year 
da ta  at Dec.=+40 ~ shows the compatibili ty of the signal detected by both experiments 
and the presence of individual features common to both data  sets. Several new instru- 
ments recently installed in Tenerife extending the angular scales and spectral range 
covered by our radiometers are briefly described. 

1 Introduction 

T h e  an i so t ropy  of  the  Cosmic  Microwave Background  (CMB)  is one of  the  mos t  
powerful  tools  to inves t iga te  the  phys ica l  condi t ions  in the  ear ly  Universe,  pro-  
v id ing  direct  access to  the  epoch ~ 300,000 years  after  the  ini t ia l  s ingular i ty .  
By observ ing  different angu la r  scales, we inves t iga te  different l inear  and  mass  
scales; for e x a m p l e  on the  5 ~ scale of  our  Tenerife beam-swi tch ing  exper imen t s ,  
we are  p rob ing  the  equiva lent  of 3 0 0 - 5 0 0  Mpc  s t ruc tu re  in our  c o n t e m p o r a r y  
Universe,  which cor responds  to the  larges t  scales identif ied in the  d i s t r ibu t ion  of  
ga laxies .  

T h e  s t a n d a r d  p ic tu re  envisages two compone n t s  of  the  CMB s t ruc ture  on 
scales ~ 2 ~ T h e  first is sca lar  f luc tua t ions  ar is ing f rom the  Sachs-Wolfe effect, 



200 

while the second is a tensor component due to gravitational wave radiation com- 
ing from the inflationary era. A detailed measurement of the spectrum of fluc- 
tuat ion amplitude on such scales will then establish the tensor contribution. A 
second feature of the angular spectrum of fluctuation amplitudes is the "Doppler 
peak" centred on scales of 1 ~ - 2 ~ These fluctuations are due to the motion of 
massive structures in the epoch of recombination, and are expected to have an 
ampli tude of 2 - 3 times that  on large angular scales. 

The Tenerife CMB experiments have the objective of detecting and mapping 
the primordial fluctuations in the CMB on angular scales of several degrees. In 
this contribution we present a description of the observing technique and data  
processing (Section 2), an analysis of the results obtained at Dec.=+40 ~ (Section 
3), some preliminary results at adjacent declinations (Section 4) and the future 
programme of observations (Section 5). 

2 O b s e r v a t i o n s  a n d  d a t a  r e d u c t i o n  

The experiments are a collaboration between the University of Manchester, the 
IAC Tenerife and MRAO Cambridge, and consist of three independent two- 
channel receivers operating at frequencies of 10.4, 14.9 and 33 GHz, generically 
called the 10, 15 and 33 GHz experiments respectively. The instruments are 
located in the island of Tenerife at an elevation of 2400 m in a site which is 
usually above the inversion layer with three quarters of clear days and sunshine 
occuring during 2800 h of the year. The water-vapour content is about 2 mm 
for 30 % of the summer time, and our experience over the years shows that  
even at our higher frequency of 33 GHz it is possible to operate for a significant 
fraction of time. The three instruments operate following a double-difference 
technique: with a beam response of the form -0 .5 ,  + l ,  -0 .5  with three beams 
(FWHM.~ 5 ~ the positive in the meridian and the other two displaced 871 in 
declination (Davies et al. (1992), 1996). The resultant configuration is sensitive 
to the linear part  of the spectrum of CMB fluctuations (multipoles l ~ 40), 
having a peak response at l -~ 20 (Watson et al. 1992). The instruments use 
high electron mobility transistors (HEMT) amplifier, with bandwidths of -,. 10 
% and have equivalent system brightness temperatures in the range 70 - 100 
K. The existence of two independent channels in each instrument gives further 
confidence in identifying atmospheric and systematic effects. The resulting the- 
oretical sensitivities, including both channels, are 5.6, 3.4 and 2.2 mK•  -1/2 
at 10, 15 and 33 GHz respectively. As primary calibrators we have used the Sun 
and the Moon, and an ambient temperature absorber. A continuous calibration 
is achieving by the injection of a signal of 4 K modulated at 16 Hz. Also the 
strong daily crossing of the Galactic plane acts as a secondary calibrator. The 
fraction of data lost due to atmospheric humidity effects throughout the year is 
about  30 % at 10 and 15 GHz, and a greater proportion at 33 GHz. In addition 
we have discarded any data  taken when tile Sun or Moon are less than 500 and 
300 respectively from the beam. We have also removed data  when the standard 
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error is larger than three times the average value for the day. The rest of the 
t ime is lost due to maintenance, calibration or system failure. 

3 S t a c k e d  d a t a  a t  D e c . : + 4 0  ~ 

When the data  are stacked at each frequency and declination we obtain very sen- 
sitive scans with a noise reduced by a factor --~ 1/x/'N compared with individual 
observations. We will concentrate in this section in the analysis of the data at 
Dec.=+40~ at this declination we have analyzed the region at RA= 161 ~  2300 
which is at Galactic latitudes b ~ 50 ~ The search of CMB fluctuations must be 
done well away of the Galactic plane to avoid as much as possible the contri- 
bution of Galactic synchrotron and free-free emission. This r.egion is also free of 
strong radio-sources (Kiihr el al. (1981), VLA calibrators). Figure 1 represents 
the results at 15, 33 GHz and their weighted addition (15+33) respectively. The 
subsets A and B represent two independient splits of the data covering a simi- 
lar number of observations. Cosmological features should appear with the same 
amplitude in each subset and frequency. A preliminary inspection of these plots 
indicates the presence of obvious common structure at RA ,,~ 1850 with an am- 
plitude at the peak of about 80 pK; there is also some evidence of a second 
feature at RA -,~ 225 ~ A X 2 test reveals the clear presence of signal: the proba- 
bility that  the results are a consequence of pure noise is less than 0.02, 1 • 10 -4 
and 3 x 10 -6 for the 15, 33 GHz and their weighted addition respectively. It is 
possible to compute the mean level of the signal from the (A+B) /2  and ( A - B ) / 2  

2 2 2 . results as a~ = t r ( A + S ) ]  2 - -  t r ( A _ B ) / 2 ,  for data binned at 1 ~ intervals in RA, we 

obtain 43 4- 12 pK in the (15+33) scans. 
Our multifrequency approach allows us to estimate the Galactic contribution 

to the signal detected; this contribution is expected to be larger in our lower 
frequency, and therefore we can use the 10 GHz data to constrain the Galactic 
signal at the two higher frequencies by considering the case in which all the 
signals at 10 GHz were Galactic. Assuming a model with a single component 
we obtain a maximum contribution at 33 GHz of 4 and 2 /zK for the free-free 
and synchrotron processes respectively which is a small fraction of the signal 
detected. We believe that  our scans at 15 and 33 are dominated by CMB signal 
and that  the features on these scans represent the first detection of individual 
primordial fluctuations in the CMB. 

The amplitude of the signal in specific cosmological models can be deter- 
mined using a likelihood approach (Watson el al. (1992), Guti@rrez el al. 1995). 
Most of the models assume a Ganssian field for CMB fluctuations and there- 
fore it is possible to describe entirely their statistical properties using the ACF 
(Auto-correlation Function) of the field Ci,tr(0) = <  6 T ( n l ) 6 T ( n 2 )  >, where 
6T are the fluctuations in temperature,  and n l  and n2 two directions in the 
sky separated an angle 0. A useful model which allows a comparison of re- 
sults obtained using different experimental configurations is given by the ACF 
Cintr(O) = Co  exp{-02/20~},  where Co and Oc are the amplitude and coherence 
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Fig. 1. Results (binned into 4 ~ intervals in RA) at Dec.=+40 ~ in the region of RA 
150~ ~ We have split the data into the two subsets A and B, each covering a 
similar number of observations. A reM feature should appear in each split and at higher 
significance in the addition (A+B)/2. A cosmological feature should appear with the 
same amplitude at 15 GHz and 33 GHz. 
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angle of the fluctuations respectively. The results for 0c = 4* are presented in 
the third column of Table 1. 

Another more insteresting model from a cosmological point of view, is the 
prediction in the case of a power law spectrum of primordial fluctuations P = 
A k  n, where n is the spectral index. A model with n = 1 corresponds to the 
prediction of most of the inflationary scenarios. We have applied a likelihood 
analysis to this model, and we obtain the results shown in the second column 
of Table 1 which presents the amplitude of the quadrupole (see Hancock et al. 
(1994) for the notation used) deduced from each data set analyzed. The results 
look consistent, showing similar amplitudes for the A, B and (A+B) /2  data set, 
and a result compatible with null signal for the ( A - B ) / 2  data  set. 

Table  1. Results of the likelihood analysis for a Harrison-Zel'dovich spectrum of fluc- 
tuations (second column) and for a Gaussian ACF (third column). 

(CHz) QRMs-Ps (,K) (t,K) 

15A 27 +16 54 +37 
- - 1 6  - 3 0  

15B 17 +9 2/1 +21 
- 1 7  ~ - 2 4  

15 21 +12 4/1+26 
- -9  " - 1 9  

33A 22 +14 45 +32 
- - 1 0  - 2 4  

33B 28 +12 57 +28 
- -9  - -25  

33 24 +11 49 +27 
- 8  - - 1 7  

1 5 + 3 3  22 +1~ 48 +21 
- 6  - 1 5  

As has been shown in Lineweaver et al. (1995), the feature at RA-,~ 1850 is 
evident also in the COBE DMR two-year data at 53 and 90 GHz and has the 
Planckian spectrum expected for CMB anisotropy. Futhermore, the correlation 
function between the Tenerife and COBE DMR scans is also indicative of com- 
mon structure across the range RA=160~ ~ The combination of the spatial 
and spectral information from the two data sets is consistent with the statisti- 
cal level of fluctuations claimed by each experiment and strongly supports the 
cosmological origin of this structure. 
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4 Adjacent declinations 

We have observed strips of the sky separated 2.~ covering declinations 30 ~ to 
45 ~ which are close to the zenith of Tenerife. The separation between adjacent 
scans is similar to the beam-width of the instruments and therefore the com- 
binations of these strips allow us to construct a two-dimensional map. Table 2 
presents the sensitivity per beam area in the stacked second differences scans at 
each declination and frequency in the section RA=161~  ~ 

Table 2. The rms sensitivity (#K) in a 5 ~ beam in the section RA=161~ ~ 

v (GHz) 30?0 32?5 35?0 37?5 40?0 42?5 45?0 

10 69 74 39 43 75 76 

15 20 24 20 20 18 21 24 

33 38 30 29 21 47 

A full analysis is not possible until we have observed these declinations with 
appropriate sensitivity at 33 GHz, but meanwhile some interesting preliminary 
results can be obtained. When comparing the data taken at 10 and 15 GHz in 
the region at high Galactic latitude, we see a common structure at Dec.=+45 ~ 
RA=225 ~ with a reduced amplitude at 15 GHz; this structure also extends to 
the adjacent declinations, the relative amplitude at 10 and 15 GHz seems to 
be consequence of its Galactic origin, and is responsible for the detection of 
structure claimed by Davies el al. (1987) using an early version of the 10 GHz 
radiometer with a beam-width of 8 ~ At lower declinations we have observed 
a clear feature at Dec.=+35 ~ RA~215 ~ which will require a detailed analysis 
when the data at 33 GHz will be obtained. At Dec.=+30 ~ in the data  at 15 GHz 
there is a feature at RA~  200 ~ which corresponds to the amplitude expected 
from the radio source 1328+30 (Guti~rrez et al. 1996). In Figure 2 we show our 
data  at 15 GHz in this region and the modeled radio sources; the agreement 
between both in shape and amplitude confirms the consistency of our data and 
the fact that  we are able to detect structures with amplitudes of -,~ 50 pK. 
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Fig. 2. A comparison between the predicted contribution of the radio source 1328+30 
at 15 GHz (dashed line) and our measurements at Dec=+30* (solid lines). 

5 T h e  fu ture  p r o g r a m m e  

Data collection with the radiometers will continue in order to give a coverage 
of Dec.=+30 ~ to 45 ~ at the full sampling separation of 2~ (half the FWHM). 
We plan to reach r m s  sensitivities in a 50 beam of 20 / tK  at 15 and 33 GHz, 
and 50 / tK  at 10 GHz. This combination of sensitivities will enable us to detect 
CMB fluctuations, and at the same time to determine the Galactic contribution 
to better  than 5 pK at the highest frequency. 

A 33 GHz two-element interferometer has been constructed at Jodrell Bank 
and installed at the Teide Observatory in collaboration with IAC. This interfer- 
ometer has a resolution of 2~ with full sine and cosine correlation in a 3 GHz 
bandwidth. The low noise amplifiers used are cryogenically cooled HEMTs, and 
the anticipated sensitivity is 0.7 mK•  -1/-~. 

Measuring the Galactic emission at several frequencies ranging from 408 MHz 
to 15 GIlz is the objective of The Galactic Emission Measurement (GEM) tele- 
scope, an experiment in collaboration with the Lawrence Laboratory which has 
been recently installed in the Teide Observatory. A collaboration between IAC 
and the Bartol Research Institute with CMB observations in the range 100-300 
GHz at angular resolution ~ 20 started in the year 1993. The instrument have 
observed a strip on the sky centered at Dec.=+40 ~ The data taken in 1993 and 
1994 are under analysis. 
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The collaboration between MRAO, NRAL and IAC continues with a proposal 
to build the Very Small Array (VSA) for CMB structure studies. Operating at 
frequencies between 28 and 34 GHz on the Tenerife site, the VSA will have the 
capability of imaging primordial CMB structure to a sensitivity of 5/~K over the 
angular range 10 ~ to 205. 
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C o n c e p t s  in C M B  A n i s o t r o p y  F o r m a t i o n  

W a y n e  H u  

Institute for Advanced Study, Princeton, NJ 08540 

"To divide is to leave something undivided. 
To discriminate between alternatives is to 
leave something which is neither alterna- 
tive." 

Chuang-~u 

Abstract: 

These lecture notes form a primer on the theory of cosmic microwave back- 
ground (CMB) anisotropy formation. With emphasis on conceptual as- 
pects rather than technical issues, we examine the physical foundations of 
anisotropy evolution in relativistic kinetic and perturbation theory as well as 
the manifestation of these principles in primary and secondary anisotropies. 
We discuss gauge choice and gauge invariance and their use in understand- 
ing the CMB. Acoustic, gravitational redshift and ionization effects have 
robust signatures in the CMB spectrum and may allow determination of 
classical cosmological parameters as well as reveal general distinctions be- 
tween models for structure formation. We develop the tight and weak cou- 
pling approximations as analytic tools to help understand these effects and 
the robustness of their signatures. 

1 Introduction 

More than three years has passed since cosmic microwave background 
(CMB) anisotropies were first detected at large angular scales in the COBE 
DMR sky maps (Smoot et al. 1992). Since then much progress has been 
made in probing the anisotropy spectrum at smaller scales (see e.g. the 
compilations by Bond 1995; Scott, Silk & White 1995; Steinhardt 1995). 
Satellite missions now being proposed would be able to map the anisotropy 
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definitively down to a fraction of a degree. To exploit these recent and po- 
tential experimental advances, we need an accurate and accessible theory of 
anisotropy formation. The first part of this task was largely accomplished in 
the 1980's with the ground-breaking work of Wilson & Silk (1981), Vittorio 
& Silk (1984), and Bond & Efstathiou (1984). Detailed numerical calcula- 
tions in perturbation theory allow accurate predictions of the anisotropy in 
most models for structure formation. Summaries of the current state of the 
art in numerical codes can be found in Bond (1995), Hu er al. (1995) and 
Ma ~ Bertschinger (1995). 

Numerical work however is notoriously inaccessible to the uninitiated. 
Moreover, it obscures the true potential of CMB anisotropy spectrum for 
cosmology by limiting itself to specific models. Indeed, CMB anisotropies 
are sensitive to classical cosmology parameters such as the matter and radi- 
ation content, baryon fraction, expansion rate, curvature, and cosmological 
constant (Bond et al. 1994; Seljak 1994; Hu & Sugiyama 1995a) as well as 
the model for structure formation (Hu & Sugiyama 1995b; Albrecht et al. 
1995, Crittenden & Turok 1995; Duffer et al. 1995; Magueijo et al. 1995). 
In these lecture notes, we will review the basic concepts of anisotropy for- 
mation and their consequence for cosmology. 

We begin in w with relativistic kinetic and perturbation theory which 
give the basic physical laws that govern anisotropy formation. Pure reduc- 
tionism of this sort however would miss the true use of CMB anisotropies. 
In w and w we map out the manifestations of the basic principles be- 
fore and after recombination, i.e. the primary and secondary anisotropies. 
These anisotropies possess information on both the cosmological model and 
structure formation. From this decomposition and reconstruction, the re- 
sulting complex structure of anisotropies can be understood in a general 
model-independent manner. 

2 Physical  Foundation 

Two ingredients are necessary to describe the evolution of cosmic microwave 
background anisotropies: relativistic kinetic and perturbation theory. Ki- 
netic theory describes the radiation transport properties of the CMB pho- 
tons in the metric perturbed by gravitationally unstable density fluctua- 
tions. These fluctuations are evolved through relativistic perturbation the- 
ory. Combined, the two considerations yield a complete system that is re- 
sponsible for anisotropy formation in any model where structure formation 
proceeds by gravitational instability. 
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2.1 Relativistic Kinetic Theory 

Conceptually, relativistic kinetic theory is identical to the familiar non- 
relativistic case: the phase space distribution is conserved along geodesics 
save for a collision term due to scattering, 

df _ Of Of dz i Of dp Of d'y i = C[f], (1) 
d t -  Ot + Ox ---7 d--t + ~ p - ~  + 07 - -7  d--T 

Here ~i are the direction cosines of the photon momentum p. Before a red- 
shift of z. ~ 1000, CMB photons were hot enough to ionize hydrogen. 
Consequently, the dominant interaction process for the CMB at early times 
was Compton scattering off free electrons. Due to the higher electron den- 
sity in the early universe, the Compton mean free path was quite short, 
much smaller than the particle horizon at that  time. The horizon at z. sub- 
tends a degree or less for ~20 + ~A ~< 1. Thus on scales relevant for observable 
anisotropies, the photons were tightly coupled to the electrons, which in turn 
were tightly coupled to the protons by Coulomb interactions. At z.,  neutral 
hydrogen formed through "recombination" and the photons last scattered. 
Unless the universe suffered reionization at high redshift, fluctuations in the 
CMB at recombination were frozen in at z. and await observation today. 

There are several features of Compton scattering worth noting 

1. Scattering couples the photons to the baryons and forces perturbations 
in their number and hence energy density to evolve together. 

2. Scattering isotropizes the photons in the electron rest frame thus cou- 
pling the local CMB dipole to the electron velocity. 

3. In the Thomson limit, there is no energy transfer in scattering. Energy 
exchange only occurs to O((v~)),  i.e. O ( T d m ,  ). 

4. There is no change in photon number through Compton scattering. 

Scattering thus governs the intrinsic temperature perturbations at last scat- 
tering and the dipole or bulk velocity perturbation. Since it does not change 
the net energy or photon number in the CMB to lowest order, spectral dis- 
tortions to the blackbody do not arise in linear theory. Unless the electrons 
have been heated significantly above the temperature of the CMB or pho- 
tons and/or  energy has been dumped into the CMB from an external source, 
the spectral information can be ignored. 

The remaining subtlety is that the photons propagate in a space-time 
that is distorted by density fluctuations: we must employ the geodesic equa- 
tion in the presence of perturbations. This leads to gravitational redshift 
effects from the dp/dt term in equation (1) which can also generate fluctu- 
ations in the CMB. The d'~i/dt term represents gravitational lensing and 
gives a first order contribution only in a curved universe (see w By inte- 
grating equation (1) over frequencies, one obtains the Boltzmann equation 
for the evolution of temperature perturbations O(r/, x, ~') --- AT~T,  
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IS - - - /  = (2) 0 

+ + a-I'J 
{9 

where Sa  and Sc  are the sources from the gravitational redshift and 
Compton scattering and overdots are derivatives with respect to confor- 
mal time U = f dt/a.  For a derivation from first principles of the Comp- 
ton collision term So,  see Hu, Scott ~ Silk (1994), Dodelson 8r ,Tubas 
(1995), and Kosowsky (1995). If the angular dependence and polarization 
of Compton scattering is ignored it reduces to +[{90 - {9 - 7iv~]. Here {90 is 
the isotropic temperature fluctuation and the differential Compton optical 
depth + = xerzeaTa with x, as the ionization fraction, n, as the electron 
density and o" T as the Thomson cross section. Implicit in Sc  and S c  are 
the three fundamental  sources of anisotropies in the CMB: 

1. Gravitational redshifts from the presence and evolution of metric fluc- 
tuations. 

2. Hot and cold spots from the intrinsic temperature at last scattering. 
3. The Doppler effect due to the velocity of the last scatterers. 

Of course, this high level description is not very practical. Gravitational 
instability controls the evolution of density, velocity, and metric perturba- 
tions in the universe. All of these effects are thus related by relativistic 
perturbat ion theory. 

2.2 Re la t iv i s t i c  P e r t u r b a t i o n  T h e o r y  

General relativity tells us that  mat ter  moves in a space-time perturbed by 
fluctuations in the mat ter  density itself. Thus the Einstein equations reduce 
conceptually into two pieces. The stress-energy tensor of the total matter  is 
covariantly conserved in the perturbed metric, TV~;~ = 0, and matter  fluc- 
tuations are the source of metric perturbations via a generalized Poisson 
equation. For the former, v -= 0 gives number or energy density conserva- 
tion, i.e. the continuity equation. The spatial components give momentum 
conservation, i.e. the Euler equation. 

2.2.1 Gauge Choice 

To explicitly implement these principles, we need to treat a subtlety due 
to gauge freedom in general relativistic perturbation theory. In order to 
define a perturbation, we must specify the relation between the physical 
spacetime and the hypothetical unperturbed background. The difference 
between quantities at the same coordinate values is deemed a perturbation. 
Since this choice is not unique, one must generally fix a gauge before making 
any calculations or interpretations regarding perturbation evolution. 

Practically speaking, a gauge choice involves fixing the constant-time hy- 
persurfaces and the spatial grid on these surfaces. Suppose we warp the time 
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Fig. 1. Gauge ambiguity. Due to the change in density with the expansion, even a 
homogeneous FRW universe can appear to have a density perturbation if the time 
slicing is warped. The synchronous and total matter gauges choose the time slicing 
to correspond to the rest frame of the freely falling and total matter respectively. 
The Newtonian gauge chooses slicing such that the expansion rate is shear free. 

slicing from some fiducial choice by i~ = q + Te  ik'x (see Fig. 1). The density 
of a fluid of particle X on this slicing becomes f ix = Px  - p x T e  ik'x for the 
same coordinate value. Because the expansion makes densities decrease in 
time as 

h 
= - 3 ( p x  + p x ) - ,  

a 

in the new frame the density fluctuation is 

~x = 6x  + 3(1 + p x / p x )  a T e  ik'x. (3) 
a 

As a simple example of gauge ambiguity, consider a Friedmann-Robertson- 
Walker universe with no perturbations 5x  = 0. Even in this case, a density 
fluctuation appears in the warped time slicing. One might argue that this 
involves a silly choice of time slicing and that observers may set up a sensible 
coordinate system that removes ambiguities by exchanging light signals. 
This is true. All "sensible" choices of coordinate systems agree on the nature 
and value of the density perturbation within the horizon by requiring that 
the warping satisfy 571/71 = T / q  << 5 if kT/>> 1. However outside the horizon, 
there is no "sensible" way to set up the coordinate system�9 In particular, 
different choices of time slicing can produce seemingly different results for 
perturbations and their evolution in this regime. 

There are two basic approaches to fixing a gauge or coordinate system. 
We can choose a set of preferred observers axM set the coordinate frame 
to be their rest frame, i.e. employ "Lagrangian" coordinates. The popular 
and useful synchronous gauge is one such representation. Here we choose 
freely falling observers to define the frame, e.g. the collisionless cold dark 



212 

m a t t e r .  This rest frame analysis is convenient in that  it simplifies the evo- 
lution equations and their solution. An extension of this idea is employed in 
the ~otal matter  gauge. Here the coordinate system coincides with the rest 
frame of the combined relativistic and non-relativistic matter.  This choice is 
computationally useful in the early universe where radiation dominates and 
does not necessarily follow the perturbations in the non-relativistic matter.  

The computational convenience of these "Lagrangian" techniques is 
offset by difficulties in obtaining physical intuition for processes such as 
anisotropy formation. Perturbations grow by dilation effects due to distor- 
tions of the coordinate grid rather than simple causal mechanisms such as 
gravitational infall and redshift. An alternate choice is to take an "Eule- 
rian" coordinate system. More specifically, instead of employing a set of 
preferred observers, fix the coordinate system by a geometric property. One 
useful choice is the Newtonian gauge. The coordinate frame here corre- 
sponds to zero-shear hypersurfaces where the expansion appears isotropic. 
Inside the horizon, this analysis reduces to the standard non-relativistic 
Newtonian treatment. Thus, our physical intuition from the non-relativistic 
theory most easily carries over to a complete treatment in this gauge. 

Since there is a one-to-one mapping between gauges whose coordinates 
axe entirely fixed, these treatments are entirely equivalent and give the same 
result for any observable quantity, e.g. CMB anisotropies. Ambiguities only 
arise if the coordinate system is not entirely fixed. In this case, the one- 
to-many mapping produces unphysical gauge modes which historically has 
produced much confusion (see Press &: Vishniac 1980). Gauge modes can 
be avoided by completely fixing the coordinates. The definitions of the total 
mat te r  and Newtonian gauges already do so. On the other hand, a syn- 
chronous coordinate system, defined by a set of freely falling observers, 
requires us to specify which set through the initial conditions. In particular, 
if the initial velocity of the observers is fixed then there are no gauge modes. 
In practice, one usually takes the rest frame of the CDM. 

2.2.2 Gauge Invariance 

Due to the computational convenience of the "Lagrangian" gauges and the 
intuitive nature of the "Eulerian" ones, it is often useful to switch between 
gauges in the midst of a calculation or even employ different gauge rep- 
resentations in a single set of evolution equations. A useful technique for 
this purpose is provided by the gauge invariant method (Bardeen 1980; Ko- 
dama  & Sasaki 1984; Mukhanov, Feldman & Brandenberger 1992). It is 
called gauge invariant not because a density perturbation, say, remains a 
density perturbation under a gauge transformation. Rather, a density per- 
turbat ion in a specific gauge is represented in a coordinate free manner, 
i.e. in a manner valid in an arbitrary gauge. In practical terms, this just 
means that whatever gauge is chosen, one has a systematic way to mix in 
quantities that represent perturbations in a different gauge. 



213 

Let us make these considerations more concrete. The most general form 
of a metric per turbed by scalar fluctuations a given Fourier mode k is 
(Bardeen 1980) 

g00 -- - a  2 [1 + 2Aaeik'x], 

goj = a2Baikje  ik'x, (4) 

where for illustration purposes, we have taken a flat geometry and super- 
script G is meant to remind the reader that these quantities are gauge 
dependent.  By fixing the gauge, we can eliminate two out of the four metric 
terms. In the Newtonian gauge, B N = HT N = 0, and it is traditional to 
label the Newtonian potential A N = k~ and the space curvature perturba- 
tion HL N = ~. Synchronous gauge requires A s = B s = 0, whereas the total 
mat ter  gauge takes B T = VT y and HT T = 0 where VT T is the velocity of 
the total matter.  Ordinarily, one now writes down the Einstein equations 
Gu, = 8~rGT~,,, which contain the conservation TU~;u = 0 and "Poisson" 
equations, with a specific choice of gauge. For a fluid of particle X,  the 
stress energy momentum tensor is 

T~ = -(1 + 

T ~ --- (Px + px)Vxa(- ik i )e  ik'x, (5) 

Y~ = (PX + ~pgeik'x)~/j q- px.l'lX(--~'i]cj + ~/j)e ik'x, 

where 1-Ix is the anisotropic stress of the fluid. 
As an example of the gauge invariant program, let us write the total 

mat ter  gauge density perturbation in a gauge-independent way. The total 
mat ter  gauge condition is satisfied by shifting the time slicing from an ar- 
bi trary gauge by T = (VT a -- B a ) / k  [Kodama & Sasaki 1984, eq. (3.3a); 
Hu 1995, eq. (4.88)]. Equation (3) tells us that the density perturbation 
transforms as 

= + 3(1 + px/px) (v . - (6) 

In an arbitrary gauge G, this represents what the density per turbat ion would 
be in the total matter  rest frame. This "gauge invariant" definition can be 
used to employ total matter  gauge variables in a Newtonian or synchronous 
gauge treatment: 

6T = ~N + 3a(1 + px/Px)Vff/k 
(7) 

If fluctuations are adiabalic, the number density fluctuations of the matter  
and radiation evolve together, i.e. their bulk velocities are equal. In this 
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case, VT s is equal to the freely-falling cold dark mat ter  velocity, commonly 
defined to be zero in synchronous gauge. Equation (7) then tells us that 
the total matter  gauge and synchronous gauge density perturbation are nu- 
merically equivalent. In a matter  dominated (pressureless) universe, there 
is no fundamental scale in these rest frame evolution equations and density 
fluctuations evolve in a scale free manner. This is not true for the Newto- 
nian gauge. Here fluctuations grow by the gravitational infall of the matter  
into potential wells. Due to causality, this introduces a fundamental scale, 
the horizon scale, into the evolution equations. For example in the case of 
adiabatic fluctuations, density perturbations are constant outside the hori- 
zon and only grow (or decay) after the horizon has grown larger than the 
wavelength. 

Now let us see how gauge modes creep in. The mapping of synchronous 
perturbat ions onto any gauge with fixed coordinates is unambiguous as we 
have seen. However, since it is a many-to-one operation, its inverse leaves 
additional gauge freedom. Notice from equation (7), knowledge of the total 
mat ter  or Newtonian gauge perturbations only fixes a certain combination 
of density and velocity perturbations in synchronous gauge. To remove the 
ambiguity, one must fix the initial synchronous velocity. Since an initial ve- 
locity decays with the expansion as a -1 , equation (7) tells us that a different 
choice will alter the behavior of densities by an additional term proportional 
to h / a  2 or a -2 during radiation domination and a -3/2 during matter  dom- 
ination. This is a gauge mode. 

In summary, the "gauge invariant" approach does nothing to solve the 
gauge ambiguity; no solution is necessary since gauge choice poses no funda- 
mental problems. Yet even though there is nothing particularly deep about 
the "gauge invariant" program, it is often useful. It allows us to borrow 
Newtonian and rest frame concepts for use in any gauge. In addition, by 
providing a systematic way of mapping perturbations in a specific gauge 
onto an arbitrary gauge, one automatically determines whether the coor- 
dinates have been completely fixed, i.e. whether gauge modes have been 
entirely eliminated. 

2.3 Newtonian Gauge Equations 

Now we are ready to state the evolution equations in an explicit form. 
To avoid unnecessary confusion, we will stay in the pure Newtonian gauge 
throughout this treatment. We will hereafter drop the superscript N with 
the understanding that all perturbation variables are in the Newtonian 
gauge unless otherwise specified. The continuity and Euler equations for 
the photon temperature in flat space are 

k o Oo=-  
( s )  

1 
o l  = k [ o 0  + e - - §  - vb) ,  
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where the term proportional to the Compton differential optical depth § 
1 comes from momentum conservation in the scattering. Recall that O0 = ~67 

is the isotropic temperature  fluctuation, and O1 -- V7 is the amplitude 
of the photon dipole or bulk velocity. One can see that when the optical 
depth to scattering is high, the photons become isotropic in the electron- 
baryon rest frame, i.e. the dipole moment  01 = Vb. The anisotropic stress 
of the photons / /7  is directly proportional to its quadrupole moment. Since 
scattering makes the photons isotropic in the baryon rest frame, the photon 
anisotropic stress is negligible before recombination. These equations can 
also be directly obtained from kinetic theory. In fact, they are contained in 
the Legendre decomposition of the Boltzmann equation (2) in Fourier space 
which also gives the evolution of II7 through a hierarchy of higher angular 
moments (Wilson & Silk 1981). 

Aside from the usual velocity divergence source in the continuity equa- 
tion, there is a term dependent on the metric. This is due to the gravi- 
tational redshift effects of time dilation�9 As the form of the metric g i i  = 

-a26i1(1 + 2~e ik'x) implies, it is entirely analogous to the cosmological red- 
shift. Heuristically, the presence of mat ter  curves or stretches space taking 
the wavelength of the photon with it. In the Euler equation, the Newto- 
nian potential k~ acts as a source of the dipole. Gradients in the potential 
also induce gravitational blue and red shifts as the photons fall into and 
climb out of potential wells (k~ < 0). This is countered by photon pressure 
from (90. As the temperature rises so does the pressure which opposes the 
fall of a photon into the potential well. As the photons free stream, power 
in the dipole is converted into the higher multipole moments through the 
quadrupole via the II7 term. 

The baryon continuity and Euler equations take on a similar form 

6b = - k Vb - 3 ~  , 

fsb = - a y b  + + §  - Yb)/R.  
a 

(9) 

Momentum conservation in Compton scattering gives the form of the cou- 
pling. From equation (5), the effective momentum density of a general fluid 

1 X is (Px + px)Vx.  Since P'r = ~P7 and Pb << Pb, conservation implies 
( 4 p . y / 3 ) 6 6 ) l  = pb6Vb .  Thus the Compton coupling for the baryons takes on 
a similar form to the protons but is of opposite sign and is altered by a 
factor of R = 3pb/4pT. 

Again, the continuity equation is modified by gravitational effects from 
the stretching of space associated with ~. Since the densit.y decreases as 
the length scale cubed, the total differential effect becomes 3~. In the Euler 
equation, the velocity is damped by the expansion and enhanced by infall 
into potential wells. Particle momenta  scale as a -1 due to the expansion. 
For non-relativistic particles, this causes the peculiar velocity to scale sim- 
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ilarly in the absence of sources. In the fully-relativistic case, it causes the 
tempera ture  to decrease as a -1 . 

Decoupled components such as the massless neutrinos and cold dark 
mat te r  follow identical evolution equations save for the absence of Compton 
coupling. The metric perturbations on the other hand feel the influence of 
the total  mat ter  perturbations,  PT~T = E i  pi~i, (PT + pT)VT = Ei(Pi + 
pi)I~, and pTI] T .= ~iPil"Ii, where i runs through all the particle species, 
through the generalized Poisson equations, 

k2r = 47rGa2pT[6T Jr 3a(1 + pT/PT)VT/k], 

k2(k~ + ~) = --87rGa2prHT, 
(10) 

which arise from the time-time + time-space and traceless space-space com- 
ponents of the Einstein equations respectively. The presence of a s in the first 
equation represents the conversion from physical to comoving coordinates. 
Notice that  if we rewrite the equation in terms of the density fluctuation 
on the total mat ter  rest frame, the first equation would take on the famil- 
iar non-relativistic form of the Poisson equation and simplify perturbation 
calculations. The additional term represents a relativistic effect that  is im- 
por tant  outside the horizon. When anisotropic stress pTIIT may be ignored, 
the second of equations (10) reduces to k~ = _~i as one would expect for 
the Newtonian potential. 

2.4 G a u g e  Tr icks :  Sachs -Wol f e  E x a m p l e  

Examining the photon conservation equations (8) and the Poisson equations 
(10), we see that  the former are simpler in the Newtonian gauge, whereas 
the latter are simpler in the total matter  gauge. Let us see how gauge tricks 
developed 

in w can help us understand their joint evolution. In the matter  dom- 
inated epoch, the Poisson and continuity equations reduce to 

- = -kv , 

as one expects from a non-relativistic analysis. Since 6T T is the density per- 
turbat ion on the matter  rest frame, its evolution in the growing mode also 
satisfies the non-relativistic relation 6 T or rl 2. Hence VT = --26T/kq. Recall- 
ing its relation to the Newtonian density perturbation, we obtain 

[12] 6 T = 6  T -  VT = 1+ ~ ~T 

12 -T 
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For adiabatic fluctuations, the intrinsic temperature fluctuation, O0 -- 
�88 = 1 g6 r  = ~ .  We shall see that after a gravitational redshift of k~, 
this implies that  the effective temperature O0 + ~ = ~ + ~ = gk~l which is 
the famous Sachs-Wolfe (1968) result. 

3 Primary Anisotropies and the Tight 
Coupling Approximation 

Before recombination, the Compton scattering time was so short that the 
photons and baryons behaved as a single fluid. This allows us to greatly 
simplify the t reatment  of anisotropy formation. Specifically, since the mean 
free pa th  is much shorter than a wavelength of the fluctuation, the optical 
depth through a wavelength ,,, r is large. Thus the evolution equations 
may  be expanded in k / i ' .  Employing the baryon Euler equation (9), we may 
eliminate the baryon velocity from the photon evolution equation to obtain 
the first order equation (Peebtes &: Yu 1970; Hu & Sugiyama 1995a) 

k 2 k 2 d 
(1 + R)O0 + --~-O0 = ---~-(1 + R)~  - ~--~ (1 + R)~. (11) 

where we have dropped the higher order correction//-f = O ( k / i ' )  (see w 
Conceptually, this equation reads: the change in momentum of the photon- 
baryon fluid is determined by a competition between the pressure restoring 
and the gravitational driving forces. If we ignore the time dependence of 
the baryon-photon momentum ratio R from the expansion, this equation 
describes a forced harmonic oscillator. Since scattering requires the bulk 
velocities of the photons and baryons to be equal, the effective dimensionless 
mass of the fluid is given by meg = 1 + R to account for the inertia of 
the baryons. Baryons also contribute gravitational mass to the system as is 
evident in the appearance of me~ in the infall and dilation terms on the right 
hand  side. They do not however contribute significantly to the pressure or 
restoring force of the system. 

3.1 A c o u s t i c  Osc i l la t ions  

As an instructive first approximation, let us ignore time variations in the 
potentials �9 and k~ and also the baryon-photon momentum ratio R com- 
pared with changes at the oscillation frequency w = kcs, where the sound 
speed (Doroshkevich, Zel'dovich 8z Sunyaev 1978) 

1 
Cs 

 /3(1 + R) 

Equation (11) then reduces to the familiar form 
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lk2 O0 + k2c]O0 = 

This is a simple harmonic oscillator under the constant acceleration provided 
by gravitational infall and can immediately be solved as 

0o(7/) = [0o(0) + (1 + R)~] cos(kr~) + k-~6o(O) sin(krs) (1 + R)~, (12) 

where the sound horizon r~ = f %dr1 ~ %7/. The two initial conditions 
{9o(0) and 80(0) govern the form of the acoustic oscillation. We shall see 
below that they represent the adiabatic and isocurvature modes respectively. 
Equation (12) also implies through the photon continuity equation (8) that 

Oa(q) = 3[00(0) + (1 + R)~]c~ sin(krs) + 3k-aO0(0) cos(kr~). (13) 

In equations (12) and (13), lie the main acoustic and redshift effects which 
dominate primary anisotropy formation. 

3.1.1  G r a v i t a t i o n a l  Infal l  a n d  R e d s h i f t  

In the early universe, photons dominate the fluid and R --* 0. In this limit, 
the oscillation takes on an even simpler form. For the adiabatic mode, 
O0(0) = 0 and Oo(,1) = [O0(0) + k~] cos(krs) - ~. This represents an os- 
cillator with a zero point which has been displaced by gravity. The zero 
point represents the state at which gravity and pressure are balanced. The 
displacement -k~ > 0 yields hotter photons in the potential well since grav- 
itational infall not only increases the number density of photons but also 
their energy through gravitational blueshifts. 

However, photons also suffer a gravitational redshift from climbing out 
of the potential well after last scattering. This precisely cancels the - ~  
blueshift. Thus, the effective temperature perturbation is O0(q) + k~ = 
[O0(0) + k~] cos(krs) (see Fig. 2). The phase of the oscillation at last scat- 
tering determines the effective fluctuation. Since the oscillation frequency 
w = kcs, the critical wavenumber k = 7r/r,(T1. ) ~ ~r/cs~. is essentially at 
the scale of the sound horizon. If there is a spectrum of k-modes, there will 
be a harmonic series of temperature fluctuation peaks with k m =  mTr/r,(q.)  
for the ruth peak. Odd peaks thus represent the compression phase (tem- 
perature crests), whereas even peaks represent the rarefaction phase (tem- 
perature troughs), inside the potential wells. 

As first calculated by Sachs & Wolfe (1967), the effective temperature in 
1 the matter dominated limit goes to O0 + ~ = ~ff'. In the Newtonian frame, 

this is a direct consequence of the adiabatic initial conditions. In general, if 
k~/<< 1 equation (8) implies 

= [Oo + ~1(0)  + [ ~  - ~1 ~'. [Oo + 
o 
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Fig. 2. Acoustic oscillations. Fluid compression through gravitational infall is 
resisted by photon pressure setting up acoustic oscillations. Without baryons the 
photon blueshift on infall is equal and opposite to the redshift upon leaving the 
potential leading to symmetric oscillations around zero with a Doppler effect of 
equal magnitude but 90 degrees out of phase. Baryons increase the mass of the 
fluid causing more infall and a net zero point displacement. Temperature crests 
(compression) are enhanced over troughs (rarefaction) and velocity contributions. 

In a full calculation, the small variation in the potential at equality due to 
1 the change in the equation of state brings the effective temperature from ~k~ 

to ~k~. As this does not affect the qualitative picture, we will encorporate 
this effect as [O0 -t- if'I(0) = �89 and A(~  -- ~) = 0. Notice that if O0(0) = 
if'(0) = - ~ ( 0 )  = 0, then [O0-t-~'](r/.) = ~( r / . ) - r  ~ 2ff'(r#.) which yields 
a factor of 6 enhancement for isocurvature models. An alternate way of 
deriving these results is to employ gauge tricks as shown in w The Sachs- 
Wolfe effect is a combination of an intrinsic temperature and a gravitational 
redshift. Since the photon density and thus the intrinsic temperature is a 
gauge dependent concept, this breakdown, but  not the observable result, 
will also depend on gauge. 

3.1.2 Baryon Drag 

Though effectively pressureless, the baryons still contribute to the inertial 
and gravitational mass of the fluid meff = 1 + R. This decreases the sound 
speed and changes the balance of pressure and gravity. Gravitational infall 
now leads to greater compression of the fluid in a potential welt, i.e. a fur- 
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Fig. 3. Baryon Drag. Baryons drag the photons into potential wells leading to a 
zero point displacement of IR~I and alternating peak heights in the rrns fluctuation 
which provide a measure of Y2bh 2. The fall off near a. of the amplitude is due to 
diffusion damping. 

ther displacement of the oscillation zero point (see Fig. 2). Since the redshift 
is not affected by the baryon content, this relative shift remains after last 
scattering to enhance all peaks from compression over those from rarefac- 
tion. If the baryon-photon ratio R were constant, the effective temperature 
per turbat ion would become 

0(7)  + ~ = ~ ( 1  + 3R) cos(kr,)  - R# ,  

with compressional peaks a factor of (1 + 6 R )  over the R = 0 ease. In reality, 
the effect is reduced since R --* 0 at early times (see Fig. 3). 

The evolution of the effective mass has another effect on its own. In 
a .2A2 to frequency w of an classical mechanics, the ratio of energy ~meffW 

oscillator is an adiabatic invariant. Thus for the slow changes in mef~ cx c~ -2 , 

the amplitude of the oscillation varies as A ~ c18/2 oc (1 + R) -1/4 since 
w cx cs. The fundamental solutions of the oscillator equation are modified 
to be (1 + R) -~/4 cos(kr,)  and (1 + R) -1/4 sin(kr,).  

3.1.3 Doppler Effect 

Since the turning points are at the extrema, the fluid velocity oscillates 
90 degrees out of phase with the density (see Fig. 2). Its motion relative 
to the observer causes a Doppler shift. Whereas the observer velocity cre- 
ates a pure dipole anisotropy on the sky, the fluid velocity causes a spatial 
temperature  variation O1/x/3 on the last scattering surface from its line of 
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Fig. 4. Analytic decomposition (~20 = 1 scale invariant adiabatic model). The ef- 
fective temperature after gravitationM redshift dominates the primary anisotropy. 
Peak heights are enhanced and modulated by baryon-photon ratio R as well as 
experience a boost crossing the equality scale at g ~ V~(2~2oH2o/a,q)l/277o m, 400. 
The Doppler effect is smaller and out of phase with the temperature. The ISW 
effect due to potentiM decay after recombination is small here but can be signif- 
icant for low matter content universes. Diffusion damping cuts off the acoustic 
spectrum at small scMes. 

sight component. For a photon-dominated cs ~ 1 / v ~  fluid, equation (13) 
tells us the velocity contribution is equal in arnplitude to the density ef- 
fect. This photon-intrinsic Doppler shift should be distinguished from the 
electron-induced Doppler shift of reionized scenarios. 

The addition of baryons significantly changes the relative velocity con- 
tribution. As the effective mass increases, conservation of energy requires 
that  the velocity decreases for the same initial temperature displacement. 
Thus the relative amplitude of the velocity scales as cs. In the toy model of 
a constant baryon-photon density ratio R, the oscillation becomes ~91/v~ = 
-~#(1 + 3R)(1 + R)  -1/2 sin(krs). Notice that  velocity oscillations are sym- 
metric around zero unlike the temperature ones. Thus compressional peaks 
will rise clearly above the velocity oscillations if R is large. Even in a uni- 
verse with 12bh 2 given by nucleosynthesis, R is sufficiently large to make 
velocity contributions subdominant (see Fig. 4). 
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3.1.4  Acoust ic  Dr iv ing  Effects  and Isocurvature  Models  

Whenever the non-relativistic mat ter  is not the dominant dynamical com- 
ponent, the potentials qi and # become time-dependent. For example, when 
the universe is radiation dominated, pressure and entropy alter the behav- 
ior of the gravitational potential. External sources from topological defects 
can also play a role. The effects of potential evolution can be separated into 
those that  occur before last scattering and thus affect the acoustic oscilla- 
tions and those that  occur afterwards which affect the gravitational redshift 
of the photons along their free-streaming trajectories. We will defer consid- 
eration of the latter to w where we consider effects between recombination 
and the present. 

As a simple example of the driving effects of potential evolution, let us 
again consider adiabatic fluctuations where the initial temperature O0(0) 
and curvature fluctuations #(0) are finite constants related by the Poisson 
equation and 80(0) = 0. Inside the sound horizon, pressure prevents grav- 
itational infall in the photon-baryon and neutrino systems. Unless CDM 
dominates, energy density perturbations 6pT decay with the expansion and 
consequently can no longer maintain a constant gravitational potential. 
Counterintuitively, this decaying potential can actually enhance tempera- 
ture fluctuations through its near resonant driving force. Since the potential 
decays after sound horizon crossing, it drives the first compression without 
a counterbalancing effect on the subsequent rarefaction stage (see Fig. 5). 

Furthermore, the dilation effect from a decaying space curvature # also 
enhances the acoustic fluctuations. Heuristically, the overdensities which es- 
tablish the potential well "stretch" the space-time fabric. As the potential 
well decays, it re-contracts. Photons which are caught in this contraction 
find their wavelength similarly contracted, i.e. blueshifted. Thus a differen- 
tial change in ~ leads to a dilation effect, 80 = - ~ .  Combined, the driving 
effects of infall and dilation yield an effect of order ~k~ - 
or 5 times the Sachs-Wolfe effect when the perturbation crosses the sound 
horizon (see Fig. 4,5 and Hu g: Sugiyama 1995c). Since this effect only oc- 
curs for modes which cross before CDM domination, the amplitude of this 
boost is sensitive to the matter-radiat ion ratio of the universe. In particular, 
lowering ~0 h 2, raising the massless neutrino number or energy density, or 
making some of the cold dark matter  relativistic at early times through eV 
mass neutrinos (see Fig. 6b; Ma & Bertschinger 1995; Dodelson, Gates g: 
Stebbins 1995), can move the boost to larger scales and thus enhance the 
first few acoustic peaks. 

Similar resonant effects can occur in other situations. For example, many 
alternate scenarios follow a typical i, ocurvature behavior. The hallmark of 
isocurvature type models is that  curvature fluctuations # are zero or at least 
suppressed outside the horizon. The curvature fluctuation grows by causal 
processes as the fluctuation crosses the horizon. This isocurvature behavior 
occurs for entropy fluctuations where mat ter  and radiation perturbations 
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Fig. 5. Driving effects. The time evolution of the potential can enhance the am- 
plitude of the acoustic oscillation by driving effects. In the adiabatic case [(a) solid 
lines, numerical results and (b) heuristic picture], the potential enhances the first 
compression through infall and decays leaving the oscillator strongly displa~:ed 
from the zero point. In the (baryon) isocurvature case [(a) dashed line], the po- 
tential grows from zero and stimulates a sine mode. The first extrema here is 
suppressed due to the fact that the gravitation driving begins near sound horizon 
crossing. Notice that for the first cycle of the adiabatic and isocurvature oscilla- 
tions, the gravitational force mimics a driving force of approximately twice the 
natural period. 

are counterbalanced in the initial state, whether through the baryons (Hu 
& Sugiyama 1995b), hot dark mat ter  (de Laix & Scherrer 1995) or axions 
(Sugiyama & Gouda 1992), texture models (Crittenden & Turok 1995, Dur- 
rer, Gangui &: Sakellariadou 1995), and is at least part of the story for string 
models (Hindmarsh, private communication, but  see also Albrecht, Coulson 
& Ferreira 1995). The qualitative effect on isocurvature conditions is easy to 
see. Since the potential grows from zero to a maximum near sound horizon 
crossing and then decays due to radiation pressure, the force drives the sine 
harmonic of oscillations (see Fig. 5a). The result is that isocurvature acous- 
tic peaks are 90 degrees out of phase with their adiabatic counterparts. The 
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Fig. 6. Heights of the peaks in a scale invariant adiabatic model. The heights of 
the peaks is determined by the baryon drag and acoustic driving effects and so 
are sensitive to Obh 2 and O0h 2. Baryons increase compression in potential wells 
causing the peak heights to alternate. Lower matter content causes more potential 
decay driving the oscillation. 

first peak occurs at larger scales that the corresponding adiabatic peak but 
generally has a suppressed amplitude since the corresponding mode is just 
at the sound horizon krs  = ?r/2 and has not experienced the full effect of the 
driving term. These features may serve to distinguish the two basic types 
of scenarios in a manner  independent of the details of the given model. 

Notice that in these examples, oscillations give a coherent spectrum of 
peaks in integral or half integral multiples of f wd~ = k r s ( q . ) .  Since each 
k mode evolves independently, this coherence in the temporal phase is the 
result of a special timing in the gravitational impulse. In all the examples 
considered above, the gravitational force kicks in between horizon cross- 
ing and sound horizon crossing. This explains the coherence in k and the 
fundamental  scale in the problem r~(q.). More exotic scenarios may not 
preserve this coherence. If the source of the gravitational potential has a 
more random temporal behavior, the sine and cosine acoustic modes will 
be stimulated incoherently with equal likelihood. Combined, the two modes 
would lead to a smoothed out rms temperature fluctuation below the sound 
horizon. Preliminary calculations indicate that this may be case for cosmic 
string models due to complicated behavior of the string network inside the 
horizon (Albrecht et al. 1995; Magueijo e~ aL 1995). 

These considerations can be made quantitative by solving the oscilla- 
tor equation under the influence of an arbitrary but known gravitational 
forcing function either analytically (Hu & Sugiyama 1995a) or numerically 
by modeling the gravitational source (e.g. Seljak 1994; Crittenden &: Turok 
1995). Simple closed form solutions for standard adiabatic and isocurvature 
models are presented in Hu &: Sugiyama (1995c). 
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3.2 Diffusion Damping 

In reality, the photons and baryons are not perfectly coupled since the pho- 
tons possess a mean free path in the baryons )~c -~ 4 -1 due to Compton 
scattering. As the photons random walk through the baryons, hot spots and 
cold spots are mixed. Fluctuations thereafter remain only in the unscattered 
fraction causing a near exponential decrease in amplitude as the diffusion 
length "~D ' ~  v I N / ~ c  = ~ o r  k D ,~ ~ overtakes the wavelength. 

To be more specific, diffusion causes heat conduction and generates vis- 
cosity in the fluid (Weinberg 1972). As photons from regions of different 
temperature meet, anisotropies form leading to a quadrupole moment or 
anisotropic stress in the fluid. If the diffusion length is well under the hori- 
zon, it overtakes the wavelength of the fluctuation when § = kr/ >> 1. 
Thus the optical depth through a wavelength is still high and the pertur- 
bative expansion of w still holds. This fact allows us to extend the tight 
coupling approximation for acoustic modes to last scattering. For small scale 
modes in which the optical depth through a wavelength 4-/k is not high at 
recombination, all acoustic oscillations will already have damped away (Hu 
& Sugiyama 1995c). 

Photon diffusion is a second order effect and damps acoustic oscillations 
as exp[-(k/kD) 2] with the damping wavenumber 

1 f 1 R 2 + 41 -1(1 + R)/5 
kD = j : T (1 + R)2 

where f2 accounts for the subtle effects in the generation of anisotropic 
stress (see Fig. 4). Kaiser (1983) showed that f2 = 9/10 due to the angular 
dependence and 3/4 if the additional effects of polarization are included. 
The two processes aid the generation of the quadrupole moment and hence 
increase the viscous damping of the acoustic oscillations. 

The baryons are dynamically coupled to the photons by momentum 
exchange in Compton scattering from ~d -- § in equation (9). If i-d/k >> 1, 
the baryons will be dragged in and out of potential wells with the photons. 
This process destroys the baryonic acoustic oscillations as well and is known 
as Silk (1968) damping. Since coupling requires coevolution in the number 
density ~b = �88 = 380, only entropy fluctuations S = ~b -- 3 ~-f  survive 

diffusion damping. 
Notice also that the ionization history factors in the diffusion length 

through the mean free path § As we shall now see, at recombination the 
mean free path and hence the diffusion length increases substantially but 
does not approach the horizon scale. 
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3.3 Decoupling 

The CMB anisotropy today is simply the acoustic fluctuation at last scat- 
tering, modified by diffusion damping and free streamed to the present: 

[0 + gr](r/o, k, #) ~ [0o + gt _ ipO1](r/., k)~D.r(k)e ik"('l* -.o), (14) 

for flat space, where k-  7 = k#, 

]0 "~ D.t(k ) = dr/P-re -[k/k" (,~)12, (15) 

is the diffusion damping factor and the visibility function 1). r = §  is the 
probability of last scattering within dr/of 7/. Its peak is near r ( z . )  = 1. The 
damping factor is dependent only on the background cosmology and fits 
across the whole range of parameter space are presented in Hu & Sugiyama 
(1995c). We shall examine the meaning and implications of each of these 
terms below. 

The baryons do not decouple from the photons precisely at last scatter- 
ing. As we have seen in w the coupling strength is altered by a factor of 
R,  "i'd = i - /R .  By analogy to the photon case, we can define a drag optical 
depth rd and the end of the drag epoch as rd(Zd) = 1 (Hu & Sugiyama 
1995c). After this point, Compton drag on the baryons can no longer pre- 
vent the gravitational infall of the baryons. Because R ( z . )  ,.~ 0.3 for standard 
recombination and a big bang nueleosynthesis value for $2bh 2, z .  and  zd ap- 
proximately coincide for the standard case. However for reionized scenarios 
R ( z . )  >> 1 and the baryons decouple from the photons long before last scat- 
tering. It is thus no longer appropriate to consider the photons and baryons 
as tightly coupled at last scattering. We will develop new techniques to han- 
dle this situation in w From the drag depth rd, a drag visibility function 
12 b ,,~ "?de -'-d can be constructed (see Hu & Sugiyama 1995c for the small 
correction due to expansion damping). The final scale for Silk damping is 
obtained from the visibility function and the diffusion length as in equation 
(15) for the photons. 

3.4 Projection Effects and the Anisotropy Spectrum 

The presence of the exp(ikpAr/) term in equation (14) represents the free 
streaming of the photons in flat space. Photons travel at the speed of light so 
that  the number of wavelengths traveled between last scattering and today is 
kAr/. However, the phase of the wavefront changes only in the perpendicular 
direction so that the observed phase change will depend on the line of sight 
r = karl#.  Since inhomogeneities at the last scattering surface appear as 
anisotropies on the sky today, this can equivalently be viewed as a simple 
projection of the plane wave on the sphere. The anisotropy is expressed 
through the decomposition of the plane wave into multipole moments g -~ 
0 - 1  ' 
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Fig. 7. Location of the peaks. The location of the peaks is determined by the 
angle the sound horizon subtends at last scattering. In an open universe, geodesic 
deviation makes this angle much smaller than in a flat universe. As this angle 
involves a ratio of the sound horizon to the (angular diameter) distance to last 
scattering, distance scale changes through A and h have little effect on its angle. 
The drop in the lowest multipoles for the open /20 = 0.1 is due to the lack 
of supercurvature scale power in the otherwise scale invariant initial conditions 
assumed here. Models here have h --- 0.5 and /2b -- 0.05. 

Ot(r/o,k)2~7+l { 1 d }  
- (16) 

Since jt peaks at ~ -,, /cAr/, it is clear tha t  free s t reaming just  projects 
the physical scale k ,-~ ~-1 onto an angular  scale as O -,~ A/Ar/. The  total  
power in the ~th multipole is obtained by integrat ion over k modes,  Ct = 
( 2 / r )  f k3lOt(r/0, k)l~/(2e + 1)~dln k .  

The  physical content  of the generalization to open universes is now ob- 
vious. Since free s treaming merely represents a project ion,  one replaces 
the comoving distance Mr/ with the comoving angular  d iameter  distance 
re = IKI - I /2  sinh[[Kil/2Ar/], where the curvature K = -H02(1 - 120 - 12A)- 
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Fig.  8. Parameter sensitivity. A schematic representation based on a scale invari- 
ant adiabatic scalar model. Features in an open model are shifted to significantly 
smaller angles compared with A and J'20 = 1 models, represented here as a shift 
in the/~ axis. Isocurvature models behave similarly with respect to the acoustic 
oscillations save that the peaks are 90 degrees out of phase. The spectrum may 
also be tilted by changing the initial power spectrum from the scale invariant 
assumption. 

For  a K > 0 closed geometry,  merely  replace the sinh with sin. Notice tha t  
in the  closed case, the  locat ion of the first peak has oscillates with the  curva- 
tu re  (Whi te  K: Scott  1995). Pu t t i ng  this together ,  the acoust ic  peaks occur  
at  

gJ kjlr~ r~~176 ~. { i i ; "  ad iabat ic  
= = x 1 /2 ) r .  i socurva ture  

Formally,  this arises by replacing j t  with the radial  e igenfunct ion of  an 
open  universe (Wilson 1983). Notice tha t  the peak locations only depend  
on the  background  cosmology once the adiabat ic  or i socurvature  n a tu r e  of 
the  f luc tuat ions  has been established.  Indeed,  the ra t io  of the  peak locat ions 
themselves  can be  employed to separa te  the two (Hu & Sug iyama  1995b). 
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The dominant factor in the peak locations is the curvature of the universe 
which can make the same physical scale subtend a much smaller angle on the 
sky (see Fig. 7). Here we have a classical cosmological test of the curvature: 
knowing the physical scale (sound horizon at last scattering) and the redshift 
(z. ~ 1000) of the acoustic peak, we measure its angular extent. The inferred 
angular diameter distance tells us the curvature. If the peak location is 
known to sufficient accuracy, we can also measure ~2b h 2,/20 h 2 and A through 
their effects on the sound horizon and angular diameter distance (see Figs. 
6 & 7). Analogous information can be obtained from the location of the 
diffusion damping scale even if oscillations are not apparent due to random 
driving effects. 

The heights of the peaks also contain important,  if less model inde- 
pendent  information. As we have seen, every other peak is boosted by the 
baryon content due to baryon drag and scales inside the horizon at equal- 
ity probe ~20 h 2 or more generally the matter-radiation ratio which includes 
information on the neutrino content and mass. Since these two effects have 
relatively robust  features, alternating peak heights and a strong height boost 
at matter-radiat ion equality, there is hope of obtaining information out of 
the heights of the peaks as well as their location for a wide class of models. 
As an example, we present a schematic picture for the anisotropy spectrum 
in Fig. 8 based on the popular scale invariant adiabatic model. Note that 
changing the overall dynamics from ~20 = 1 through flat A models to open 
models is similar to shifting the spectrum in angular space toward smaller 
angles. 

4 Secondary Anisotropies and the Weak 
Cotipling Approximation 

We have been assuming up to this point that  CMB fluctuations are frozen 
in at a redshift z. ,~ 1000. Several processes in the foreground of recombi- 
nation could alter the anisotropy spectrum. These are generally known as 
secondary anisotropies. Just  as the tight coupling approximation assisted in 
the calculation and interpretation of primary anisotropies, the weak cou- 
pling approximation helps in understanding secondary anisotropies (Hu & 
White  1995). 

In abstract  form, anisotropy generation is governed by internal sources 
from photon fluctuations at last scattering Sprim and sources external to 
the photon system in the foreground of recombination Ss,c by 

O~(~0, k) f0 ~~ 2g. + 1 - [Spri,, + Ss~c]jt(kArl)drh (17) 

in flat space with an appropriate generalization of the radial eigenfunction 
for an open geometry (Wilson 1983). Equation (17) just  states that we ob- 
serve the projection of the source at q on a shell at a distance A t / =  7/0 - q. 
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Whether  the sources or the phase of the wave varies more rapidly distin- 
guishes the tight from the weak coupling regime. For primary anisotropies, 
the source is localized over a short range of time around recombination. 
Since §  >> 1, j t  can be taken out of the integral (17) leading to the simple 
projection of equation (16). 

Secondary anisotropies do not necessarily possess this property. Most 
cosmological effects aside from decoupling take on the order of an expansion 
time at the relevant epoch to be completed. In these cases, Ss,c may be taken 
to be slowly varying at small scales and removed from the integral in (17). 
Since 

Jt(kArl)dq "~ 2k / '[}(s + 2)1 "~ k '  (18) 

in the weak coupling limit where Ssr162 << 1, anisotropies fall with 
s more rapidly than  a simple projection of the source would imply. This 
just reflects the fact that  it contributes across many wavelengths of the 
fluctuation allowing contributions from crests and troughs to cancel. We 
will now discuss the main sources of secondary anisotropies S'se~. 

4.1 G r a v i t a t i o n a l  Ef fec t s  

Even in the absence of reionization, secondary anisotropies can be gener- 
ated by gravitational redshift effects between recombination and today. The 
differential redshift from # and dilation from # discussed above must be 
integrated along the trajectory of the photons $8,, = ~ - ~. Tensor fluctua- 
tions can also give rise to anisotropies through this mechanism. We thus call 
the combination the integrated Sachs-Wolfe (ISW) effect. Notice that  these 
effects only occur if the metric fluctuation is time varying. We can separate 
this general mechanism for anisotropy formation into categories based on 
the reason for the time evolution. There are four possibilities to consider: 
time evolution due to the radiation content (early ISW effect), due to the 
expansion (late ISW effect), due to non-linear evolution (Rees-Sciama ef- 
fect) and any more exotic sources such as gravity waves or defects (sourced 
ISW). Additionally, beyond linear theory gravitational lensing may affect 
the CMB. Since this merely shuffles power in anisotropies around scales at 
the arcminute level for a CDM type model, we will not further consider 
the effect and refer the interested reader to Seljak (1995a) and references 
therein. 

4.1.1 Early ISW Effect 

The early ISW effect is the direct analogue of the acoustic driving effect 
of w except that  the photons are in the free streaming rather than 
the tight coupling regime. For adiabatic conditions, the potential decays 
after horizon crossing in the radiation dominated limit. For isocurvature 
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conditions, it grows outside the horizon and then decays as in the adiabatic 
case. In general, this effect will smoothly match onto the a~zoustic peaks 
due to similarities in the cause of their generation. Due to the later t ime of 
generation, this effect influences larger scales than the acoustic peak but is 
cut off above the equality scale. Furthermore, since it arises from a distance 
closer to ourselves, the same physical scale subtends a larger angle on the 
sky. Together these considerations imply that the early ISW effect fills in 
the anisotropy on scales just larger than the first acoustic peak (see Fig. 8). 
It serves to broaden the rise and shifts the location of the first peak in 
the spectrum to larger scales. Unfortunately, this effect satisfies neither the 
tight nor the weak coupling approximation since the decay time ~ q and 
the wavelength ,-~ k -a are by definition comparable for this horizon crossing 
effect. 

4.1.2 Late ISW Effect 

If the universe has a non-vanishing curvature or cosmological constant, even- 
tually these will dominate the expansion rate. Under the rapid expansion, 
density fluctuation ~PT decays taking the potential with it. The decay takes 
on the order of an expansion time at the end of matter  domination indepen- 
dent of the wavelength. Since the photons free stream, they travel across 
many wavelengths of the perturbation on scales smaller than the horizon. 
If the potential decays while the photon is in an underdense region, it will 
suffer an effective redshift rather than a blueshift. Contributions from over- 
dense and underdense regions will cancel and damp the ISW effect on small 
scales. This is the hallmark of the weak coupling regime and is mathemati-  
cally expressed through cancellation in the integral (18). 

For a fixed Y20, the decay epoch occurs much later in flat Y2A + J20 ---- 1 
models than open ones. Thus A models will suffer cancellation of late ISW 
contributions at a much larger scale than open models. In fact, for reasonable 
~20 > 0.1 decay the decay has already started at the quadrupole (see Fig. 7,8; 
Kofman 8z Starobinskii 1985; Hu & White 1995). In summary, the epoch 
that  the universe exits the mat ter  dominated phase is imprinted on the 
CMB by the late ISW effect. 

4.1.3 Rees-Sciama Effect 

Even for an Y20 = 1 CDM dominated universe, potentials only remain con- 
stmat in linear perturbation theory. The second order contribution has been 
shown to be negligibly small (Martinez-Gonzalez, Sanz & Silk 1992). The 
effect in the non-linear regime has been estimated with N-body simulations 
through power spectrum techniques (Seljak 1995) and ray tracing techniques 
(Tuluie, Laguna & Anninos 1995). The general conclusion is that this effect 
does not become comparable to the primary signal until well into the diffu- 
sion damping tail. In the absence of reionization, it should therefore present 
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no problem for the extraction of main features such as the curvature and 
the baryon content from the acoustic peaks. It may however complicate the 
extract ion of cosmological parameters from more subtle effects, for example 
the neutrino mass. 

4.1.4 Sourced ISW Effect 

This catch-all category contains all other gravitational redshift effects on 
the CMB. Tensor perturbations in the metric, i.e. gravity waves, give rise 
to dilation effects as the photons free stream. Due to the nature of the 
metr ic  distortion, they leave a quadrupole signature in the CMB which 
thereafter  is projected onto higher multipoles. Combined with cancellation 
effects, this implies that  the tensor spectrum thus typically exhibits a sharp 
drop in power from the quadrupole. Since contributions only arise between 
last scattering and the present, there is also a cut off at the angle the horizon 
subtends at last scattering. Below this scale, the gravity waves have already 
redshifted away by last scattering. Detailed calculations of the spectrum 
were first carried out by Crittenden et al. (1994) and the spectrum shown 
in Fig. 9 is from Hu et al. (1995). For inflationary models, there exists a 
consistency relationship between the amplitudes of the scalar and tensor 
modes and the slope of the power spectrum (see e.g. Steinhardt 1995). 
There  is hope that  detailed measurements of the CMB spectrum can thus 
provide a strong test of the inflationary scenario (see Lindsey et al. 1995 
and references therein). 

Cosmological defects may also act as an external source of gravitational 
potential perturbations. Pen, Spergel 8z Turok (1993) find that  in such mod- 
els a scale invariazlt form for the anisotropy results from this effect and can 
mimic the inflationary prediction. As in the case of the late ISW effect, the 
magni tude drops from 2kv to zero as the characteristic time scale for the 
change in ~P becomes longer than the light travel time across a wavelength. 
For defect models Pen, Spergel & Turok (1993) estimate the amplitude as 

4 approximately ~P. Since this effect occurs around horizon crossing for a 
given mode due to the isocurvature conditions, the largest spatial modes 
have not been enhanced and can lead to a drop in power at the lowest 
multipoles. 

4.2 Scatter ing Effects 

An early round of structure formation may be able to reionize all or part  of 
the universe at high redshift. If this occurs at 

z > z .  m. 102(f2oh2/O.25)l /3(Z,~bh2/O.O125) -2/3,  

where r ( z . )  = 1 then CMB anisotropies will be drastically influenced 
by scattering. The model-independent information stored in the primary 
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Fig. 9. Gravitational Wave ISW Effect. The metric distortion caused by a grav- 
itational wave induces a redshift/dilation effect on CMB photons. The spectrum 
is cut off below the angle subtended by the horizon at last scattering since gravity 
waves only affect free streaming photons significantly. Due to the signature of the 
metric distortion, it originates as a source of the quadrupole anisotropy. 

anisotropy spectrum will be greatly reduced. It is replaced by more detailed 
information and clues about the evolution of structure in the universe. 

4.2.1 Reionization Damping 

The most  drarnatic effect of reionization is the increase in the photon dif- 
fusion length. Since last scattering is delayed until the Compton mean free 
path  approaches the horizon (or equivalently when the scattering rate 4- 
drops below the expansion rate a/a), the diffusion length at last scattering 
is the horizon scale ,kD ,.~ ~ ,~ ~/tla/iL ~ ~7. Intrinsic photon fluctua- 
tions such as the acoustic oscillations will be damped by diffusion below the 
horizon scale. Moreover, since acoustic oscillations appear only below the 
sound horizon no oscillations will be apparent in the reionized spectrum. 

If reionization is not sufficiently early, some trace of the acoustic oscilla- 
tions may remain in the spectrum. Recall that diffusion damping works since 
reseattering of photons arriving from directions with different intrinsic tem- 
peratures varies destroys the anisotropy. Fluctuations are only retained in 
the unscat tered fraction e -~. If the total optical depth between recombina- 
tion and the present is r < 1, primary and secondary scattering anisotropies 
may  be present in the spectrum (see Fig. 10). In this case, the information 
contained in the CMB would truly be enormous but  also difficult to extract. 
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Fig.  10. Reionization damping, Doppler, and Vishniac effects (scale invariant adi- 
abatic f20 = 1, f2b = 0.05, h = 0.5, COBE normalized model). As the ionization 
level between recombination and the present increases, primary anisotropies are re- 
duced by diffusion and rescattering. For sufficiently high ionization, here zi >~ 100, 
the Doppler effect on the new last scattering surface can regenerate some fluctua- 
tions at intermediate scales. The Vishniac effect dominates at very small angular 
scales. Due to its second order nature, it contributes even if the ionization redshift 
is low. The zi = 5,10 curves are indistinguishable for the primary anisotropies as 
are the zl = 100, 1000 for the Vishniac effect. 

4 . 2 . 2  C a n c e l l e d  D o p p l e r  E f f e c t  

After  the Compton  drag epoch ~Zd3 ,~ 165(J~oh2) l /Sx '~  2]5 where Td(Zd) ~ 1 

(Hu &= Sugiyama 1995c), baryonic gravitat ional  instabi l i ty  can no longer 
be prevented by the photons.  Collapse of the baryon densi ty  f luctuat ions 
implies tha t  baryon  peculiar velocities will create a Doppler  effect in the 
CMB. However the weak coupling approximation tells us t ha t  these too 
will be damped  as the photon traverses many  crests and  t roughs  of the 
pe r tu rba t ion  at  last scattering. In fact, cancellation for the Doppler effect is 
par t icu lar ly  severe. If the per turbat ion wavevector is perpendicular  to the 
line of sight k _l_ 7,  cancellation is avoided. However, flows are i rrotat ional  
in l inear theory so Vb ]1 k. Since the velocity is then  perpendicular  to the 

line of sight, no Doppler effect arises 3' �9 Vb = Vb7 " 1r = 0 (see Fig. 11). 
F luc tua t ions  only survive if there are variations in the velocity or optical 
dep th  th rough  last  scattering. Thus the Doppler source is related to the 
derivative of these quantities as Ssec = e - r [ y b 7  " -[- VbZfi]/k at small scales 

where recall vb(x) = --iVbeik'"lr  This leads to a suppression by a factor of 
approximate ly  (kq.)  -1 (Kaiser 1984). Cancellation under  the weak coupling 
approximat ion  yields a further  suppression via equat ion (18). In general, 
la ter  last  scat ter ing implies a greater kq.,  a larger cancellat ion scale, and 
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hence smaller Doppler fluctuations. Nevertheless, in Fig. 10 the slight upturn 
at intermediate scales for the high ionization case is due to this effect. 

4.2.3 Vishniac Effect 

Since the first order Doppler fluctuation is severely suppressed due to "co- 
incidental" geometrical reasons other effects may dominate the anisotropy 
at small scales. Variations in the optical depth due to density fluctuations 
across the last scattering surface may alow the Doppler effect to escape 
severe cancellation. The increased probability of scattering causes a prefer- 
ential generation of Doppler fluctuations in overdense regions. The ensuing 
anisotropy is not as severely damped as the first order contribution. This 
is because the velocity field can be parallel to the line of sight while the 
density variation is perpendicular to the line of sight (see Fig. 11). This 
effect can also be calculated under the weak coupling approximation. It is 
slightly more complicated than linear effects since it entails mode coupling 
between the density and velocity fields. An explicit expression is given in Hu 
& White (1995). For a CDM model, we find that Vishniac contributions do 
indeed exceed linear contributions at sufficiently small scales. Furthermore, 
since second order effects are strongly peaked to late times, even minimally 
ionized scenarios carry a significant fraction of the maximum signal (see Fig. 
10). 

4.2.4 Cluster Sunyaev-Zeldovich Effect 

Clusters provide a non-linear analogue of the Vishniac effect. Here the hot 
cluster provides the variation in the optical depth which causes preferential 
scattering. The Doppler effect due to the peculiar velocity of the cluster 
yields an anisotropy known as the kinematic Sunyaev-Zel'dovich (SZ) effect 
(Sunyaev &: Zel'dovich 1972). For an individual cluster the temperature 
fluctuation is of order TcVc, where the optical depth through a cluster is 
of order rc ~ 0.1 - 0.01 and the peculiar velocity vc ~ few x 10 -3. This 
provides an interesting way of measuring the peculiar velocity of a cluster 
without introducing the problems associated with determining the distance 
scale (see e.g. Sunya~v & Zel'dovich 1980, Haehnelt & Tegmark 1995). The 
average effect is much smaller however and probably does never dominates 
the anisotropy spectrum. Persi et al. (1995) estimate the effect in a CDM 
model from hydrodynamic simulations and find that this non-linear Doppler 
effect is small in comparison to the second order Doppler (Vishniac) effect 

Compton scattering off hot electrons also produces spectral distortions 
which look like anisotropies to any experiment confined to low frequency 
measurements. As discussed in w Compton scattering exchanges energy 
between the electrons and photons to order Te/m~. This upscatters photons 
from the Rayleigh-Jeans to the Wien regime and leads to a temperature dis- 
tortion of ( A T / T ) n j  = - 2 y  ,,~ -2roTe~me ,~ 10 -s - 10 -3 for an individual 
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Fig. 11. Cancellation vs. Vishniac mechanisms 
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duster .  Again, the rms fluctuations would be much smaller. Much effort 
has been expended to estimate the fluctuations caused by this thermal SZ 
effect with varying results (Barbosa et al. 1995; Makino & Suto 1993; Cole 
& Kaiser 1988). Recently, empirical modeling of clusters has predicted that  
the anisotropy at arcminutes should be on the order of ( A T / T ) R j  < 10 - r  
(Ceballos &: Barcons 1994). Moreover the signal is in large part  due to bright 
and easily identifiable clusters. If such known clusters are removed from the 
sample, the anisotropy drops to an entirely negligible level. 

4.2.5 I n h o m o g e n e o u s  R e i o n i z a t i o n  

Finally, let us mention another variant of the Vishniac-Sunyaev-Zel'dovich 
mechanism. The optical depth could vary due to inhomogeneities in the 
ionization fraction x~ near last scattering. Note that inhomogeneities well 
before optical depth unity have little effect on the CMB due to the cut 
off from the visibility function. Details of this effect will of course depend 
on the exact model for reionization, i.e. the extent of the inhomogeneities. 
Small inhomogeneities may be expected to behave as the Vishniac effect; 
large inhomogeneities like the kinetic SZ effect. 

5 D i s c u s s i o n  

It should now be clear that a great wealth of information about cosmology 
and the model for structure formation lies waiting to be observed in the 
CMB anisotropy spectrum. The location of the first acoustic peak provides 
a robust classical test for curvature in the universe if the fluctuations are 
known to be either adiabatic or isocurvature. The only caveat here is that 
if the universe suffered early reionization the acoustic effect may be so sup- 
pressed that  it becomes unobservable. I n  this case, the CMB will place a 
lower limit on the epoch of reionization. It is very likely that the curvature 
and /or  thermal history of the universe will be measured in the near future. 

Barring early reionization, once we obtain precise measurements of the 
first peak and beyond, we should be able to extract much more information. 
The relative locations of the higher peaks can cleanly separate adiabatic and 
isocurvature models independently of the curvature and thermal history. A 
precise measurement  of the location of the peaks can supply information on 
A and S20 h 2. The heights of the peaks yield even more information if some 
minimal assumptions are made for the theory of structure formation. In- 
deed, requiring consistency with large scale structure measurements should 
eventually fix the model quite precisely. The relative heights of the peaks 
give a robust probe of the baryon content ~2~h 2. In any given model, the 
absolute heights yield a constraint on the matter  content of the universe 
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~20h 2 and perhaps the number, temperature and mass of the neutrinos. 
Combining these pieces of information we can infer the Hubble constant. 

It would seem that  all the fundamental cosmological parameters are 
encoded in the CMB anisotropy spectrum. Yet, even discounting the pos- 
sibility of early reionization, how likely is it that we will precisely measure 
them with the next generation of experiments? The results of Jungman et 
al. (1995) suggest that  at least the curvature can be measured to bet ter  than 
5% accuracy with a full sky map to half a degree resolution. Precisely how 
much information can be extracted will depend in the end on how severe 
foreground contamination from synchotron radiation, free-free emission, in- 
terstellar cold dust, and radio point sources will be. Many of the effects 
described here will require A T / T  to 10 -6 accuracy to measure definitively. 
W i t h  sufficient frequency coverage, there is hope of distinguishing the back- 
ground from the foreground signal to employ at least the clean patches of 
the sky for cosmology. 
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A b s t r a c t :  The major contribution to the anisotropy of the temperature of the Cosmic 
Microwave Background (CMB) radiation is believed to come from the interaction of lin- 
ear density perturbations with the radiation previous to the decoupling time. Assuming 
a standard thermal history for the gas after recombination, only the gravitational field 
produced by the linear density perturbations present on a 12 # 1 universe can generate 
anisotropies at low z (these anisotropies would manifest on large angular scales). How- 
ever, secondary anisotropies are inevitably produced during the nonlinear evolution of 
matter at late times even in a universe with a standard thermal history. Two effects 
associated to this nonlinear phase can give rise to new anisotropies: the time-varying 
gravitational potential of nonlinear structures (Rees-Sciama RS effect) and the inverse 
Compton scattering of the microwave photons with hot electrons in clusters of galaxies 
(Sunyaev-Zeldovich SZ effect). These two effects can produce distinct imprints on the 
CMB temperature anisotropy. We discuss the amplitude of the anisotropies expected 
and the relevant angular scales in different cosmological scenarios. Future sensitive ex- 
periments will be able to probe the CMB anisotropies beyong the first order primary 
contribution. 

1 Introduction 

Cosmic Microwave Background (CMB) tempera ture  anisotropies carry informa- 
tion on the large scale distribution of mat te r  via the gravitat ional imprint of 
linear density fluctuations on large angular scales ( > (2121/2)~ the so called 
Sachs-Wolfe effect for a I2 = 1 universe (Sachs and Wolfe 1967) or the general- 
ized Sachs-Wolfe effect for a I2 # 1 universe or in the presence of a cosmological 
constant  A (Anile and Mot ta  1967, Wilson 1983, Gouda  et al. 1991). In the 
first case the gravitat ional potential  is static and the tempera ture  fluctuations 
are produced by the potential  fluctuations at recombination whereas in the other 
cases they are also produced by an integrated effect of the t ime-varying potential  
along the photon pa th  from recombination to the observer. 
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On smaller angular scales the major contribution to the CMB anisotropy 
comes from photon fluctuations and the Doppler effect due to the velocity of the 
last scatterers at recombination. These primary anisotropies can be erased if the 
gas in the universe is reionized at a sufficiently early time (z > 100). However, 
in this case new secondary anisotropies are generated by the gas motion which 
produces a Doppler effect and by the coupling of velocity and density fluctuations 
(Vishniac 1987). All the mentioned effects characterize the shape of the radiation 
power spectrum which contains information on the cosmological parameters/2, 
A, the baryonic content 12b, the Hubble parameter, the initial matter density 
distribution and the thermal history of the universe (see Hu in this volume for 
a general review on the CMB anisotropies). 

CMB temperature anisotropies, detected for the first time by Smoot et al. 
(1992) with the COBE-DMR experiment, are believed to be dominated by the 
interaction of matter density perturbations and radiation to first order in per- 
turbation theory. In the standard scenario these primary anisotropies are pro- 
duced before neutral hydrogen formed at recombination (z ~ 1000) and they are 
preserved until today. However, secondary anisotropies are inevitably produced 
during the nonlinear evolution of matter at late times. Even in a flat universe 
with a standard thermal history (i.e. with no reionization of the gas content af- 
ter recombination), the time-varying gravitational potential due to the evolving 
nonlinear structures generates new temperature fluctuations (Rees-Sciama RS 
effect, Rees and Sciama 1968). Their amplitude is estimated to be ~ 10 -6 and 
the signatures imprinted in the radiation power spectrum may distinguish them 
from the primary anisotropies. We will discuss the possible detectability of these 
secondary fluctuations with future very sensitive experiments. 

The Compton scattering of microwave photons by hot electrons in the intra- 
cluster gas also produces new anisotropies at very late times after the formation 
of rich clusters of galaxies (Sunyaev and Zeldovich 1972). This Sunyaev-Zeldovich 
effect (SZ) produces spectral distortions which translate into auisotropies when 
the angular distribution of temperatures in the sky is measured by an experi- 
ment at a given frequency band. The peculiar velocity of clusters also generates 
anisotropy via Doppler effect but the temperature amplitude of this kinematic 
Sunyaev-Zeldovich effect (KSZ) is expected to be at least an order of magnitude 
below the thermal SZ one in the Raileygh-Jeans region of the spectrum. The SZ 
effect is several orders of magnitude greater than the RS effect for a rich cluster. 
However, since the SZ effect is restricted to the central regions of rich clusters 
with a high concentration of hot gas whereas the RS one is a much more general 
effect the statistical average of many structures in the sky may give comparable 
amplitudes of the two effects or may even be dominant for the later effect. 
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2 The  Rees -Sc iama Effect 

Rees and Sciama (1968) first noticed that the time-varying gravitational poten- 
tial of evolving nonlinear structures will produce secondary anisotropies in the 
temperature of the CMB. Tha t  seminal paper, where an incorrect Newtonian 
approach was used to study the anisotropy generated by a compensated cluster, 
motivated many works which used a General Relativistic treatment to model the 
nonlinear evolution of spherical over-densities and under-densities in a uniform 
background. A simple model used was that  of the "Swiss-cheese" where it is 
assumed a central spherical over-density surrounded by a compensated under- 
density (Notale 1984, Martinez-Gonz~.lez and Sanz 1990). Also a similar model 
consisting of a central spherical under-dense region compensated by a thin shell 
was used for cosmic voids (Thompson and Vishniac 1987, Dyer and Ip 1988, 
Martinez-Gonzs and Sanz 1990). A more sophisticated spherical model based 
on the Tolman solution of the Einstein equations allows a general density profile 
(Panek 1992, Arnau et al. 1993, Fang and Wu 1993, Fullana et al. 1996). 

A useful expression to calculate the RS effect produced by non-spherical 
structures and general realistic mat ter  distributions can be derived within the 
potential approximation (Martlnez-Gonzs et al. 1990, see below). Chodor- 
owski (1992, 1994) and Atrio-Barandela and Kashlinski (1992) used that  ex- 
pression to calculate the effect of pancake-like collapse of ellipsoids. The results 
of all these works for the most prominent structures seen in our local universe 
can be summarized as follows. For the large Bootes void of size ~ 60 h -1 Mpc 
located at a distance of ~ 150 h -1 Mpc and with a density of galaxies ~-, 25% 
of the background density (Kirshner et al. 1981, de Lapparent et al. 1986), it 
is estimated A T / T  ~ a f e w  • 10 -7 with small variation for different models 
(Martinez-Gonzs and Sanz 1990, Panek 1992, Arnau et al. 1993). For the 
Great  Attractor  located at a distance of ~ 60 h -1 Mpc and a density contrast 
of ~ 1 inside a radius of ~ 40 h -1 Mpc (Lynden-Bell et al. 1987) the estimated 
RS effect is ~ a f e w  • 10 -6 and again the results are fairly insensitive to the 
model used (Martinez-Gonzs et al. 1990, Panek 1992, Arnau et al. 1994). In 
the case of the large concentration of galaxies known as the Great Wall which 
forms a flattened structure of dimensions ~-, 5 • 60 • 170 h -1 Mpc at a distance 
of some 75h -1 Mpc (Geller and Huchra 1989) the effect is also a f e w  • 10 -6 
(Atrio-Barandela and Kashlinski 1992, Chodorowski 1994). 

If similar structures are assumed to be at different distances from the observer 
in low density universes then it is possible to increase the RS effect in almost 
an order of magnitude. For distances z ,,, 1 - 10 and universes with /2 ~ 0.2 
great attractor-like structures can produce an effect of the order of 10 -5 (Arnau 
et al. 1994) and Bootes-like voids of a f e w  • 10 -6 (Fullana et al. 1996), with 
angular scales of a few degrees. Thus, only in open universes the presence of such 
large inhomogeneities might leave an observable imprint in the CMB anisotropy 
maps. 



243 

Below we will describe a useful expression for the RS effect in realistic situ- 
ations and use it to calculate the statistical effect produced by a distribution of 
matter.  

2.1 T h e  P o t e n t i a l  A p p r o x i m a t i o n  

Martinez-Gonzs et al. (1990), based on the potential approximation to gen- 
eral relativity, derived a useful expression for the temperature fluctuation gen- 
erated when microwave photons cross a nonlinear density perturbation A(t, z). 
If ~(t, ~) is the corresponding gravitational potential then the RS effect can be 
simply written as 

(AT/T),~co,  dary : 2 dt ( t , z )  , V2~ : 6 /2a - lA( f , z )  , (1) 

where a(t) is the scale factor normalized to the present time (ao : 1) and our 
units are c = 8~rG -- 1 and the Hubble length at present is do : 2~HI 1. 
Thus, the Rees-Sciama effect is basically the work performed by a photon trav- 
elling through the time-dependent gravitational potential !o(t, z) from recom- 
bination to the observer. The previous equation was initially derived for a flat 
universe, however, since the scales relevant for nonlinear structures are always 
much smaller than the curvature scale it also applies to open universes. The 
integral must be performed along the geodesic associated to the corresponding 
background 

1 - ( n / a  + 1 - ( 2 )  
= ( t , n )  = )~(a)n , ~ (a )  = 1 - (1 - n ) ( n / a  + 1 ~2) - ' / 2  

An order of magnitude estimate of the effect can easily be obtained from 
equation (1). For a photon crossing a cluster the anisotropy is 

~t~c-d.~2c2 c ( v )  3 AT ,,, 2 - - - -  ~_ v ,~ 2 c (3) 
T 

where ~o is the potential of the cluster, tc and td are the crossing time and the 
dynamical time and v the velocity of collapse. For a cluster with v = 1000 km/s  
the effect is A T / T  ,~ 10 -7. A statistical distribution of lumps can therefore 
increase the effect to values of cosmological interest. 

2.2 S e c ond  O r d e r  P e r t u r b a t i o n  T h e o r y  

We will now estimate the RS effect in an open or flat background for a cold dark 
mat ter  (CDM) cosmogony. This effect has been recently calculated by Sanz et 
al. (1996) within the second order perturbation theory. We will follow that paper 
below. 

For vanishing pressure, by perturbing the Einstein field equations and consid- 
ering perturbations in density up to the second order we can obtain the following 
expression for the density fluctuations 
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5 9~ 
A( t ,~ )  

where 6(z) -- 5r(1 +zr) .  Equation (4) is exact within the 2nd order perturbation 
theory for a fiat background (see Peebles 1980) and it is a good approximation 
for open universes with/2 > 0.1 as has been shown by Bouchet et al. (1993) and 
Catelan et al. (1995). By using equations (2,3) in the expression for the second 
order effect (eq. 1), we obtain the following result 

I ~ 
AT = dX W(X)r = Xn) 

, .  

- (1 - / 2 ) ) ~  
W(X) = 2412D2(2f- 1)1 ( i - - - - ~  (5) 

where the new potential related to the second order desity perturbation 62 sat- 
isfies the following Poisson equation 

5 2 2 i1 V2r = 62 -- ~6 + V6- V~ + ff~,iy~' (6) 

In the equation above D is the growing mode of the perturbations normalized to 
1 at the present time. For a flat universe: D = a, whereas for an open universe 
(Peebles, 1980): 

dln D D - g(x) 1 _ 1)a f ( x )  - , 
g(xo) ,x  ..-= (---~ , d lna  

1__ 1,21n((l _t_x) l /2_x l ,2 )  ] (7) g ( x ) =  1 + ( 3 ) [ 1 + ( 1 +  z) 

It is common to expand the temtperature fluctuations in terms of spheri- 
cal harmonics ]hm, z~T(n) : E t  ]~m=-t at,~Ytm(n). The temperature corre- 
lation function is given in terms of the radiation power spectrum as C(69) = 
1/(4~) E ( 2 t +  1)ctez(cos(~)), with Ct : <  a~m >. In the second order perturba- 
tion theory the multipole component Cz is (we shall not consider the monopole 
and dipole in the calculations of the temperature anisotropy below): 

/ P" 2 d k k - 2 P ( 2 ) ( k ) R ~ ( k )  , Rz (k )  - d;~W(;Ojt(lep) (8) C1 = 7r so 

Here, p _-- ~/[1 - (1 - 12)~2], jl is the Bessel function of fractional order and 
~ts is the distance from the observer to the last scattering surface. This equa- 
tion generalizes the result obtained by Martinez-Gonzhlez et al. (1992) to open 
universes. The function P(2)(k) is the power spectrum associated with the 2nd 
order density perturbation 62 and is related to the power spectrum P~ of the time 
derivative of the potential ~ by P~ = ~P(2)(k).  The second order perturbation 
power spectrum P(2)(k) is given in terms of the first order power spectrum P(k)  
by the equation (Goroff et al. 1986, Suto and Sasaki, 1991) 
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f P(2)(k) - 9s(2 )2 a p(k ) d x P ( k ( r  2 + 1 - 2r=) ' /2)  
1 

3r_ 2 7x_ : lOrx2~ 2 
r 2 + l - 2 r z  / (9) 

In the limit of small k, there is a cancellation of the three terms contributing to 
/$2, implying that  P(2)(k) has very little power on large scales and in this regime 
goes like P(2)(k) or k 4 independently of the primordial power spectrum. 

Equation (8) for the multipoles Ct can be further simplified by realizing 
that  the integral to calculate Rz(k)  is the product of a slowly changing function 
of A, the window W(A), and a spherical Bessel function (Seljak 1996). Thus, 
fixing the value of the argument of W and applying the large l approximation 
f ~  j l ( z ' )  = V/(rr /21)S(z  - l), S being the step function, we obtain 

1 fx , ,  
Ct = F Jo dAW'(,~)P2[I(1 - (1 - O)~') /~]  (10) 

This approximation works very well and in the worst situation for the 
quadrupole moment the error is < 30% for all I2 values. 

In relation to a possible secondary contribution coming from 3rd order density 
perturbations for open models (in the case of flat models this does not exist 
because the 1st order gravitational potential is static), we have the following 

D with comment: the coupling of the 1st order gravitational potential ~o(1) or a 
D 3 the 3rd order potential ~o(3) or -7  gives a kernel for the integrated gravitational 

D 3 effect proportional to a--~-(f - 1)(3f - 1), whereas the coupling of the 2nd order 
D z gravitational potential ~o(2) oc - 7  with itself gives a kernel for the integrated 

gravitational effect proportional to ~-~-(2f - 1) 2. This second function is always 
greater than the first one. Moreover, for quasi-flat models we expect a negligible 
contribution from the coupling of lst-3rd order perturbations because f ~ 1, 
whereas for low-12 models the integrated gravitational effect due to 2nd-2nd 
order perturbations is produced at high-z (75% of the final effect is produced in 
the interval [10, 10 a] for /2 = 0.1, see next section) where f ~ 1, and so there 
is practically no lst-3rd order contribution. At smaller z some contribution due 
to the lst-3rd coupling is produced but it is estimated to be always bounded by 
that  due to the 2nd-2nd coupling at low-z, and this is a small fraction of the 
final contribution. 

2.3 R e s u l t s  

The equations derived in the previous section have been applied to calculate 
the predicted amplitudes of the multipole components Cz in open universes. 
We assume an open or flat CDM model with a Harrison-Zeldovich primordial 
spectrum of matter  density fluctuations P ( k )  = A k  and/2b = 0.05, H = 50km 
s -1 Mpc -1. In figure 1 we display the multipoles Ct for I2 = 1, 0.3, 0.1 due 
to primary anisotropies (upper curves) and due to 2nd order anisotropies (lower 
curves). Primary anisotropies are normalized to the 2-year COBE-DMR maps as 
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given by the analysis of Cay6n et al. (1996) for the HZ spectrum. Since secondary 
anisotropies are generated by the relatively small scale structure, <~ 100Mpc, 
it is more appropriate to use the ~r16 = 1 normalization, i.e. the rms density 
fluctuation is unity at 16 Mpc. The secondary radiation power spectrum peaks 
at l ~ 250 for all D values, contrary to the linear one where the multipole order, 
l, of the peak increases for low ~? values. For the secondary contribution, the shift 
of the maximum of the 2nd order power spectrum P(2)(k) towards large scales 
(small k) for low D values is balanced by the opposite shift of the maximum of 
the function Rz(k) in equation (8). 

0 . . . . . . .  | . . . . . . . .  i . . . . . . .  i 

e 

o 

o 
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I 

Fig. 1. Radiation power spectrum for the primary (upper curves) and secondary (lower 
curves) contributions. Solid, dashed and dotted lines correspond to ~ = 1,0.3,0.1, 
respectively. The secondary contribution is normalized to ~r16 = 1, except for the solid 
upper curve which represents the flat case with the COBE-DMR normalization. 

The generation of the secondary radiation power spectrum with redshift is 
shown in figures (2a,b) for 12 = 1,0.1 respectively. For 12 = 1 more than 90% 
of the anisotropy is produced at z < 10 (Martinez-Gonzs et al. 1992). In the 
case of low 12 models the anisotropy is produced at a relatively higher redshift, 
for ~ = 0.1 about 80% of the effect is generated at a redshift z < 30. In any 
case, reionization of the mat ter  in the universe cannot substantially erase the 
secondary anisotropy at such low redshifts. 

Nonlinear scales do not enter in the second-order calculation (eq. 8) because 
for any 12 value the maximum of Rt(k) is at k ~ ll2 and the scales that  are 
contributing to the multipole I have k < I. Thus, for the multipoles Cl up to 
l = 1000 only scales > 12Mpc contribute to the second-order effect. This result 
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Fig .  2a .  Generation of the secondary radiation power spectrum with redshift for a fiat 
universe. Solid, dashed and dot ted lines correspond to the anisotropy generated from 
redshifts z = 100, 10, 1 to the present, respectively. 
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F i g .  2 b .  T h e  same as figure (2a) but  for ~n 0pen universe wi th  ~ - 0.1. 



248 

agrees with the recent calculations by Seljak (1996) considering nonlinear scales, 
up to I -~ 1000 the RS effect is dominated by the second-order calculations. 
Tului and Laguna (1995) and Tului et al. (1996) have computed the RS effect 
by propagating a bundle of photons through an evolving N-body simulation 
from the decoupling to the present time. However, one must be careful when 
calculating the nonlinear effect because at scales < 10Mpc the use of eq. (1) to 
compute the RS effect may not be correct. The reason is that at those small 
scales higher orders including spacial derivatives of the gravitational potential, 
which have been neglected in the perturbative expansion of the Einstein field 
equations to derive eq. (1), may contribute significantly. 

The results mentioned above are for the two-point temperature correlation 
function where clearly the primary contribution dominates over the secondary 
RS one. However, the linear primary effect gives a null contribution to the three- 
point correlation since the primordial matter perturbations generated during the 
inflationary phase are Gaussian. Recently, Munshi et al. (1995) and Mollerach et 
al. (1995) have computed the leading contribution to the three-point correlation 
function which involves the second-order RS effect. Unfortunately the predicted 
signal is below the unavoidable cosmic variance uncertainty. 

3 T h e  Sunyaev-Ze ldov ich  Effect 

Clusters of galaxies not only induce secondary anisotropies in the CMB by means 
of gravitational effects. As first noticed by Sunyaev and Zeldovich (1970,1972) 
the scattering of microwave photons by hot electrons in the intracluster gas 
produces spectral distortions in the blackbody spectrum, which is known as the 
thermal SZ effect. Additionally, the peculiar motion of the clusters also produces 
anisotropy in the CMB via Doppler effect, known as the kinematic SZ effect. In 
subsections 3.1 and 3.2 we will study in detail these two effects (see also the 
recent review by Rephaeli 1995). 

The thermal SZ effect has been measured in a number of rich Abell clusters 
using three distinct techniques: single-dish radiometry, bolometric observations 
and interferometry (see Birkinshaw 1993). Some of the first convincing detections 
were those of the clusters A665, A2218 and 0016+16 using the single-dish OVRO 
radio telescope at 20GHz (Birkinshaw et al. 1984). More recently Herbig et al. 
(1995) have measured the effect in the nearby Coma cluster at a high significant 
level with the OVRO 5.5m telescope at 32GHz, deriving a maximum Rayleigh- 
Jeans decrement of ATRj = --505 • 92#K. The first detection of the SZ effect 
in the millimetric region has been obtained with the bolometric observations of 
the SUZIE experiment on A2163 at 2.2mm, close to the wavelength at which 
the SZ decrement is maximum (Wilbanks et al. 1994). With these bolometric 
observations it is expected to measure the positive effect at wavelengths < 1.4mm 
(as we will see below the thermal SZ effect changes sign at that wavelength). The 
first image of the SZ effect was obtained for A2218 with the Ryle interferometer 
at 15Ghz (Jones et al. 1993). More recently, images of the rich clusters A773 



249 

and 0016+16 have been taken with the Ryle and OVlq, O arrays (Grainge et al. 
1993, Saunders 1995, Carlstrom et al. 1996) and several other clusters are being 
imaged at present (very recently, an image of the SZ decrement towards A1413 
has been taken by Grainge et al. 1996 with the Ryle Telescope). Interferometry 
makes possible to directly compare the SZ image with the X-ray image of a 
cluster and thus study the structure of the intracluster gas. 

3.1 T h e r m a l  SZ Effect  

The inverse Compton scattering of the isotropic CMB radiation (hv  <:< mec 2) 
by a hot (Te >>  T), nonrelativistic (kTe << mec  2) Maxwellian electron gas 
is quantitatively described by a simplified version of the Kompaneets (1957) 
equation for the rate of change of the photon occupation number n (Sunyaev 
and Zeldovich 1980) 

0• = • 
Oy x 2 0 x  Ox ' 

r kTe dv hv  i l l )  
Y me c 2 ' k T  ' 

where the nondimensional frequency x has been defined, the optical depth due 
to Thompson scattering is dr  = neaTcdt  with O" T being the Thomson cross 
section and y is the Comptonization parameter. Since for the richest clusters 
the radiation is only weakly scattered, y <<  1, and so the deviations from the 
Planckian spectrum are small, then it is easy to solve equation i l l )  by inserting 
in the right-hand side of this equation the Planck function for the occupation 
number n p  - ~  1/(e ~: - 1) (Zeldovich and Sunyaev 1969). The solution for the 
change of spectral intensity I = 2 h v 3 n / c  2 is 

2(kT)3 [ 
m (he) 2 (eT~= l ) 2 Y L x c ~  (12) 

The corresponding change in the thermodinamic temperature is 

- 4] (13) A T  = yT[x  coth ~ 

For the R.aileygh-Jeans region of the spectrum, z << 1, equations (12,13) 
take the following simple form: 

2(kT)  3 2 
A I R y  "~ - ( ~  x y , A T R j  ~ - 2 y T  . (14) 

Previous solutions are obtained from the Kompaneets equation which is based 
on a diffusion approach and thus is not in principle suitable for Compton scat- 
tering in clusters where the optical depth v <<  1 and consequently most of 
the microwave photons are not scattered even once. Another limitation is the 
nonrelativistic treatment used which affects to the calculations for the richest 
clusters with temperatures kTe ,~ l O k e V  and produces significant errors in the 
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Wien region (Fabbri 1981, Raphaeli 1995). Even so, except for the extreme cases 
in the distribution of clusters, solutions (12,13) provide an adequate description 
of the SZ effect in the whole spectral range of interest (for the richest clusters 
the solutions are still accurate in the Raileygh-Jeans region). 

An interesting property of equations (12,13) is that the spectral change is 
zero at A ~ 1.4mm (u ~ 220GHz) being negative and positive above and below 
that wavelength, respectively. This characteristic change in the sign of the SZ 
effect is still waiting to be observed (a tentative detection of the sign change has 
been recently claimed by Andreani et al. 1996 for the clusters A2744 and $1077 
observed at 1.2 and 2 mm with the 15m SEST antenna in Chile). 

We can now estimate the amplitude of the effect for a cluster of galaxies. 
Considering the nearby, well-studied Coma cluster, we know from X-ray data 
that the properties of the cluster atmosphere consist of a central density of 
n~ ~ 2.9 x 10-3cm -3, a radius re ~ 10'.5 (~ 0.43Mpc for H = 50Km s -1 
Mpc -1) and a temperature T~ ~ 9.1keV (Hughes et al. 1988, Briel et al. 1992). 
From these values we can easily derive an approximate optical depth of v 
neqT2rc ~, 5.1 x 10 -3 and a maximum decrement in the Raileygh-Jeans region 
of AT ~ 500pK, very close to the value derived from the observations with the 
OVRO 5.5m telescope (Herbig et al. 1995). 

Combining the SZ measurement with the parameters of the model atmo- 
sphere of the cluster derived from the X-ray data one can determine the angular 
diameter distance to a cluster and thus deduce the Hubble constant Ho with- 
out relying on any cosmic distance ladder. Estimates of Ho have already been 
made for several clusters of galaxies providing an accuracy for Ho similar to other 
methods (see for instance the recent estimate from the SZ measurement in Coma 
by Herbig et al. 1995). The major uncertainty of this method originates from 
systematic effects related to the X-ray model, departures from spherical symme- 
try and possible existence of dumpiness in the gas distribution (Birkinshaw et 
al. 1991). 

3.2 K i n e m a t i c  SZ Effect 

The peculiar velocity of a cluster also modifies the intensity of the CMB via the 
Doppler effect. Because of its nature, this kinematic SZ effect produces fluctua- 
tions in the CMB temperature which are independent of frequency, in contrast 
to the thermal SZ. The change in temperature is therefore given by 

ATk = - v T  v--~ (15) 
c 

where vr is the radial velocity of the cluster with positive sign for recession. 
The change in the intensity AIk can be easily obtained from the temperature 
fluctuation using the Planck spectrum 

2(kT) 3 x4e x v~ (16) 
AIk -- - -  - - v - -  . 

( h c ) 2  - 1)2  c 
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For a rich cluster like Coma and assuming a peculiar velocity of 500km s -1 the 
expected change in the temperature is only of AT~ ,~ 20/~K, much smaller than 
the thermal effect. It is interesting to notice that the peculiar velocity of a cluster 
can be determined by measuring its thermal and kinematic effects and knowing 
the spatial distribution of the gas temperature from X-ray spectral data. Future 
very sensitive multifrequency ground-based, balloon and satellite experiments 
surveying large areas of the sky at a resolution of < 10 arcmin (see e.g. the 
proposed satellite COBRAS/SAMBA to ESA M3, Presentation of Assesment 
Study Results 1994) will be able to measure the thermal and kinematic SZ 
effects in ,~ 1000 clusters. This information combined with X-ray spectral data 
of the same clusters will allow a reliable measurement of the bulk motion in a 
volume of -,~ 1 Gpc (Haehnelt and Tegmark 1995). 

3.3 C o n t r i b u t i o n  to the  CMB f luc tua t ions  

In the previous subsections we have studied the SZ effect expected when the 
microwave photons cross the intracluster gas of hot electrons in a rich cluster of 
galaxies. Below we will discuss the contribution of the emsemble of clusters to 
the CMB temperature maps. 

Considerable work has been done to estimate the rms temperature fluctua- 
tions originated by the SZ effect. The usual approach is to consider an evolution 
for the cluster mass function that corresponds to a previously assumed theo- 
retical model of density perturbations (Cole and Kaiser 1989; Markevitch et al. 
1991, 1992; Makino and Suto 1993; Bartlett and Silk 1994; Colafrancesco et al. 
1994; De Luca et al. 1995). The cluster mass function can be represented by the 
Press-Schechter formula (Press and Schechter 1974) which gives the comoving 
number density of collapsed objects per mass interval at a given redshift. A col- 
lapsed object is formed when its density contrast reaches the value ~c = 1.68 
as given by the spherical collapse model. Assuming that the cluster is virialized 
to a given virial radius Rr the temperature of the gas can be related to the 
mass of the cluster. The electron density profile is usually parametrized with 
a ~-model with the exponent ~ ~ 0.75 from observations. Typical rms values 
of the temperature fluctuations obtained with this formalism are of the order 
A T / T  ,,, 10 -~. 

A different approach has been considered by Ceballos and Barcons (1994) 
who used an empirically based model for the mass function of the intracluster 
mass. They use a parametrization of the X-ray luminosity function and its neg- 
ative evolution (Edge et al. 1990) which supports the idea that the number of 
luminous clusters decreases with z (Giogia et al. 1990; Henry et al. 1992) and 
therefore the amount of hot gas available for the inverse Compton scattering of 
the CMB photons is consequently limitted. The result is a negligible SZ contri- 
bution to the rms temperature fluctuations of A T / T  < 10 -7. The contribution 
is dominated by the hottest clusters which are easily identified and thus its SZ 
signal can be removed from the temperature map. 

The evidence for fewer X-ray luminous clusters at z > 0.2 than locally shown 
by the Einstein Extended Medium Sensitivity Survey (EMSS) should be con- 
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firmed using a complete, X-ray selected sample. The present ongoing cluster 
surveys based on ROSAT data will measure the X-ray luminosity function at 
redshifts > 0.2 and thus will determine the amount of hot gas at higher redshifts. 
Evidence of the marked decline in the volume density of luminous clusters with 
redshift has been recently presented with the X-ray RIXOS survey up to z ~ 0.6 
by Castander et al. (1996) (this claim is, however, based on a sample of only 13 
clusters). 

4 S u m m a r y  

The RS and SZ effects, associated with the late, nonlinear phase of structure 
formation, can give rise to secondary anisotropies. The RS effect is produced by 
the time-varying gravitational potential of the evolving matter density perturba- 
tions whereas the SZ one is due to the inverse Compton scattering of microwave 
photons by hot electrons in the intracluster gas. These two effects produce dis- 
tinct signatures on the CMB temperature anisotropy: contrary to the RS effect 
the SZ one is frequency dependent. 

The secondary anisotropy generated by the SZ effect is probably dominated 
by the more luminous clusters and is generated at low redshifts z < 1, if the neg- 
ative evolution in the X-ray luminosity function of clusters with redshift shown 
by the EMSS is confirmed. The amplitude of the signal is very sensitive to the 
amount of hot gas available at moderate and high reshift, z > 0.5. Thus, predic- 
tions based on theoretical models like the CDM one, which imply an increase in 
the amplitude of the X-ray luminosity function with redshift, give anisotropies 
( A T / T ) s z  .~ 10 -r whereas calculations which take into account the observed 
decline of luminous clusters with z suggest much smaller values. 

The amplitude of the RS effect for realistic models of structure formation is 
(z~T/T)Rs < 10 -6, being higher for universes with high s The signal is very 
sensitive to the normalization of the matter power spectrum being directly pro- 
portional to its amplitude. Early reionization of the matter in the universe, which 
can strongly affect the primary anisotropies, would not appreciably change the 
secondary ones. Future very sensitive satellite experiments might be able to test 
the gravitational instability theory beyond the linear theory. 
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